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The BdG Hamiltonian is
hi Ap
Hy, = (AL —hfk> . AL =—A_g. (1)

This is equivalent to imposing the following PHS:
CHyC™'=-H_y, C=r1,K. (2)

1 1D, class DIII

We further impose TRS. More generally, let us consider cases where the matrix for TRS depends on k,
for instance when an effective TRS exists only on a certain symmetry line:

Tkalel =H ;, Ty= <UT’k u; k) K, uT’,ku}’k = —1. (3)

This is equivalent to
urphiud = hop,  urpAjup = Ay = —Af. (4)

The chiral symmetry is

Ty = iT-4C = <uT “‘“) , Ti=1, (5)
THy = —HTy. (6)
Introduce bases with 'y, = =+:
1 1

The bases Uy 1, generally depend on k. Let g be the off-diagonal (2,1) component of Hy in the basis
(U 1, U_ 1;). Explicitly,

Qo = UL HUL g = by + D .. (8)
In addition to hL = hy, we have
(Aku;‘,k)T = U%kAzTg =ur, AL, = Aku;,ka (9)

so Apuk . is also Hermitian. Thus the expression for ¢, is a decomposition into real and imaginary parts.
Furthermore,

g = (af)" = (hy — iy p)* = b+ idjury, (10)

= ub phopur +i(uh A pug urg = wh (hog +iA g )ur = wh g (11)



Therefore

(gruri)’ = —q_kur . (12)

At symmetric points —k = k, the Pfaffian is therefore defined:

Pf [qkuT,k], k= 0,71’. (13)
Introduce the quantity
Pflgouro] 1 /
Hyl = —/——— = dlogdet +1}. 14
z[Hy] Plgrur,] P2 J, dlogde qr € {£1} (14)

The quantity z[Hy] is quantized to some Zg value determined by the matrices wp :

2= det[gour o]
det [QWUT,W]

det [’LLT70]

detfur.n] eU(1). (15)

s
z[Hy, exp/ dlogdet g, € {£1} =
0
The matrices ur ;, do not depend on the Hamiltonian; they are determined only by the atomic insulator
on which the Hamiltonian is defined. To define a topological invariant that is quantized to +1 and gives
1 for a trivial Hamiltonian, it is enough to take the ratio with z[H{™"] for a trivial Hamiltonian. Define

the Zs invariant as

z[Hy]

—1)vH = -
U

€ £1. (16)

Note that in the expressions for z[Hy] and z[H!"V], one must use the common bases Uy j. As a trivial
Hamiltonian H}™, one can consider the vacuum with no fermions occupied. Concretely, taking the limit
where the chemical potential goes to 4 — —oo, we may choose

he =1, A, =0. (17)
Then
and hence
: Pt [uT 0]
Htrlv — s . 1
Z[ k ] Pf [UT,W] ( 9)

Therefore the Zy invariant is given by

Pf [qOuT,O] /Pf [UT,O]

1 s
—1)VHs) = ex 7/ dlogdet g, € {£1}. 20
( ) Pf [qﬂ'uT,ﬂ']/Pf [UTJ\-] p 2 0 g dk { } ( )

1.1 Fermi-surface formula

The topological number of a superconductor is determined only near the Fermi surfaces. We compute
z[H] under the assumptions

(i) there is no Fermi surface at k = 0, 7;
(ii) Ay takes a small finite value only near the Fermi surfaces;
(iii) there is no degeneracy on the Fermi surfaces.

If we consider only time-reversal symmetry, degeneracies on the Fermi surfaces can be removed continu-
ously within assumptions (i) and (ii). If other symmetries, for example inversion symmetry, are present,
assumption (iii) may fail. Cases where degeneracy is unavoidable must be considered separately.



By the assumptions above, the phase of det g; changes only near the Fermi surfaces, where det hy, = 0.
Label the Fermi surfaces by n, and write a state on the Fermi surface as |nk). Let e, = (nk|hg|nk).
Near the Fermi surface n, ¢ is approximated as

o+ 8k ~ (Ot (B = i) + 0 ) ) (k] + 3 i k) me] (21)
m#n
Here we have set

Onk,p = (k| Agurp pInk) [k=k,, € R\{0}. (22)

The term ), n denotes the contribution from bands other than the Fermi-surface band. The contribu-
tion from the vicinity of the Fermi surface n to the integral [ dlogdet gy is

knrp+ok
[ [ avogdetan = log acll25 5~ misen(@neon, Jsgn(B, ). (23
ja—
Adding the contributions from all Fermi surfaces gives
/ dlogdet g, = log | det g| — log | det go| — i Z sgn(OkEnk)sgn(Onk )- (24)
0 €nk=0

Therefore

det g, Iy
| det x| - Z sgn(Okenk )sgn(Onk )- (25)

4 exp——
\/ ‘ det (Jo| 2 enn=0

1 T
exp§/ dlogdet g, =
0

For a sign o € £1,

e2? ={xo. (26)
Thus
exp— ZOSgn<akenk>sgn<6nk>: Hofz‘sgnwkenk)sgn(énk) (27)
Enk= Enk=

= H —isgn(OxEnk) H sgn(Onk) (28)

Enk:O Enkzo
:(_i)zenﬁosgn(a’“a”k) H sgn(dpnk)- (29)

Enk:O

Under the assumption that there are no Fermi surfaces at k = 0,7, the numbers Ny, N, of occupied
bands at k = 0,7 are invariant. The first factor is determined by the numbers of occupied bands Ny, N,
at k=0,m:

Z sgn(Okenk) = No — Ny (30)

enk=0

Note that by TRS, Ny, N, are nonnegative even integers. At this stage the Zy invariant is

P det ¢ No—Nr
(_1)V[Hk] _ f[QOUT,O]/Pf [uT,O] > | el q | % (_1) 02 X H Sgn(énk) (31)
pf [QTruTJr]/Pf [U’Tﬂf] | det QO| Enk=0

We compute the signs of the Pfaffians Pf [gour,o] and sgnPf [grur ]. Set k = 0,7 and suppress k.
By assumptions (i) and (ii), we may replace Ax by Ag ~ 0 at k=0, .

