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Abstract

I often need to derive these formulas, so I collect them here.

1 Kitaev chain

Let a;, al be the annihilation and creation operators of a complex fermion defined on site j. We take the
Hamiltonian to be [1]

1
H= Z [—t(a}L-Jrlaj + h.c.)— u(a;aj — 5) + A(G;HG; +h.c)|. (1)
J

Here t, ;1 are real and A is complex. ! When we consider a closed chain with L sites, we may impose

periodic boundary conditions (PBC) or antiperiodic boundary conditions (APBC). For PBC the boundary
term is

—t(alap + h.c.) + A(aIaTL + h.c.). (2)
For APBC, on the other hand, it is the same term multiplied by (—1),

—[~t(alay + h.c.) + A(aIaTL + h.c.)]. (3)

Write A = |Ale??,|A] > 0. After the redefinition
d; = ew/Qa;, (4)
the Hamiltonian becomes

1 -
1y = 5) + |Al(@ L a) + he)| (5)

~;+1dj + h.c.) — p(a;

C2j—1 =a;j + &;[ = e’w/zaj + ei‘g/Qa}, (6)
CQj — 7(&9 o &;[) _ *i(67i0/2a]‘ o 67;9/20,;)7 (7)

or, equivalently,
aj:%‘%“%, @ZW' ®)

1Compared with [1], the definitions of A and A* are interchanged.



Now note that

S C2j41 — 1Coj42 Coj—1 + iCoj {
a;+1aj + h.c. = D) 9 + h.c. = 262J62J+1 + 202] 1€254-2,
St C2j41 — 1C2j42 C25j—1 — 1C2j ;
a;Ha; + h.c. = 5 5 + h.c. = 262]62]+1 + 2CQJ 1C25+2,
ELTEL 1 Czj_l — iCQj CZj—l + 7;02]‘ 1 ’ic c
a; — = = — 5 = 5C2j-1C2;-
) 2 2 2 274 J
Therefore the Hamiltonian is
. ; .
H= Z [ 62]62j+1 + 502g 1C2542) — M(262g 1C25) + |A|( ngC2g+1 + ECQJ 1€2542)

=3 Z [—pe2j—1c2j + (t+ [Al)egjczjpn + (=t + [Al)ezj—102542] -
J

2 Ground states at zero correlation length

Below, for the Kitaev-chain Hamiltonian at

—1,t=|A| =0,
1,1

=

NS
INEE3
——lal=-}

=

w=
uw=
e u=0,t
n=0,t

(10)

(11)

we determine, for both PBC and APBC, the expression of the ground state in terms of the vacuum of

the complex fermions aj,
a;10) =0, j=1,...,L,

and the creation operators a;r-.

2.1 p=-1,t=|Al=0

The Hamiltonian is
1

H(l ZCQJ 1C25 = Z(a;aj — 5)

J
Independently of the boundary condition, the ground state is

|\I’(1)

PBC/APBC> |0> .

(14)



22 p=1t=|Al=0

The Hamiltonian is

i 1
H® = D) Z%‘fl%’ = _Z@%‘ - 5)-
j

J
Independently of the boundary condition, the ground state is

2
‘W;éC/APBC> = ai "' aTL 0).

2.3 ,u:(),t:‘A’:—
The Hamiltonian is

. L—1 .
{2 2
H(3) — 5 E 02j02j+1 + 7’]502L01
j—l

1 .
== Z [ ]+ICLJ + h.c) +e%(a ;_Ha; + h.c.)} + Ubs {f(aIaL + h.c.)+ ele(aIaTL + hc)} .

Here n = £1 specifies the boundary condition. Introduce a complex fermion on each bond by

= Coj +icC2j11 1 ~ _
bJZ%ZQ( aj +a TJfaj+1+a;+1)a
~ 02‘—i02‘+1 7 - - - ~

b = % = —5(%‘ —a) +aly, + ),
j=1,...,L.

