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1 Preliminaries
I will call a collection of D × D matrices {Ai}di=1, Ai ∈ MatD×D(C), an MPS. When matrix sizes D
of different values are treated at the same time, I will write, for instance, a D-MPS. An MPS is called
canonical if ∑

i

AiA
†
i = 1D (1)

is satisfied. An MPS is called injective if, denoting by ρA the spectral radius of the transfer matrix

TAA(X) =
∑
i

AiXA†
i , (2)

the eigenvalue λ with |λ| = ρA is unique, the corresponding eigenspace is one-dimensional, and the
eigenvector is positive definite. For an injective MPS {Ai}i, note that it can always be brought into
canonical form by using the eigenvector X, X > 0, for λ = ρA and performing

Ai 7→
1

√
ρA

X−1/2AiX
1/2. (3)

The following fact is known [1]. Write

|{Ai}i⟩L :=
∑

i1,...,iL

tr [Ai1 · · ·AiL ] |i1 · · · iL⟩ . (4)

For two canonical and injective D-MPS {Ai}i and {Bi}i, if there exist L ∈ N and eiϕ ∈ U(1) such that
|{Ai}i⟩L = eiϕ |{Bi}i⟩L, then there exist eiθ ∈ U(1) and V ∈ U(D) such that

Ai = eiθV †BiV. (5)

The phase eiθ is unique, and V is unique up to a U(1) phase.
Let G be a finite group, and let ϕ : G → {±1} be a homomorphism. The value ϕg indicates whether

the action is unitary or antiunitary. For a matrix X, introduce the notation

Xϕg =

{
X (ϕg = 1),
X∗ (ϕg = −1).

(6)

On the Hilbert space spanned by
⊗L

x=1 |ix⟩, define the G action by

ĝ =

L⊗
x=1

û[x]
g , û[x]

g |jx⟩ =
∑
ix

|ix⟩ [ug]ixjx , ug ∈ U(d), ugu
ϕg

h = ugh. (7)

The collection {ug}g∈G is a linear representation of G. Define a canonical and injective MPS {Ai}i to be
G-symmetric if, for every L ∈ N, there exists eiϕL such that

ĝ |{Ai}i⟩L = eiϕL |{Ai}i⟩L . (8)
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Then, by the fact stated above, for each g ∈ G there exist eiθg ∈ U(1) and Vg ∈ U(D) such that∑
j

[ug]ijA
ϕg

j = eiθgV †
g AiVg. (9)

Here eiθg is unique, and Vg is unique up to a U(1) phase. The relation

eiθgeiϕgθh = eiθgh , g, h ∈ G (10)

holds. Moreover, there exists ωg,h ∈ U(1) such that

VgV
ϕg

h = ωg,hVgh, g, h ∈ G. (11)

Then

(ωh,k)
ϕgω−1

gh,kωg,hkω
−1
g,h = 1, (12)

that is, ω ∈ Z2(G,U(1)ϕ). Under a redefinition of the phases of Vg, Vg 7→ Vgαg, αg ∈ U(1), one has
ω 7→ ω δα. Thus ω is classified by the group cohomology class [ω] ∈ H2(G,U(1)ϕ).

2 Transfer matrices
For a canonical and injective D0-MPS {A0

i }di=1 and a D1-MPS {A1
i }i, define the transfer matrix TA0A1 ∈

End(MatD0×D1(C)) by

TA0A1(X) =
∑
i

A0
iX(A1

i )
†. (13)

The inner product between the MPS on L sites is tr [(TA0A1)L]. If we choose the basis eab = |a⟩ ⟨b| for
the space of D0 ×D1 matrices, the matrix elements of the transfer matrix are

[TA0A1 ]ab,cd = tr [
∑
i

A0
i ecd(A

1
i )

†eTab] =
∑
i

⟨a|A0
i |c⟩ ⟨b|(A1

i )
∗|d⟩ . (14)

When {A0
i }i and {A1

i }i are G-symmetric, let us examine the G symmetry of the transfer matrix TA0A1 .
Assume ∑

j

[ug]ij(A
µ
j )

ϕg = eiθ
µ
g (V µ

g )†Aµ
i V

µ
g , V µ

g (V µ
h )ϕg = ωµ

g,hV
µ
gh, µ ∈ {0, 1}. (15)

Note that

Aµ
i =

∑
j

[u†
g]ije

iθµ
g (V µ

g )†Aµ
j V

µ
g

ϕg

. (16)

Then, for g ∈ G,

TA0A1(X) =
∑
i

A0
iX(A1

i )
† (17)

=
∑
i

∑
j

[u†
g]ije

iθ0
g (V 0

g )
†A0

jV
0
g

ϕg

X

(∑
k

[u†
g]ike

iθ1
g (V 1

g )
†A1

kV
1
g

)ϕg
†

(18)

