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Abstract

Following [1], I record a proof of the detectability lemma. It seems that [2] contains a simpler
proof, but I have not checked it.

I first describe the setup. Consider the Hilbert space H = (C?)®" on a one-dimensional lattice. Here
n is the number of sites. The local terms H; of the Hamiltonian H = ). H; are assumed to have support
only on nearest-neighbor pairs of sites. For any finite-range Hamiltonian, this assumption can always be
arranged in this form. Assume that the lowest eigenvalue of H; is 0, and that this lowest eigenvalue is
nondegenerate. Then H > 0. Indeed, for an arbitrary state |1},

(WIH )= (| Hi|y), (1)

(2

and (¢ | H;|¢) > 0. The ground state need not be unique, but if there is degeneracy, the
corresponding energy eigenvalues are assumed to be exactly degenerate. Let Hy denote the
ground-state subspace, and let #’ denote its orthogonal complement. Let the spectral gap of H be € > 0.
That is, assume

W) eH = (W[H|¢) > e>0. (2)
The Hamiltonian is assumed to be frustration free. Namely,
Q) € Ho < Vi, H; Q) =0 (3)

is assumed to hold. Define the orthogonal projection obtained by “flattening” the local Hamiltonian H;
as the operator in which the lowest eigenvalue of H; is changed to 0 and all the other eigenvalues are
changed to 1. Concretely, if

Hi= 3 B @) (n) Q)
E{)>0
is a diagonalization, then take
Qi= > [n")n?]. (5)
E® >0

This deformation preserves the frustration-free condition:

Q) € Ho < Vi, Qi |Q) = 0. (6)
Introduce the projection
Pi=1-Q;=10%)(0"]. (7)
Then
Q) € Ho = Vi, P|Q) =1|Q). (8)



Introduce the following operator, defined as a product of projections onto local ground states:

A= MevenIloga, (9)
Heven:P2P4P6"'7 (10)
Hoqa = P1PsPs5 -+ . (11)

Here note that neighboring projections Ps;_1, Po; and Ps;, Po;11 need not commute, whereas all other
pairs commute. Also note that

Q) € Ho = A|Q) = AT|Q) = |Q). (12)
Moreover,
) e = Alp) € H' (13)

holds. Indeed, since (2| A|y) = (Q]y) = 0, the ground-state component of A [¢)) is zero. Thus, with
respect to the decomposition Ho @ H', the operator A has the form

A= (1 Am) | (14)

Because A preserves the ground states and suppresses the excited-state component, one expects that, for
sufficiently large I, A' is close to the projection onto the ground-state subspace. Let

Hqg = ZQi (15)

be the Hamiltonian obtained by flattening the local terms. Assume that this deformation leaves the
ground-state subspace unchanged and also keeps the spectral gap finite'. Let the spectral gap of Hg be
€Q. The detectability lemma states the following:

1

Al < —————.
bl < 3

(16)

In other words, if the spectral gap is finite, then the action of A on H’ is strictly smaller than 1.
(Proof) Take a normalized state |¢) € H' from the orthogonal complement. Set |¢) := Ay). Since
|¢) € H', we have

(0| Hg | ¢) > eqllol|. (17)

We estimate (¢| Hg | ¢) from above. First note that, since Q;coddlloada = 0, odd ¢ do not contribute.
Rewrite A as

A= (PP3P,) (PsP:Pg) -+ (PyPs-+-) = AjAy--- ApR. (18)
A A R

Here m ~ n/4. Note that Rt = R. Estimate (¢| Q42 | ¢):

(@] Qui—2]¢) = ||(1 = Pai—2)AY|| = ||[(1 = Pyi—2)A1As - - - Ri)|| (19)
=[Ar- Ay (1 = Pyi2)Ai - Rl < [(1 = Pai—2) A - -+ Rapl|. (20)

Recall that ||Av]|| < ||A]]|]v][?. Set

Ui =AiAip1 - R[Y),  vmgr = R[Y). (21)

