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I summarize the formulation of geometric phases in open quantum systems introduced in [1]. Some
examples are also computed in [2].

Let Hs and Hg be the Hilbert spaces of the system and the environment, respectively. The Hilbert
space of the composite system consisting of the system and the environment is Hs ® He. We write the
inner product on Hs as (.|.)g, the inner product on He as (.|.)¢, and the inner product of the total
system as ({.|.)). We also write the wave function of the total system as 1, or as |¢)). We denote the
Hamiltonians of the system and the environment by Hgs and Hg, respectively, and the interaction between
the system and the environment by H;. The Hamiltonian of the total system is

H=Hs®1lg+1s® Heg + Hj. (1)

We write D(Hs) = {p € L(Hs)|p! = p,p > 0,trsp = 1}. For a wave function v of the total system, the
density matrix p of the system is

p="Trelb)){(¥]. (2)

In the Viennot-Lages formulation, the Hilbert space Hs ® He of the total system is regarded as a
C*-module over the operator algebra L£L(Hs) of the system. The C*-module Hs ® He is equipped with
the following inner product:

Hs @ He X Hs @ He — L(Hs), (3)
(1)), [8))) = ((@]@)) := Tr £])) ((¥]. (4)
More explicitly, if we write a basis of Hs ® He as [n) ® |a) and write
¢ = fnan) @ |a), ()
Y =Yna ‘TL> ® |a> ) (6)
then
(@Y), =Tre > dhatmpTrellm) @ [b) (n] @ (al] =Y > ¢ thma Im) (n]. (7)
namb nm a

This inner product has the following properties:

e It is linear from the right and anti-linear from the left. Namely, for A, B € L(Hs) and ¢, ¢, x €

Hs @ He,
(WA + Bx), = Tre[(Al)) + BIx)){(¥]] (8)
= A(ple), + B(@lx), (9)
(AY + Bx|¢), = Tre[(|o)) (((¥|AT + ((x|B1)] (10)
= (¢l¢), AT+ (x|¢), B. (11)



e It is “Hermitian.” Namely, for ¢, ¢ € Hs ® He,
oM Z Z Gratma [m) (n])f (12)
= Z Z Pnaima 1) (Ml (13)
= (¥]9), (14)
e It is positive definite. Namely, for ¥ € Hs ® He,

(Wl4), ZZwmwma m) (n] (15)

is Yt if o = (1) is regarded as a rectangular matrix, and therefore it is positive semidefinite:

(Yl), = 0. (16)

Moreover, 12" = O means that all singular values of the rectangular matrix 1) are zero, so W), =
0 implies ¥ = 0.

When the state ¥ € Hs ® Hg of the total system is normalized, the density matrix p of the system is
given as the x-norm by

p=IlvlE =@y, (17)

4 N
Definition 1 (Eigenoperator and x-eigenvector [1]). Let H be the Hamiltonian of the total system.

A pair E € L(Hs),0or € Hs @ He satisfying the following conditions is called an eigenoperator of
H and a mized eigenstate whose eigenoperator is E, respectively:

[E® 1, H] =0, (18)

Hop = E¢g. (19)
o _/
In other words, the stationary Schrodinger equation of the total system is regarded as an eigenvalue
problem as an £(Hs)-module, and a constraint is imposed on the eigenvalue E as an operator of the
system. When E = Alg, this is just the ordinary eigenvalue equation itself.

Some properties of the eigenoperator F and the mixed eigenstate ¢ g are summarized in the appendix
of [1].
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(i) (Property 9 in [1]) Let £ be the Lindblad operator. The eigenoperator E and the mixed

eigenstate pg satisfy
L(pe) = Epg — ppET, (20)
L(Epg — ppE") = EL(pp) — L(pp)E". (21)

In [1], it is claimed from this property that the eigenoperator E can be found if the Lindblad
operator L is given, even when the Hamiltonian H of the total system is unknown.

(ii) (Property 10 in [1]) E is almost Hermitian in the following sense:

trs[pr(E — EN)] =0. (22)

(iii) (Proposition 11 in [1]) For any Ey satisfying [H, Ey ® 1¢] = 0, let A € C and ¢ » be a solution
of the ordinary eigenvalue equation

Hopx = (Eo+ \)op,x. (23)

Then, for the eigenoperator £ = Ey + A, ¢ is a mixed eigenstate.

- /

Proof. (i) follows from

L(pr) = tre[H, |op)(dr]] = tre[Edr)) ((¢r| — [6£) (96| ET) = Eps — ppET, (24)
and

L(Epp — ppE") = tr¢([H, E|¢gp))((¢p]] — [H, |¢5)) (¢ ET) (25)
= tre(HE|$p))((¢n| — El¢p))((dplH — H|¢p)) (6l E' + |¢p))((dp| ETH)  (26)
= tre(EH|¢r)) (¢p] — Elor)) (oslH — H|¢p)){(0r|E" +|¢p))((os|HEY)  (27)
= EL(pp) — L(pp)E" (28)

(ii) follows from
trslpp(E — EY)] = trstre () (95](E - E)) (29)
= ((¢e|(E - EV)|¢g)) (30)
= ((¢nl(H — HY)|65)) (31)
= 0. (32)
(iii) is obvious. O

Fix F and examine the ambiguity of the eigenvector ¢g. Let K be the unitary transformation group
of the environment and the symmetry group that keeps the Hamiltonian of the total system invariant:

K={kecU(HMe)(ls @ k)H(1s ® k') = H}. (33)

Let Gg be the largest subgroup of invertible operators of the system that keeps the eigenspace with
eigenoperator F invariant. Namely, G is defined as the largest subgroup Gg C GL(Hs) such that