Using
Coj = by + b, eajn = —i(b; —bD),

the Hamiltonian becomes
L—1

1 1
H® =3 " (b1h; — )t n(blbr — )

Jj=1

Independently of the boundary condition, the ground state satisfies
b [ 83y =0, j=1,...,L—1.
There are two states satisfying this condition, given by

l£)=(1=xal)-- (1 Z > (Ennal ---al o).

n=17j1<<jn

2 Indeed,

(—a; +ah) [4) = (1 Fal)--- (LFal_)(—a; +a) (1 +a) - (1+a]) o)
=(tFal)---(1Fal ) (=4 Faal+al)(1+al,,) - (1+a})|0)
= (LFa}) (I Fa_)Fl+a)d£al,,) - (1+a})0)
=31 Fa})-QFal_)AFa)a+£al,,) - Q+xa})lo),

(17)

(26)
(27)

28
29
30

(
(
(
(31

)
)
)
)

2Under the Jordan-Wigner transformation this becomes the Ising model, and these states are the all-up and all-down

states.



(@, +ah) [+) = A Fal) - QFal_ )@ +a) (1 +al)--- (1+ah)0)
= (1Fal)--(Fal )@ +aal+ah)(+al,,) - (1+a))o0)
=(Fal)--(QFal )(E1+ahdEal,,)---(1+a))o0)
=+(1Fa})- (1Fal_)£a)1xal,,) - (1+£a))[0).

It follows that
(—al+aj +aj41+al )£ =0 j=1,...,L -1
The boundary term closes within the space spanned by |+),|—). Since
) - . i i
bl = (= +ah) + (@1 +aD)} ) = ) & [4) = () )

B ) = — 2 {(az — a5) + (@ +GD} [4) = — L) £ [0} = F5(9) + [4),

[N

we have
Bbe ) = £ 5L (1) — [9) = £5 {7 () + 1) F 5 (1) + [9)} = 5 () +1).
In other words,
n(BLe — ) 1) =g %)

Thus, up to normalization, the ground states of H®) are respectively

|\Il§>3f)3(j> > ; |_> _ Z Z ajl . Z Z zn9/2 J[ . _a;rn |O>

n€odd j1 <+ <Jn neodd j1 < <jn

|\Il,(A3F)’BC> +‘_ Z Z - 4 L10) = Z Z em0/2q1 -~-a}n|0).

neeven ji <---<jp neeven ji <---<Jp

24 pu=0t=—|Al=—-3
The Hamiltonian is

e i
H® = 3 Z C2j-1C25+2 + 15

Cor—1C2
‘ 2
j—l

1 .
- Z [ aj,,a; + h.c) + e“(a ;L_Ha + h.c. )} +n§[(aIaL + h.c.) —|—e“9(aJ{aTL + h.c.)].

(43)

(44)

H® is obtained from H®) by a fermion-parity transformation on the odd sites together with a phase

transformation by ¢:

L
— H ,L-a;.aj (_1)]'(1}(1]'.
j=1

Then

L-1

vp®y-t =L
2
1

<.
I

(45)

, 1 0
{(a}HQj + h.c.) + ele(a;+1a} + h.c.)} + (fl)Lni {(aIaL + he)+te (a aL + h.c. )} .

(46)



Therefore the ground states of H*) are given by

3
U |\Ij§’];C/APBC> (L € even)

9500y apBo) = {
/ u |‘I’APBC/PBC> (L € odd)

and explicitly

|\Il(4) ) = D ncodd 2ujy <o (— 1)Jrttinjneind/2G j ~~t~1}n [0) (L € even)
PBC Y coven Zj1<~~<jn( 1)Jrttinjneind/2G ;1 aj |0) (L € odd)

j1+ i jneind /251 ~
|\II(:1)3BC> = { ZnGeven Zj1<...<jn(—1)31+ tinine / aj, ---ajp ‘0> (L c even)

ZnEodd Zj1<...<jn(—1)j1+"'+j”i”em"/zd}l '_'&;rﬁ 0) (L € odd)

2.5 Fermion parity and momentum

For the ground states computed above, the fermion parity is

Iy (e
j=1
Thus
(=DF Wh3c/apnc) = Whno/apsc)
(—1)F |‘I/PBC/APBc> =(- ) |‘I'PBC/APBC>
(1" |‘I’PBC/APBC> + WPBC/APBC)
(-1~ |\Ijg%C/APBC>: F(-1)F |\Ij§’4];C/APBC>

On the other hand, define the translation operators for PBC and APBC by
Trpca Tope = al Trpcal Tope = al,  Tepc|0) = [0
rBO;Tppc = @511, TeeeapTppe = a1, Teec|0) = 10),
Tarpca)Tappe = al1y,  Tarscal Tappe = —af,  Tappc|0) = [0).
4 Then

(1) — g
Trpc/apBC |‘I’pBC/APBc> = |‘I’pBC/APBc>

2
Tppc/APBC |\P§D%C/APB(J> = +(-1)*! |‘I’ch/APBc>

3The factor (—1)71F In corresponds to the ground state of the antiferromagnetic Ising chain.

