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1 Preliminaries

I will call a collection of D x D matrices {4;}L,, A; € Matpyp(C), an MPS. When matrix sizes D
of different values are treated at the same time, I will write, for instance, a D-MPS. An MPS is called
canonical if

> AAT =1p (1)
i
is satisfied. An MPS is called injective if, denoting by p4 the spectral radius of the transfer matrix

Tan(X) = Z A X AL (2)

the eigenvalue A with |A\| = p4 is unique, the corresponding eigenspace is one-dimensional, and the
eigenvector is positive definite. For an injective MPS {4;};, note that it can always be brought into
canonical form by using the eigenvector X, X > 0, for A = p4 and performing

Ai — LXil/ZAin/Q. (3)
VPA

The following fact is known [1]. Write
{Ada, = D Ay - Ay lin---in) . (4)
81 yeunsdL,

For two canonical and injective D-MPS {A;}; and {B;},, if there exist L € N and €!* € U(1) such that
[{A;}i); =€ |{B;}:),, then there exist e’ € U(1) and V € U(D) such that

A; = PVIB,V. (5)

The phase €% is unique, and V is unique up to a U(1) phase.
Let G be a finite group, and let ¢ : G — {£1} be a homomorphism. The value ¢, indicates whether
the action is unitary or antiunitary. For a matrix X, introduce the notation

X ¢g =1),
o — { X E% - _)1)_ (6)

On the Hilbert space spanned by ®£:1 i), define the G action by

aly), il je) = Y lie) ugliags ug €U),  wguf?” = ugn. @
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The collection {ug4}4e¢ is a linear representation of G. Define a canonical and injective MPS {A;}; to be
G-symmetric if, for every L € N, there exists e*®~ such that

gl{Aiti), = e'’r [{Ai}i)p - (8)



Then, by the fact stated above, for each g € G there exist ¢'®s € U(1) and V;, € U(D) such that

Z[Ug]ijA?g = Gieg V;szg (9)

J

Here €% is unique, and Vg is unique up to a U(1) phase. The relation

eWoei®aln = ¢on g he @ (10)
holds. Moreover, there exists wy , € U(1) such that

VViPr = wynVan, g,heG. (11)
Then

(wh,k)(ﬁgw;hl,kwg’hkw;}lz =1, (12)

that is, w € Z2(G,U(1)y). Under a redefinition of the phases of V, V, — Vya,, o, € U(1), one has
w + wda. Thus w is classified by the group cohomology class [w] € H?(G,U(1)y).

2 Transfer matrices

For a canonical and injective Do-MPS {A%}¢ | and a D;-MPS {Al};, define the transfer matrix Tyo 41 €
End(MatDO x D1 ((C)) by

Taoar(X) = AIX (AT (13)

The inner product between the MPS on L sites is tr [(T4041)]. If we choose the basis e.; = |a) (b| for
the space of Dy x Dy matrices, the matrix elements of the transfer matrix are

[Taoat]ab,ca = tr [Z Aeca(ADTeq) = (alADle) (bI(A})"|d) (14)
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When {A%}; and {A}}; are G-symmetric, let us examine the G symmetry of the transfer matrix 740 41.
Assume
D luglij (AP = e (ViTALVE VE(VEP = wy Vi, e {01}, (15)
J
Note that
bq
Al = Y [uflie’® (VAR (16)
J

Then, for g € G,

Taoar(X) =Y AIX (A} (17)
‘i’g (f’g T
=3 D luflie s (vTAVY | X (Z[u;]ikewg(Vgl)TA,lchl> (18)
[ g k
i0° oToo% 0L 17114ng
=Y (et ave) X (e vy (19)
g
= "0 =0s) (V1) <Z A?VQOX%(V;)T(A%)T) (V)% (20)
i 0_pt o
= ¢i%9(0 99>((V90)T)% (TAoAl(v;X%(V;)T)) (V,))%. (21)



In other words, the following symmetry holds:

7 — bg
(V)P Tao ar (X) (V) P0)T = €10 0=00) (Tg0 0 (VI X %0 (V) )™ (22)
In components,
(Ih8)ap,ca = Tr[((V;)?* Tao a1 (eca) (V) ?7) el (23)
= Z Taoar]e,eaTr[((V)) P2 ecr (V) ?2) ed] (24)
= Z Taoar]escalVy 1021V 57 (25)
while
) ¢
(ths)ap,ca = Tr [ewg(%%) (Taoas (Vs (VD) Z},] (26)
Pg
= ¢i%9(05 =0, )ZTI'|:<TA0A1(666V e (V )Teff)) eaTb] (27)
Z 0
= e'9(0 =0y )Z )15 [(Tao ar (eep)) o ely) (28)
Z 0
_ idg(00—0, )Z fd[TAOAl]fb o (29)
Thus
> Ta0 sl calVillae (V) Jog = €050 31V 1eel(Vy) ] pal Tao asJab.er (30)
ef ef
and, written as
STV @V aber[Taoar)o4 g = ¢'%5=0%) D [ Taoarlav.er (V) @ Vi) )escas (31)
ef ef
we see that this has the following matrix form:
(VO @ V) [Taoas]?s = €% Tpo i (VO 0 V1Y), geG. (32)

Let |A) be an eigenstate of T'40 41 with eigenvalue A.

If ¢% and €' are different one-dimensional representations of G, then there exists g € G with ¢, =1
such that /(% %) # 1. For such a g € G, e~ 05=05) )\ is also an eigenvalue.

Suppose that e and e are the same one-dimensional representation of G. Then the transfer
matrix T'40 41 satisfies the symmetry

(V2@ V") [Taom]? = Taom (V2 @ V,™), g€G. (33)

If [wO] # [w?], then Tyo 41 is block diagonalized with respect to the irreducible decomposition of V0@ V1*.
Since the dimensions of the w’w!*-irreducible representations are at least two, if \ is an eigenvalue, then
either \ itself, or \*, is also an eigenvalue.

From the above, if % and €' are different one-dimensional representations, or if [w9] # [w!], then
the absolute values of the eigenvalues of the transfer matrix T 40 o1 always appear in pairs of at least two.

In other words, when two translation-invariant and G-symmetric one-dimensional nondegenerate
states {A%}; and {A}l}; belong to different SPT phases, the absolute values of the eigenvalues of the
transfer matrix T 40 41 always appear in pairs of at least two.
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