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Abstract

This is a note on the energy estimate used in the Lieb–Schultz–Mattis theorem.

Following Section 6.2 of [1], we track the calculation. Consider the Hamiltonian of a one-dimensional
antiferromagnetic chain:

H =
∑
j

Sj · Sj+1. (0.1)

The spin magnitude S is arbitrary. Let |ψ⟩ be the ground state. Introduce the twist operator

Utw = e−i
∑

j θjS
z
j , (0.2)

where

θj =


0 (j < 0),
2πj
L (j = 1, . . . , L),

2π = 0 (j ≥ L).

(0.3)

We estimate the energy of the trial state

|ψtw⟩ = Utw |ψ⟩ . (0.4)

The energy difference is

∆E = ⟨ψtw|H|ψtw⟩ − E0

= ⟨ψtw|H|ψtw⟩ − ⟨ψ|H|ψ⟩ = ⟨ψ|U†
twHUtw −H|ψ⟩ . (0.5)

From only the spin commutation relations [Sµ, Sν ] = iϵµνρS
ρ, we have

eiθS
z

S±e−iθSz

= e±iθS±, S± = Sx ± iSy. (0.6)

Therefore

U†
twSj · Sj+1Utw

= U†
tw

(
S+
j S

−
j+1 + S−

j S
+
j+1

2
+ Sz

j S
z
j+1

)
Utw

=
ei(θj−θj+1)S+

j S
−
j+1 + e−i(θj−θj+1)S−

j S
+
j+1

2
+ Sz

j S
z
j+1

= Sj · Sj+1 +
1

2

[
(ei(θj−θj+1) − 1)S+

j S
−
j+1 + (e−i(θj−θj+1) − 1)S−

j S
+
j+1

]
. (0.7)
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Thus

∆E =
1

2

∑
j

⟨ψ|(ei(θj−θj+1) − 1)S+
j S

−
j+1 + (e−i(θj−θj+1) − 1)S−

j S
+
j+1|ψ⟩ . (0.8)

Following [1], we estimate the right-hand side of

∆E = ⟨ψ|U†
twHUtw −H|ψ⟩

≤ ⟨ψ|U†
twHUtw −H|ψ⟩+ ⟨ψ|UtwHU

†
tw −H|ψ⟩ . (0.9)

This gives

∆E ≤
∑
j

⟨ψ|(cos(θj − θj+1)− 1)S+
j S

−
j+1 + (cos(θj − θj+1)− 1)S−

j S
+
j+1|ψ⟩

=

L−1∑
j=0

(cos(θj − θj+1)− 1) ⟨ψ|S+
j S

−
j+1 + S−

j S
+
j+1|ψ⟩

≤
L−1∑
j=0

2(1− cos(θj − θj+1))
∣∣⟨ψ|Sx

j S
x
j+1 + Sy

j S
y
j+1|ψ⟩

∣∣
≤

L−1∑
j=0

2(1− cos(θj − θj+1))∥Sx
j S

x
j+1 + Sy

j S
y
j+1∥

≤ 2

(
1− cos

2π

L

)
× 2S2L

≤
(
2π

L

)2

2S2L =
8π2S2

L
. (0.10)
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