(47)

(48)

(51)

4The states |\Il<1>>, |\Il(2)) are eigenstates of both Tppc and Thppc independently of the boundary condition, but this
is a special feature of zero correlation length. For a general Hamiltonian, the Hamiltonian with PBC/APBC is invariant

only under Tppc/TaPBC-



For the Zs-nontrivial state,

Z Z einG/Qa;(l o

neodd j1<---<jn<L

Z Z emo/za;r'l-‘rl o

neodd j1 < <jn<L

Z Z ema/Qa}1+1 o

neodd j1 < <jn<L

(3)

Trec |[¥ppe) = TpBC

3
‘\II;I%C> )

aj, 10)
cal 10y +

'“;Tntl |0) +

+ 3 > M2l -al j0)| (60)
n€odd j1 <---<jn=L
Yoo > P al0) (61
n€odd j1 <---<jp=L
Yoo > ¢Pdlaf i, dl 0)
n€odd j1 <---<jnp=L
(62)
(63)

Tarwe ¥nc) = Tarwe | 3 X el e Y Y e ol
neeven jy <---<j,<L neeven j; <---<jn=L
(64)
_ Z Z ein9/2a;1+1 - a;n—i-l |O> + Z Z ein9/2a;1+l . (_aI) |O>
neeven ji <---<jnp<L ne€even j; <---<jp=L
(65)
= > X MPalid a0+ 3o 3 e Palal - eaf0)
n€even j; <---<jn, <L n€even j; <---<jp=L
(66)
3
= |‘I/,(M)DBC> : (67)
Therefore
(3) —_1u®
Tppc/apBC |\I/PBC/APBC> - |\IJPBC/APBC> : (68)
Let us compute the momentum of |\II§)4];C / Appc) from the relation between translation and U.
L
Tepc/apclU = (H "1 (=1)7 %4 Tpp o apBe- (69)
j=1
Here
I e I i (L € even) 70)
11 (—1)2(=1)f .. (—1)"-1(—1) (L € odd)
]:
[ WDt (e e -
(T2 (D7) (=) (=1)" (L € odd)
and hence
_ [ U(-1)"Tepc/apne (L € even)
Trc/apecl = { U(-1)F(=1)"Tppc/appc (L € 0dd) (72)
Furthermore, using
(=1)"Tppc/appc = TapBc/PBC: (73)
we finally get
_ 7 ) Teec/apec (L € even)
Tppc/apecU = U(-1) { Tapcpsc (L € odd) (74)



Thus

4
Tppc/aPBC |\IJ§DI;C/APBC> =

Collecting all results,

1
Tepc/aPBC |\II§3E)BC/APBC

2
Trpc/APBC |\I’§?’}%C/APBC

3
Tppc/APBC |\IJ§DI;C/APBC

4
Tppc/APBC |\I/§3E)BC/APBC
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Tppc/areclU |\II§]%C/APBC> (L € even)
Tppc/areclU |‘I’531):BC/PBC> (L € odd)

3

(—=1)FTppc/apBe |‘I’£)];C/APBC> (L € even)
3

(=1 Tappc/rro |\IIE%12’BC/PBC> (L € odd)

3
(—DT [T 5hc apse)

(3)
S |‘I’APBC/PBC>

(L € even)
(L € odd)

FU |\I/PBC/APBC> (L € even)
+U |\IJAPBC/PBC> (L € odd)

L—1 3,4
-1) |\DPBC/APBC>

(1)
|‘I’PBC/APBC>

L— (2)
+(-1) 1|\I’PBC/APBC>

(3)
|\I}PBC/APBC>

(1) |

)=
)
)=
)=

PBC/APBC>
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