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1 The First Chern Class

Consider a complex line bundle L → X. For a good cover {Ui}i, let vi be a local trivialization on Ui. On
Uij the transition function is

eiϕij = v†i vj ∈ U(1). (1)

Choose a lift

R/2πZ ∋ ϕij → ϕ̃ij ∈ R. (2)

The first Chern class is defined as the cohomology class

c1 =

[
1

2π
δϕ̃

]
∈ H2(X,Z) (3)

of the 2-cocycle

(δϕ̃)ijk = ϕ̃jk − ϕ̃ik + ϕ̃ij ∈ Z2(X, 2πZ). (4)

Changing the lift by

ϕ̃ij 7→ ϕ̃ij + 2πmij , mij ∈ Z (5)

does not change the cohomology class c1.
Let us check the invariance of c1 under gauge transformations. Under

vi 7→ vie
iχi , (6)

the transition functions transform as

eiϕij 7→ eiϕ
′
ij = ei(ϕij−χi+χj). (7)

A lift of ϕ′
ij ,

R/2πZ ∋ ϕ′
ij → ϕ̃′

ij ∈ R, (8)

can be chosen independently of the lift of ϕij . However, from

eiϕ
′
ij = eiϕije−iχieiχj , (9)

if we choose lifts of the gauge transformations

R/2πZ ∋ χi → χ̃i ∈ R, (10)

then

ϕ̃′
ij = ϕ̃ij − χ̃i + χ̃j + 2πnij , nij ∈ Z. (11)

Therefore

δϕ̃′ = δϕ̃+ 2πδn. (12)

Since δn ∈ B2(X,Z), the cohomology class c1 is gauge invariant.
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2 The Second Stiefel–Whitney Class

The argument is analogous to the one for c1. Consider a rank-r real bundle E → X. For a good cover
{Ui}i, let vi be a local trivialization on Ui. On Uij the transition function is

gij = v†i vj ∈ O(r). (13)

Choose a lift

O(r) ∋ gij → g̃ij ∈ Pin+(r). (14)

The second Stiefel–Whitney class is defined as the cohomology class w2 = [δg̃] ∈ H2(X,Z2) of the
2-cocycle

(δg̃)ijk = g̃ij g̃jkg̃ki ∈ {±1} ∈ Z2(X,Z2). (15)

Changing the lift by

g̃ij 7→ ηij g̃ij , ηij ∈ {±1} (16)

does not change the cohomology class w2.
Let us check the invariance of w2 under gauge transformations. Under

vi 7→ viVi, Vi ∈ O(r), (17)

the transition functions transform as

gij 7→ g′ij = V †
i gijVj . (18)

A lift of g′ij ,

O(r) ∋ g′ij → g̃′ij ∈ Pin+(r), (19)

can be chosen independently of the lift of gij . However, from

g′ij = V †
i gijVj , (20)

if we choose lifts of the gauge transformations

O(r) ∋ Vi → Ṽi ∈ Pin+(r), (21)

then

g̃′ij = Ṽ †
i g̃ij Ṽj × ηij , ηij ∈ {±1}. (22)

Therefore

δg̃′ = δg̃ × δη. (23)

Since δη ∈ B2(X,Z2), the cohomology class w2 is gauge invariant.
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