Grker(H —E®1¢) = {gp € Hs @ Helg € GL(Hs), Hp = Ep} C ker(H — E @ 1¢) (34)

holds. When E = A\lg, Gg is nothing but the subgroup of invertible operators that keeps the eigenspace
invariant in the presence of degeneracy. Choosing ¢ € ker(H — F ® 1¢) is nothing but choosing one
vector from the degenerate eigenspace. The group Gg X K can be regarded as the ambiguity of the
eigenvector ¢p. Namely, when gk € Ggp x K,

(H-E®1g)pp=0 = (H—-E®lg)gkop=kH—E®1lg)gps =0. (35)



The transformation ¢ +— gk¢g induces the transformation of the density matrix
pp=(¢5lon). = Trelghlom){(onlg'k') = gpmg'. (36)
Notice that, because g is not unitary, the property tr s[pg] = 1 is not preserved.

Furthermore, introduce a subgroup J%(pg) C G as follows. For the density matrix pg = (¢r|¢Eg),,
define the G g-orbit by

Grpr == {9prg'lg € Gp}. (37)

We define J%(pg) to be the group obtained by collecting the stabilizers at all points gppg’ € Ggpg of
the orbit. Namely,

J%(pr) == 1{j € Gr|39 € Gr,igprrg'i’ = gprg'}. (38)
Since
jpeit =pe & gig ' 9prd'(9ig™ ") = gprg’ (39)

holds, J%(pE) itself is also the G g-orbit starting from the stabilizer at pg:

Ta(pe) = |J 9{i € Gelipei' = prte™. (40)
9€GE

Proposition 1 (Property 11 in [1]). J%(pg) is a normal subgroup of Gg. °

%In the general theory of 2-gauge groups, the image of the inclusion ¢t : J — G must be a normal subgroup of G.

Proof. When j € J%(pg), there exists some g € G such that jgprg'i’ = gprg’. If h € Gg, then
hjh~'hgpp(hg)T (hjh")" = hjgprg'jThT = hgpr(hg)T, and therefore hjh~' € J}(pr). O

Remark: In [1], when pg is not full rank, J! is introduced and it is claimed that its Lie algebra is
solvable (Property 12), but Eq. (A.10) is incorrect. Since there is no need to introduce J! at this stage,
I do not introduce J*' for now.

So far we have considered a single pair H, . From now on, suppose that H and F depend on points
of a parameter space M, and consider the situation where a smooth eigenoperator E(z) € L(Hs) over
M is given such that

[H(z), E(x)®1g]) =0, x € M. (41)
For each patch U% of M, we give an eigenvector
H(z)¢p(x) = E(z)¢pp(x), zeU® (42)

as a “gauge fixing.” Then the patch transformation of the density matrix p%(z) = (¢% ()% (x)), is
given by

po(x) = g*%(2)pip(x) g™ (2)F,  ¢*P(2) € Gy, z€UNUP. (43)
It follows from
p(x) = g% (2)g" ()97 (2) % (2) (9°° (2)g" (2) g™ (2))!, e U*NUPNU? (44)

that the product g (x)g”7(z)g7*(z) belongs to the stabilizer {g € Gp(4)lgp%(x)g" = p%(x)} of p% ().
The definition of J%(l,)(p g(x)) is obtained by collecting the stabilizers of density matrices that are gauge
equivalent, pp(x) ~ gpr(z)g', so there is no need to attach the patch label, and hence

WP () = g°7 (2)g7 (2)g7* (2) € Ty (o) (PE(2))- (45)



Therefore, the cocycle condition is not satisfied and the structure of 2-gauge theory appears; this is the
claim of [1].

Introduce a connection. For a locally given ¢g(x), define an L(Hs)-valued 1-form A so that the
following condition is satisfied:

Alleel? = (¢pldor), - (46)
In [1], this definition is said to generalize the definition of the Berry connection for non-Hermitian systems
with gain and loss due to the environment. Noting that pg = ||¢g||?, A satisfies
dpg = Apg + ppA'. (47)
Proof.
dpp = d(¢E|oE), (48)
= (doplop), + (dplddn), (49)
= Alop|? + lloslZAT (50)
= Apg + pEAT. (51)
O
Under the gauge transformation
op = gko¢p, g€GpkeK, (52)
the connection A transforms as follows:
Alde|® = ($5lddE), (53)
= Tr¢[(dgk|or)) + gdk|éE)) + gkldor))){(¢rlg k'] (54)
= dgpeg' +g(oplk'dkloE), 9" + 9 ApEg'. (55)
Noting that || x| = gprg’,
9 " Agpr = App + g dgpr + ($plkidk|ds), . (56)
Here, introduce 7 as a solution of
nllopl® = (pplk dk|os), . (57)
Then
9" Agpp = (A+ g~ "dg +n)pe- (58)
In [1], although it is noted that pg is not invertible in general, the next step concludes that
9" Ag=A+g dg+n. (59)

This, however, is incorrect because it holds only when pg is invertible. In App. B of [1], the gauge
transformation when pg is not invertible is discussed in relation to the gauge group J'. The term 7
represents the deviation from an ordinary gauge transformation and is characteristic of 2-gauge theory.
Checking the possible values of n, we find that

nps + pen = ($ulkidk|ér), + (@plkidklor) = (Gulkdk + dkkl¢g), =0 (60)

and hence 7 belongs to the Lie algebra of the stabilizer of pg (a subgroup of J%(pg)). In other words, it
is the Lie algebra to which the failure of the cocycle condition belongs. Also note from the construction
that n arises from a gauge transformation of the environment.
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