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Abstract

This is a calculation memo for [1].

Consider an N-site system. Let the dimension of the local Hilbert space be d. Take the MPS in

canonical form:
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Here Agm] is a Dy, X Dp,qq matrix and D1 = Dyyq = 1. They satisfy

S A <1, TEm N,

S AP AL 1< < N,

A= AV =1 AP = diag(AI™ Ay A s s s Al =1

Dt

Notice that

(Yl) = 1.

Let D € Z~¢. Introduce the MPS obtained by cutting the bond dimensions after D,

D
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On bonds whose bond dimension is already less than D, P is understood to act trivially. Define the

“local error” at the bond between m and m + 1 by

em(D) =Y Al (7)
a>D
(Lemma 1 in [1])
N-1
1) = 1en) P <2 em(D). (®)
Proof. It is enough to estimate | (¢yp|¢)) |. We have
(Wpl) = Tr [S (PSn-1(PSy (- PS3(PS2(PAM)) )] 9)



Here S,,, is the transfer matrix

Sn(X) =D AMTX A S, (Al = Al (10)

)
4

It is a positive linear map and is trace preserving:
tr [Spm (X)] = tr [X]. (11)

Therefore, by contractivity of the trace norm,

[[Sm (X [[er < 1 X e (12)
Introduce the notation
Yyl — Ayl = SkH(PYW) _ ZAEIC-FlHPY[k]Angrl]. (13)
Then
(Wpl) = S (PSx-1(PSy-a(-+- PS3(PS2(PAM)) - ))) = YN, (14)
Also note that
Sy (Al =1y = Alm], (15)

Now
1¢) = [¥p) 1> =1+ (¥pldp) — 2R (¥plv)
<201 —RYW) <21 — vV, (16)
By contractivity of the trace norm,
11— y[N]| - |A[N] — y[N]| - ||A[N] — y[N]”tr
= [|Sn (AN — py IV,
< AN - py N,
= |AN=U — pAIN=1 4 pAIN=L . py NS
< AN — PAN=I ), 4 | PANV Y — y N1, (17)
Using ||ABltr < ||A|l[|B|ltz,* we obtain
1= YN < AN — A= AV -y N (18)

Repeating the same estimate for [|AIN =1 — YIN=1)|; " we finally get

N-1 N—-1
1=y IV < S Al — PAM = SN Al (19)
m=1 m=1a>D

Thus the error from the MPS can be bounded from above by the sum of the errors over all bonds.

Next I prove a general inequality between Renyi entropy and the density matrix. For a density matrix
p, the Renyi entropy is defined by

1
S%p) = 1 log tr p. (20)

—

1For singular values, one generally has o, (AB) < 01(A)oy(B). Therefore ||AB|tr = >, 0i(AB) < 3, 01(A)oi(B) =
AN Bller-



Writing the spectral decomposition as

p=> Xala)(al, M =X>-, D A=1, (21)

a

one has
[ 1 [e3
S@FH_J%;&- (22)
Define
eD) = Ay (23)
a>D
a I
(Lemma 2 in [1])
D 1-—
log «(D) < e (So‘(p) — log ) , 0<a<l (25)
« « —
%In [1] the formula is written as
loge(D) < 1;a<Sa(p)—log — ), 0<a<l (24)
Is this a typo?

o J

Proof.? Let 0 < a < 1. We estimate S%(p) from below while fixing (D). Since log is monotone
increasing, it is enough to estimate ), A% from below. The function

N

N
Zpazl}—>2p;“ (26)

a=1

{{pa}iv_l € [0, 1%

is symmetric in its variables and convex upward, hence Schur-concave. In other words, it can be bounded
from below using a distribution {p,}, that majorizes {\,}4:>

{pata = {Aa}a = Zp;“ < Z)\g (27)

Among all distributions, the distribution p; = 1, p,~1 = 0 majorizes any distribution, but it only gives
the trivial estimate

1<) A (28)
Therefore, while fixing the tail

> pa=e(D), (29)

a>D

we look for the most biased distribution that still majorizes {Ag }q-

2This proof is based on discussions with Akifumi Shimomura about the proof in [1].
3Let pll' > pjz’ > -+ be the distribution {pq}q arranged in descending order. The definition of {ps}a > {ga}ae is that

25:1 pﬁ > 25:1 qi for every k.



