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Abstract
This is a calculation memo for [1].
Consider the MPS
Oy = Y tr[An, o Ap g onr) (1)
Introduce
E(X) =) AXAL,  &(X)=) AlXA,. (2)
The matrices A,, can be chosen so that
1) =1, (3)
and
E(N) = A. (4)

Here A satisfies A > 0 and tr (A) = 1. The matrix A is Hermitian. Check why one can choose the tensors
in this form. Check whether positivity of A implies Hermiticity. Is A meant to be the set of all objects
satisfying the above condition, or does it mean that such a A exists?

e A necessary and sufficient condition for |[¥) to be a pure state in an appropriate sense is that
A > 0 and that £ has only one eigenvalue whose absolute value is 1.

Check this as well.

For a unitary transformation u acting on the local basis |n),

u=3Y e G, 5)

J

introduce
Eu(X) =D (n'|uln) A, X A,
=) e A;X AL (6)
J
where

Ay =37 (jim) An. 7)

n



The inverse transformation is

Notice that

and

Write the spectral radius of an operator A as

p(4) = max A,

Lemma. One has p(&,) < 1. Equality holds when there exist V and e? such that

VIA; = ei(9*9j)AjvT
for all j. Moreover, £, has at most one eigenvalue of absolute value 1.

Proof— Let V be an eigenvector of &, with eigenvalue A, i.e.
> e AV AT = V.
J
Multiplying by AV from the right gives
AVAVE =3 e A,V ATAVT,
J

Taking the trace and absolute value, and using positivity of VIV, we get

Atr [VAVT] = Zei(’jtr [Aijl;AVT]
J

<> ‘tr [A;VAIAVTY.
j

(10)

(11)

(15)

(16)

(17)



Equality here holds when the U(1) phases of the complex numbers
eWitr [A; VA;AVT]
are aligned, namely when
Arg (ewitr [AjV/I;L-AVT]) =0;+ Arg (tr [/LV/I}AVT]) =0.
Also note that
tr[A;VAIAVT] = tr [VATAVTA]]

= tr[VAIAZAZVTA))

- <A%AjVT,A%vTAj>,
where the inner product is (A, B) = tr [ATB]. By the Cauchy-Schwarz inequality,

tr [AjVA}AVT]( - ’<A%AjVT,A%VTAj>’

1 1
2 2

< ]<A%AjvtA%AjVT>

(ABVTA; ARV

1
2

1
‘ 2

tr [VATAA; V]

tr[ATVAVTA]

Equality holds if one of the two vectors vanishes, or if
A%fleT = ajA%VT;lj, aj; € C.
In that case, taking norms of both sides gives
tr [VA}AAJ-VT]‘ = Ja;? ‘tr [ATVAVTA]|.
Also, in this case
tr[A;VAIAVT] = tr [VATAVTA]]

—tr[(ATA;VHIAZVTA]]

= ajtr [(ARVTA)TATVTA),
and hence

Arg <tr [/NleA;AVT]) = —Arg(a;).

Applying the Cauchy—Schwarz inequality once more,

>

J

< (Z ‘tr [VAIAA; V] ])

1 1
‘2 ‘2

tr[ATVAVTA)]

2

o VANV =7 | [AfvaviAg)*
Now note that

>t [VAIAA VT =t [VAVT],

J

(Z ‘tr [AIVAVTA] ])

Equality holds when there exists a constant r € R, independent of j, such that

1

2

(27)

(28)



and

S [AIVAVIA) =) "t [4;ATVAVT] = tr [VAVT). (29)
J J

Therefore
Atr [VAVT] < tr [VAVT]. (30)
Thus, unless tr [VAVT] = 0, one obtains |A\| < 1. This proves the first part, p(&,) < 1.

The equality condition [A\| = 1 is as follows. Write a; = |aj]e?®. Then |a;| = r is common to all j,
and from

0; — Arg(a;) =0 (31)
we see that a; is ultimately independent of j in the form
a; = re 10-0;) (32)

Moreover, since |o;| is independent of j, summing (27) over j gives r = 1. Hence the equality condition
is

AZA VT = e 00Dz TA; (33)
Since A is invertible, this gives the latter part of the assertion,
AVt = 00y (34)
At this point,
EV) =) e A;ATV =€V, (35)
J
so the eigenvalue is A = e*. Furthermore, V is unitary as follows:
EWVIV) =Y AVivAT =Y "vi4;Alv =viv. (36)
J J
B}T] the assumption of purity, 1 is the unique eigenvector of £ with eigenvalue of absolute value 1, so
Vv =1. O

Lemma. Moreover, &, has at most one eigenvalue of absolute value 1.

Proof— We show uniqueness. Let V, V"’ be eigenvectors of £, with eigenvalues ¢’ and et respectively.
Then

eWvivy =3 A4viv/al
J
_ Z ei(ej—G)VTAJ_G*Z’(GJ*(’/)A;.V/
J
= =N VA ATV = -0y, (37)
j

Again by the purity assumption, the only eigenvector of £ with eigenvalue of absolute value 1 is 1. Hence
ViV =1, (38)
and

e0=0 =1, (39)



Lemma. Furthermore,

VA =AV. (40)
Proof— We have
EX(VAVT) =Y AVAVIA; (41)
J
Using (14),
E(VAVT) =Y VAIAA VT = VAV (42)

J

On the other hand, considering a Jordan decomposition and arguing as for &, the eigenvector of £* with
eigenvalue A =1 is also unique. Hence there exists z € C such that

VAV = 2A. (43)

Using the condition tr [A] = 1, we obtain the desired assertion. O
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