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Abstract
A memo on Proposition D.1 of Ref. [1].

A Hamiltonian
H=> H,
J
is local if

I[H;, Oll < u(lj —l)

(2)

holds, where w is a function that decays faster than any power. Exponential decay is not required; we

assume only faster-than-polynomial decay.

certain local terms H;, namely H; |¥) = 0.

Let H =Y ; Hj be a gapped local Hamiltonian. Let the energy eigenvalue of the ground state
|¥) be zero, and let A > 0 be the gap. Then |¥) can be represented as a zero-energy eigenstate of

We prove this. Define

Then

Thus we choose w(t) so that

Equivalently, for the Fourier transform

a0 = [ druie,

we require

If we require I~{j to be Hermitian, then

w(t)* = w(—t) & b(e)* = w(—e).



For any excited state |n),

<n \ i, ‘ \I/> - /OO Bt (n| H W) w(t) dt = b (E,) (n|H,;|0) . 9)
Therefore, if w(e) is chosen so that
w(le] > A) =0, (10)
then, with P the projection onto the ground-state subspace, we obtain the desired property
(1-P)H;P =0. (11)
Take w(e€) to be a smooth C*° function satisfying
we=0)=1, w(le]>A)=0. (12)

Then w(t) decays faster than any power.
It remains to show that H; can be constructed to be local. For any local operator O; supported near
the site 1,

115, Oll| < / I[H; (2), O]l[ [w(t)] dt. (13)
By a Lieb-Robinson bound, roughly,
1[H;(£), Odll| < el H|I[|Oa]| x max{e=*=1D 1}, 1~ fi — ji. (14)

Hence we can estimate

o0

B l/v
;. 04| < el [H []|04]] % 2 [ / e~y (1)| dt + / |w<t>|dt] | (15)
0 [

v

We want to show that this decays faster than any power of [.
The following proof is due to Kenji Shimomura.! Since w(t) decays faster than any power, for any
n e Zzo,

lw(t)|t™ £=22% 0. (16)

Since w(t) is bounded, for any n € Zx>( there exists a constant M,, such that

lw(t)| < Mpt™™ for t > 0. (17)
Then
/ lw(t)| dt < / M, 1t " tdt = 0(™™), (18)
/v l/v
and
/v 1/(2v) /v
/ e =) y(t)] dt < / e~ U= My dt +/ e Nt dt (19)
0 0 1/(2v)
e 2 — el —-n ! —a(l—ls) ,—n—1
=My—— + M, 11(1/v) e s ds (20)
av 1/2
e—al/2 _ p—al 1
< My———+ MnH(l/v)_”/ s~ lds (21)
av 1/2
=0(1™"). (22)

This proves the claim.
Memo:

e Lemma 2 of Ref. [2] also claims that H'j is local in a more general situation where H is time
dependent, but no proof is written there.

1Kenji Shimomura, private communication.
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