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Abstract

This is a proof memo on the method known as Knabe’s method [1], which uses the spectral gap
of an n-site finite system with OBC to bound the spectral gap of an N > 2n site system with PBC.

First we show the following.

e The statement that the first excited energy e; of a Hamiltonian H satisfies €; > € is equivalent to
H? > ¢H.

Indeed, if

€; >0

is the spectral decomposition of H, then

H? —€eH =) ¢€(e; — €)P;. (2)

€; >0
O
1 1D
Consider a 2-local frustration-free Hamiltonian
N
H=> Piin (3)
i=1

with periodic boundary conditions. Here P; ;1 is a projection operator. The frustration-free condition
means that, if Py denotes the projection onto the ground states of H, then

(1—Py)Piis1Py=0, i=1,...,N. (4)

Since P; ;41 > 0, this is equivalent to the ground-state energy of H being zero:

HP, = 0. (5)
Consider HZ:
N
H? = Z P i1 P 541 (6)
=1
N N
= Z P+ Z(Pi,i+1pi+1,i+2 + Piy1i42Piit1) (7)
i=1 i=1
+ > 2P i41Pj 541 (8)

2<|i—jln<[N/2]



The first and third terms are positive semidefinite, but the second term need not be. We have introduced
i — j|§ :=minl|i — j + kN]|. 9
[0 = v = min|i - j + kN| (9)

For 2 <n < |N/2], focus on a subinterval [i,i + n] of the circle and define the OBC Hamiltonian on
this interval by

+n—1
hn,i = Z Pj,j+1- (10)
Jj=t

Here Pjin j+1+N = Pjj+1. Its square is

i+n—1 1+n—2
hoo= Y Pt Y. (PisiPirijee + PiyrjiaPiji) (11)
j=1 j=t
+ > 2P; 11 Pt (12)

2<|j—kly, i<jk<itn—1

Then, in vazl h?

n,i’

e the first term of (8) appears n times,

e the second term of (8) appears n — 1 times,

e for the third type of terms, the term with distance |i—j|y = [ appears n—[ times for [l = 2,...,n—1.
Therefore
1 & 1 i1
H? — 2. =———H — 2P ;1P s 13
nflz i n—1 + nfl,z i+ 14,41 (13)
i=1 =2 li—j|n=l
L N/2]

+ > > 2PiaPa (14)

I=n li—j|n=l

The second and third terms in the last line are positive semidefinite, so

H. (15)

-1

Assume the following.

e The OBC Hamiltonian h,, ; has a spectral gap €, > 0 that does not depend on i, i.e.

h2 i > €nhn. (16)

Under this assumption,

1 1 n 1
H? > whpi— ——H = n—— | H. 1
_n—l_Ze T on—1 n—l(6 n> (17)

Thus we have shown the following.
o If there exists n € {2,...,|N/2]} such that the OBC Hamiltonian h,, ; has a uniform spectral gap

1
n > ) 18
> (18)

independent of ¢, then H has spectral gap

7:1 <€”711> (19)




e In particular, for a translation-invariant Hamiltonian, if for some n > 2 the OBC Hamiltonian A,
on n + 1 sites has spectral gap

1
7l>77 20
> (20)

then for every N > 2n, the PBC Hamiltonian H on N sites has spectral gap

nﬁl <€”_i>' (21)

Therefore, in the frustration-free and translation-invariant case, proving numerically that the OBC Hamil-
tonian on n + 1 sites has spectral gap €, > 1/n proves the existence of a PBC spectral gap in the limit
N — o0.
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