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Abstract

This is a memo on lattice models in Ref. [1] for which higher Berry curvature has a nonzero
integral.

Zero Dimensions

As a family of Hamiltonians over the sphere S? whose ground-state Chern number is 1, take the unit
vector n € R?, n2 =1, and set

Hopp(n)=n-o. (1)
Here o = (0%, 0Y,0%) are Pauli matrices.

One Dimension

At each site j € Z, put two spin-1/2 degrees of freedom, denoted by spin operators o'jL and Uf. Use

(n,ng) €S, n2P+ni=1 (2)
as coordinates on S3, and define
Hip(n,ng) = Zn (—af + crf) (3)
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This model has Berry-curvature integral

yo L > FOA%) =1 (5)

e In (4), the first term must be chosen with opposite signs so that it is compatible with the antifer-
romagnetic interaction in the second term. Indeed, if one instead takes

HlD(nan4): n~(0’L+0'R)+|TL4‘ { J J — 9 (6)
JEZZ ’ ’ jeZZ off ok (na>0),

then the gap closes somewhere on S°.

e There is no need to restrict to spin 1/2. For a general spin S, the same model as (4) gives a model
with topological number v = 285.
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Figure 1: Two-dimensional model.

Two Dimensions

The two-dimensional model is similar. At each site, take four spin-1/2 degrees of freedom with Pauli

matrices a’},a?,a’?,a?—, j € Z2. Use

(n,ng,ms) €SY, m*+nj+ni=1 (7)
as coordinates on S*, and define
Hop(n,ng,ns) = Z n-(—o}+o+0%—0j) (8)
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The second term is illustrated in Fig. 1. At any parameter point (n,n4,ns), this model reduces to a
problem of four spin-1/2 degrees of freedom, and therefore can be solved easily. In particular, the ground
state is unique and has a finite energy gap. The integral of the Berry curvature is again

v= Y FW@AY =1 (11)

Adec G4



General Spatial Dimension

The generalization to spatial dimensions three and higher should be straightforward. For example, in
three spatial dimensions take 23 = 8 spin-1/2 degrees of freedom at each site and define

_ 1 2 3 4 5 6 7 8
Hgp(n,ng,ns,ng) = E n-(-o;+oj+oj—0;+0;—0;—0;+0;) (12)
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