Pf [qur] = Pf [hug]. (32)



Introduce a basis that diagonalizes h. Taking Kramers pairs as |x1) , |x11), choose a basis U = (|x1), |x11) 5 - - -

satisfying
ur [x1)” =[x, urlxm)” == |xi)- (33)
If N € 2Z is the number of occupied states, then

€1
W =UA®1y, A= , (34)

upU* =Ul, ® (—ioy). (35)

Here 2n € 2Z is the total number of bands, and €; # 0 are the energy eigenvalues with Kramers
degeneracy. Then

f [hur] = Pt [U(A ® 1)U ur] (36)
=Pf [U(A® 1o)(—upU*)T] (37)
=Pf [UA® 15)(-UL, @ (—ioy))"] (38)
= Pf [U(A® 1)(1, ® (—io,))UT] (39)
= Pf [U(A® (—ig,))UT] (40)
= det UPf[A ® (—io,)] (41)

= detU f[(ej). (42)

Furthermore,
Pfur =Pf U1, ® (—io,)UT] = det U(—1)", (43)

and

n

Vldetq] = v/[deth| = [T lejl. (44)

j=1

Thus we finally obtain

Pf|
qUT H sgn € = N/2 (45)

f [ur]+/| det q| =1

Here N is the number of occupied states.
Combining the above, we obtain the Fermi-surface formula for the Z, invariant [1]:

V[Hk = H bgn nk (46)
Enk=— 0

The final expression can be extended to the case of degenerate bands. If the labels within a degenerate
band are a = 1,..., I, then

(1" = ] sen det((nak|Aguf x|nbk))ap=1.....1,- (47)

€nk=0
1.2 Example
Assume spin-1/2 and orbital degrees of freedom as internal degrees of freedom, and take

up = —ioy, Ap =, +dy-o)(ioy). (48)

Then Apu}y = Yy, +dj, - 0. Since Aguk is Hermitian, ¢, and dj, are Hermitian matrices. The product of
the signs of the eigenvalues of ¢y, +dy, - in the Fermi-surface states |[nak) contributes to the Z, invariant.

In the simpler situation where there is no orbital degree of freedom and the band is degenerate in spin
space, the contribution of a Fermi surface to the Zs invariant is

sgn det(¢y, + dy - o) = sgn (Y7 — d3). (49)

)



1.3 DIII plus even mirror symmetry

In addition to TRS, consider the case where there is an additional unitary symmetry that does not change
the wave vector:

mphpml, = he,  mpAgm® = Ay, mi = 1, (50)

UT’ka = MmM_rUr k- (51)

The symmetry for the BAG Hamiltonian is

My = (mk * ) . (52)

m_g
From the relations
M? =1, TuyMy=M_T, CMy=M_,C, (53)

the effective AZ class is Alllr. Winding numbers Wy; can be defined in the M, = =i sectors, and
depending on the definition of chirality, they obey a relation W; = £W_;. Let us define the winding
number in the M}, = i sector.

As in the previous section, introduce the matrix g:

qr = hy + Z'Aku;,k. (54)
Then

mqumL = mkhkm£ + imkAkakmfku;kmz = hy +iApur = qr, (55)

so qr decomposes into the my, = =i sectors. Introduce periodic bases By i, B+ o = B1 o with my = %4,
and write

Gk = ha g +iAy (56)
hiy = Bl,khklgi,ka Aiyp= BlkAkafr,kBi,k- (57)

Define the winding numbers by

1
Wiy = — }{dlog det g4 k- (58)
211
The Fermi-surface formula is
1
Wy, = ~3 Z sgn(akefk)sgn(@fk). (59)
sszo
Here
et = (nklhy gnk), 65, = (nk|AL g|nk). (60)

For the expression of W;, in the present case there is also a symmetry k& — —k, so we would like to
define a topological invariant on the independent region k € [0, 7]. Using ur ymj = m_gur , we may set

B_= uT’_kBi’_k. (61)
Then

q— k= BT_,k(hk + iAku’},k)B,,k (62)
= BY _juf._y (b + iBgui g Jur By, (63)
= BY _j(hey — A% ug)B (64)

(65)

=q\ - 65



From this, one checks that W; = W_,;. To define the invariant on the independent integration region

k € [0, 7], note the relations at TRIM,

*

4-0=410 G- =0} x
Then the following is a well-defined winding number:

1

T 2mi

” 0
W, (/ dlogdet gy +/ dlogdetq” ;) € Z.
0 T

Rewriting it,
1 ™
W = =— (dlogdet gy i + dlogdetq_ 1) € Z.
2w Jg
To obtain a gauge-independent expression that does not depend on the choice of B4 j, define
W [Hi] ::/ dlogdet g € R,
0

and subtract the contribution of the trivial Hamiltonian:
W [Hy] — W, [HIY] € Z.

The Fermi-surface formula is

: 1
WnL [Hk] - Wm [H]tgrw} = _5 Z Sgn(akgnk)sgn((snk)-
enk=0,k€(0,m)
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