Let 0 < h < (1 —¢€(D))/D be a parameter and consider the following distribution {g¢q }a:

qlzlfe(D)i(Dil)ha

G2 =43 ="+ =(D = 4D+1 = " = 4D+ |e(D)/h| = h,

(D)
dD+|e(D)/h]+1 = (D) — LhJ h,

da>D+e(D)/h)+1 = 0,

D = r(hD)J h+e(D) — r(izD)J h=eD).

Keeping the sums

Sa=1-eD) Y a=cD)

a<D a>D

fixed, we vary the height qp = h of the middle part.

First estimate the sum ) ¢¢ for this distribution:

Y di =1 —eD)—(D=1h)* + (D~ 1+ [e(D)/h])h"

(oo |22y

For simplicity, consider only the case h = €(D)/r, r € Z~¢. Using

(1—¢e(D) - (D —1)h)* + (D — 14 ¢(D)/h)h* — Dh® — e(D)h*~!
= (1 —¢e(D)— (D —-1)h)* — h®
= (1 —¢€(D) = Dh)(---) =0,

we get
> q¢ =1—€eD) = (D—1h)*+ (D —1+¢(D)/h)h*
> Dh® + ¢(D)h* L.

Since 0 < «a < 1, there is an h-independent lower bound. It is attained at

(1 - a)e(D)

h=h.= aD

Thus

Dh® + e(D)h*" ' > (Dh* + e(D)h*™ ")

_(-a)eD)
h=L2

D (76([)}53_&))& _ Dlme¢(D)e

1—a (1—a)l-2qe’

Therefore, if there exists an h satisfying 0 < h < (1 — ¢(D))/D and

{Q(Z}a >_ {)\a}ad

(37)

(40)

(41)

then >~ A% is bounded from below by the expression above. The issue is whether such an h can always

be found.

For h = Ap, one has

{Qa}a - {)‘a}w



Indeed, since the area up toa =1,..., D is fixed,

D D
ZQa:Z/\azl_e(D)v (43)
a=1 a=1

the distribution {g,}, puts as much weight as possible into ¢1, and for k =1,..., D,

k
> ga=1—€¢(D) = (D=1)h+(k—1)h
D
:Z/\a—(D—k;))\D
D
—Z/\ + >, (Aa—Ap) 2

a=k-+1 a
For k > D, the tail part of A\, has been made fatter. Hence, for D < k < D + |e(D)/h],

M=

Ma. (44)

an 1—¢(D) + (k— D)Ap

and for k > D + |e(D)/h],

k k
Z%lez)\a. (46)
a=1 a=1

Therefore
{q@}a’h:AD = {Aata (47)
It follows that
Dl ae a
—_ A 4
(1—0&1 aaa—z (8)

Thus we have obtained a lower bound determined only by D and ¢(D). Taking the Renyi entropy gives
1 D'=%¢(D)*

< (o3
1—-« lo (1—-a)t~2a> — 5% (p), (49)
that is,
D et e(D)
1 1 < 5%0p).
og T+ 7 log == < 5%p) (50)
Therefore
e(D)  1-« D
1 < “(p) —1 1
0g == < — {S (p) °g1—a]’ (51)
or equivalently
D
(D) < a exp ( a {So‘(p) —log - ]) (52)
O

For a critical system, the Renyi entropy on an interval [1, L] is apparently known to behave as

+c 1
S%(pr) = 0126 <1 + a) log L. (53)

Therefore, even for a critical system, EkNgf €x(D) is bounded by a power of N.
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