=
∑
i

(
eiθ

0
g (V 0

g )
†A0

iV
0
g

)ϕg

X

((
eiθ

1
g (V 1

g )
†A1

iV
1
g

)ϕg
)†

(19)

= eiϕg(θ
0
g−θ1

g)((V 0
g )

†)ϕg

(∑
i

A0
iV

0
g X

ϕg (V 1
g )

†(A1
i )

†

)ϕg

(V 1
g )

ϕg (20)

= eiϕg(θ
0
g−θ1

g)((V 0
g )

†)ϕg
(
TA0A1(V 0

g X
ϕg (V 1

g )
†)
)ϕg

(V 1
g )

ϕg . (21)
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In other words, the following symmetry holds:

((V 0
g ))

ϕgTA0A1(X)((V 1
g )

ϕg )† = eiϕg(θ
0
g−θ1

g)
(
TA0A1(V 0

g X
ϕg (V 1

g )
†)
)ϕg

. (22)

In components,

(lhs)ab,cd = Tr[((V 0
g ))

ϕgTA0A1(ecd)((V
1
g )

ϕg )†eTab] (23)

=
∑
ef

[TA0A1 ]ef,cdTr[((V
0
g ))

ϕgeef ((V
1
g )

ϕg )†eTab] (24)

=
∑
ef

[TA0A1 ]ef,cd[V
0
g ]

ϕg
ae [(V

1
g )

∗]
ϕg

bf , (25)

while

(rhs)ab,cd = Tr

[
eiϕg(θ

0
g−θ1

g)
(
TA0A1(V 0

g e
ϕg

cd (V
1
g )

†)
)ϕg

eTab

]
(26)

= eiϕg(θ
0
g−θ1

g)
∑
ef

Tr

[(
TA0A1(eeeV

0
g e

ϕg

cd (V
1
g )

†eff )
)ϕg

eTab

]
(27)

= eiϕg(θ
0
g−θ1

g)
∑
ef

[V 0
g ]

ϕg
ec [(V

1
g )

∗]
ϕg

fdTr[(TA0A1(eef ))
ϕgeTab] (28)

= eiϕg(θ
0
g−θ1

g)
∑
ef

[V 0
g ]

ϕg
ec [(V

1
g )

∗]
ϕg

fd[TA0A1 ]
ϕg

ab,ef . (29)

Thus ∑
ef

[TA0A1 ]
ϕg

ef,cd[V
0
g ]ae[(V

1
g )

∗]bf = ei(θ
0
g−θ1

g)
∑
ef

[V 0
g ]ec[(V

1
g )

∗]fd[TA0A1 ]ab,ef , (30)

and, written as∑
ef

(V 0
g ⊗ V 1∗

g )ab,ef [TA0A1 ]
ϕg

ef,cd = ei(θ
0
g−θ1

g)
∑
ef

[TA0A1 ]ab,ef (V
0
g ⊗ V 1∗

g )ef,cd, (31)

we see that this has the following matrix form:

(V 0
g ⊗ V 1∗

g )[TA0A1 ]ϕg = ei(θ
0
g−θ1

g)TA0A1(V 0
g ⊗ V 1∗

g ), g ∈ G. (32)

Let |λ⟩ be an eigenstate of TA0A1 with eigenvalue λ.
If eiθ

0
g and eiθ

1
g are different one-dimensional representations of G, then there exists g ∈ G with ϕg = 1

such that ei(θ
0
g−θ1

g) ̸= 1. For such a g ∈ G, e−i(θ0
g−θ1

g)λ is also an eigenvalue.
Suppose that eiθ

0
g and eiθ

1
g are the same one-dimensional representation of G. Then the transfer

matrix TA0A1 satisfies the symmetry

(V 0
g ⊗ V 1∗

g )[TA0A1 ]ϕg = TA0A1(V 0
g ⊗ V 1∗

g ), g ∈ G. (33)

If [ω0] ̸= [ω1], then TA0A1 is block diagonalized with respect to the irreducible decomposition of V 0⊗V 1∗.
Since the dimensions of the ω0ω1∗-irreducible representations are at least two, if λ is an eigenvalue, then
either λ itself, or λ∗, is also an eigenvalue.

From the above, if eiθ
0
g and eiθ

1
g are different one-dimensional representations, or if [ω0] ̸= [ω1], then

the absolute values of the eigenvalues of the transfer matrix TA0A1 always appear in pairs of at least two.
In other words, when two translation-invariant and G-symmetric one-dimensional nondegenerate

states {A0
i }i and {A1

i }i belong to different SPT phases, the absolute values of the eigenvalues of the
transfer matrix TA0A1 always appear in pairs of at least two.
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