A Calculation Note on the LSM Theorem

Ken Shiozaki
May 30, 2026

Abstract

This is a note on the energy estimate used in the Lieb—Schultz—Mattis theorem.
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The spin magnitude S is arbitrary. Let |¢)) be the ground state. Introduce the twist operator
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We estimate the energy of the trial state
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The energy difference is
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From only the spin commutation relations [S*, S¥] = i€,,,5”, we have

eieszsﬂ:efiesz _ 6:|:'L'9s:i:7 S:I: = 9% 4+ 49Y.

Therefore

ULLS; - 81Uy
S'+S'7+1 + S'ist*l ZQz
:Ut‘I-VV ( J J 2 J J +S‘7 j+1 Utw

B 61(9_7—0j+1)5;-5jf+1 _~_€—i(9j—9j+1)Sj_Sj—-_+1 §%g2
= 5 27041

1 i(0;—0; — —i(0,—0; —
=8-S+ [(e (O5=000) — 1)SFS ) + (700 —1)57 88 |

Following Section 6.2 of [I], we track the calculation. Consider the Hamiltonian of a one-dimensional
antiferromagnetic chain:
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Thus
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Following [I], we estimate the right-hand side of

AE = (|Uf,HUpw — HJ)
< (WU HUpw — H1W) + (Y| Uy HUY, — HJb) . (0.9)

This gives
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