IThis has not been shown here.
2This follows from ||A|| := max, 0 ||Av||/||v]| > [|Av||/]|v]|-



Note that
[vill = [[Aivipa || < A [[vital] < [[vigal]- (22)
We have the expression
(0| Qui—2| ) <||(1 = Pai—2)Ajvi1||* = ||(1 — Pai—2)Pyi—3Psi—1Pri2vit1]|?, v; = Ajvip1. (23)

Then, by (39) with X = P4i_3P4Z‘_1, Y = P4i_2, and v = Ui+1/||’l)i+1||, we obtain

vil|? ||val[? 2 [Jvil?
1 — Py_2)Av; 23(1 I ) v; <[(1- ) 24
I 2)Asvi| |[vigal[? ||Uz'+1||2|| +1l |[vig1]? (24)
Here we used ||v;|| < ||vma1|| = ||R|¥) || < ||R|| = 1. Define

I 1[G Ry 2

1 T X 27 - PR ) b m - b
||U+1|| 1 m Am41 || ﬂ’” ( )
a1 amy1 = [Jo1]|* = [|9]%. (26)

Then we have obtained

(0] Qui—2|¢) <1—aj. (27)

Thus the following estimate follows:

(9] ZQ4i—2|¢>> = Y (l—a), ar-ap=|el* (28)

i=2,6,---

Using the method of Lagrange multipliers to find the extremum?, the maximum is attained when a; =
||¢]|?/ ™+ Therefore

2
(01 Qui—zl®) < m(1— ||l ™). (29)
We want an estimate independent of m. Expanding with ||¢]|> = 1 + dx gives
m(1— (14 6z)/™) ~ RN e P (30)
2m m '

Since

H-3)-1-(-2)

it should be enough to bound this from above by a function of the form

1
—0x + cdx?, c> 3 (32)
One can show that
1
m(l —z%) < \/;, z€0,1] (33)
4, Hence
1_H¢||2. (34)

<¢|ZQ41‘—2|¢> < ol

3Since the expression is symmetric, it is probably obvious that the extremum occurs at a; = const.

2 L 2
4Let fm(z) = my@(l — 2/™) — (1 — ). Then f” (z) = =22 =" > ¢ is shown. Thus f’, (z) is monotonically

4dmax 2
decreasing on [0, 1], and since f},(1) = 0, one obtains f,,(x € [0,1]) > 0. Therefore fi,(x) is monotonically increasing on
[0,1], and since fm (1) =0, fm(z € [0,1]) <O.



Similarly, for Qg4;, for example by redefining A = PPy (PyPs -+ )(PsP5 - -+ ), one obtains in the same way

a2
(9] Z Quil¢) < L lloli
e [l

Combining these estimates gives

1= flglf”

eqlloll* < (¢|Hqlo) <2 T

It follows that

ellll® < 2(1—[10]1*) < 2(1 - [I¢]]%),

and therefore
1

This proves the claim.

5For a finite number of sites, one should carefully consider what happens at the right boundary.

(35)



A Lemma

We prove the following lemma. Let H be a Hilbert space, and let X,Y be orthogonal projections. Let
v € H be a vector of norm 1. Assume that || XYv|| =1 —e. Then

11 = Y)XY0|[* <e(1—¢) (39)

holds.
(Proof) First note that, for any orthogonal projection P,

11 = P)ol|* + ||Pv][* = (1 = P)v, (1 = P)v) + (Pv, Pv) = (v,(1 = P)v) + (v, Pv) = (v,0) = ||v][*.

(40)
What we want to show is
(1= Y)XY0l[2 = [|XYul2 = [V XYolP = 1 — e — [V XV0l> < (1 ). (41)
Thus it suffices to show
[[YXY||>1—¢ (42)
This follows from
| XY||? = (XYv, XYv) = (v,YXYv) <||v|| - |[[Y XY = [|[Y XYl (43)
This proves the lemma. O
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