
Irreducible Decomposition of a Superconducting Gap Function

Ken Shiozaki

May 31, 2026

Consider the mean-field many-body Hamiltonian for a superconducting gap function,

∆̂(k) =
1

2

∑
k,i,j

ψ†
i (k)∆ij(k)ψ

†
j (−k) + h.c. (1)

Assume that the normal state has unitary symmetries of a group G:

ĝψ†
i (k)ĝ

−1 = ψ†
j (pgk)[ug]ji, uguh = zg,hugh, ĝiĝ−1 = i, g, h ∈ G. (2)

Then

ĝ∆̂ĝ−1 =
1

2

∑
k,i,j

ψ†
i (pgk)[ug∆(k)uTg ]ijψ

†
j (−pgk) + h.c. (3)

=
1

2

∑
k,i,j

ψ†
i (k)[ug∆(p−1

g k)uTg ]ijψ
†
j (−k) + h.c. (4)

Thus we introduce the left action of G on the gap function ∆(k) by

(Dg∆)(k) := ug∆(p−1
g k)uTg . (5)

It satisfies

(Dg(Dh∆))(k) = ug(Dh∆)(p−1
g k)uTg (6)

= uguh∆(p−1
h p−1

g k)uThu
T
g (7)

= (zg,h)
2ugh∆(p−1

gh k)u
T
gh (8)

= (zg,h)
2(Dgh∆)(k). (9)

Therefore, if the factor system obeys (zg,h)
2 ≡ 1, then DgDh = Dgh.

The irreducible decomposition of a given superconducting gap function under G is expected to be
obtained from the projection formula onto an irreducible representation α of G,

Pα =
dimα

|G|
∑
g∈G

(χα
g )

∗Dg. (10)

Namely,

∆(k) =
∑

α∈irreps

∆(α)(k), (11)

∆(α)(k) =
dimα

|G|
∑
g∈G

(χα
g )

∗(Dg∆)(k). (12)

Here χα
g denotes the irreducible character.
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