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1 Preparation
The rotation matrix in the zy plane is
cosf —sinf\ 41 (0 -1
(sin9 cos@)_e ’ L_(l O)' (1)
More generally, a rotation by [ in the ;z; plane of R™ is given by the SO(n) matrix

efua L [Liijlke = =001 + 0udju. (2)

The symbol [ij] denotes an antisymmetric component. In n dimensions there are n(n — 1)/2 such com-
ponents. Any SO(n) matrix R can be written as

R = eXxtin QL | (3)

To determine the n(n — 1)/2 parameters {0} };; from a given SO(n) matrix, proceed as follows. First
diagonalize R:

R=UAUT, A=diag(\i,...,\n), X €U(1). (4)
The eigenvalues have the following structure, depending on the parity of n:

{efor emton ez eTin/21 0 (n even), (5)

{efor emton | ein-n/2 eTi®m-n/2 11 (n odd). (6)

For each eigenvalue Aj, choose the argument ¢; = Arg();) so that

- < ¢j < . (7)

Then
R(t) = U diag(e®®1, ... o )UT (8)

is regarded as the “shortest path” connecting R(0) = 1,, to R(1) = R. If an eigenvalue with Arg(\;) =
is present, this shortest path is not uniquely determined, so such cases are excluded.
Solving the linear equation

d L .
%R(t) = U diag(i¢1,...,i¢n)UT =Y 0Ly (9)
=0 []]

gives the parameters {6} }i;)-

e One still needs to prove that the parameters {f[;; }[;;) obtained by this method are unique.



2 Computing the First Homotopy Class
Using {051 } i), fix a lift
SO(n) — Spin(n). (10)

The generators of Spin(n) with the same structure constants as {Ly;; }[;;] are given, in terms of gamma
matrices {7;}i=1,...n satisfying

by
[’71’; ’Y]
i = 7_47 . (12)
Define the lift by
e2ti) QU Liigl y o211 Qa1 i) | (13)

For a sequence of points (Ry,...,Ry) in SO(n), we compute the first homotopy class of the loop
obtained by connecting Ry — Ry — --+ — Ry — R; with the shortest paths defined above. Set

RPHP+1 — Rp_i,_lR;l. (14)

If RP~P*! has —1 as an eigenvalue, the shortest path is not unique, so the sequence (Ry,..., Ry) is
excluded. Following the method above, compute the IV sets of parameters {Gf’u_])p +1}W] defined by

RP—PTl — ez[ij] efiij_'])p+12[ij]_ (15)
Then compute the Spin(n) matrix
g = Xt Ot Bl . ot 01t Btea) ¢ Xopag) Ot D (16)
By construction, ¢ € {1, —-1}.
e If ¢ =1, the homotopy class is trivial.

e If ¢ = —1, the homotopy class is nontrivial.

3 Example: SO(4)
Take
{Ln2ys Ligs)s Lizay, Linays Lizay, Lizap} (17)

to be the standard antisymmetric generators in the corresponding coordinate planes. For example, choose
gamma matrices

{'Yh Y2573, '74} = {Umea OyTas 02Tz, Ty}' (18)
Then
[vi, 5]
i) = _4] ; (19)
)
(Bp12)s Zp23)s X(31) 2[14]» L[24]» 2[34]) = —5(%7%7%,%%UyTz,Usz), (20)

and the Lj;; and X[;;; have the same structure constants.



Consider the following sequence of points in SO(4):

Rl = 147
Ry = ez Ltz Lisa

Ry = e™lnztmliy

Ry = e 2luztslag,

= _I47

This is block diagonal and corresponds, in the zy plane, to the rotation 0 — 7/2 — 7 — 37/2 — 27, so
it belongs to the nontrivial homotopy class.

By definition, compute {

Therefore

Multiplying them gives

q1_>2 = €xXp _Zo—z
. v

qzﬁd = €xp — 02
4
v

q3~>4 =exp |——o0,
4
e

q4—>1 =exp |——o0,
4

q4—>1q3—>4q2—>3q1—>2 —_ _

}[”] One finds

122 p2-3 . _(T ™
Ri}vRH . G[ij]_(§70707070a§)7

354 pd—l (T T
BRI by = (5,0,0,0,0,-7).
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