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1 The 54 symmetry classes

Let G be a finite group. Let ¢,n,¢ : G — Zy = {£1} be homomorphisms. For a square matrix H,
consider symmetries of the following form:

H (¢g7779) =(1,1)

wi g G2 et w{ i G20 foa )
HT (¢97779):(_17—1)

Here u, is a unitary matrix, and 2, is a 2-cocycle z € Z?(G,U(1),). The matrix H is block diagonalized
into sectors of irreducible representations of the subgroup Gy = {g € G|¢4 = ny = ¢4 = 1}. For a group
element g € G\Gy, the general theory says that either it changes the irreducible representation, or it acts
within an irreducible representation as a Z, symmetry. In the latter case, when ¢, = —1, there are two
possibilities classified by uguy = +1.

We are interested in how many inequivalent symmetries exist among those that do not change the
irreducible representation. We may assume G = ZQXN . We may also assume that there is no group
element with (¢4, cq,m4) = (1,1, 1), so it is enough to consider only N = 0,1, 2, 3.

Let us record the correspondence between (¢4, ¢4,7,) and the names of the symmetries in [1].

(bgs cqs1g)

(—1,1,1) uH*u' = H  TRS
(-1,1,-1)  uHTul=H  TRS'
(-1,-1,-1) uHTu'=—-H PHS
(-1,-1,1) uH*u'=—-H PHS'
(

(

(

1,-1,1) uHul = —H  SLS (sublattice symmetry)
1,1,-1) uHut = H pH (pseudo-Hermiticity)
1,-1,-1) uH'ul = —-H CS (chiral symmetry)

— The case N = 0.
There is one possibility.

— The case N = 1.
The following seven possibilities exhaust the cases:

(%,Cgﬂ?g)
(—1,1,1) TRS
(=1,1,-1)  TRS'
(-1,-1,—1) PHS
(-1,-1,1)  PHS'
(
(
(

1,-1,1) SLS
1,1,-1) pH
1,-1,-1) CS

*Mistakes corrected on August 22, 2025.



For ¢, = —1, there are two possibilities, uyuj = £1. Thus there are 2 x 4 + 3 = 11 possibilities.

— The case N = 2.
When an element with ¢; = —1 is included, we may fix the generator to have ¢4, = —1, namely to be
TRS, PHS, TRST, or PHS'. The following six possibilities exhaust the cases:

(Pg,Cq,Mg) symmetry equivalent symmetry
(-1,1,1),(=1,—1,—1)  TRS+PHS

(-1,1,-1),(-1,-1,1)  TRS'4+PHST

(-1,1,1),(-1,1,-1) TRS+TRST  TRS+pH
(-1,1,1),(=1,-1,1) TRS+PHST  TRS+SLS
(-1,-1,-1),(-1,-1,1) PHS+TRS" PHS+pH
(-1,-1,-1),(=1,1,—-1) PHS+PHS" PHS+SLS

The relative phase can be fixed so that u;ui = usuj. Thus, for each of the six possibilities, there are
22 choices of signs uju} = +1,uguy = 1. If no element with ¢y = —1 is included, there is only the
following one possibility:

(dg,Cq,Mg) symmetry equivalent symmetry
(1,-1,1),(1,1,—1) SLS+pH CS+SLS, CS+pH

In this case there are two choices for the sign in the commutation relation ujus = *usu;. Hence there
are 22 x 6 4+ 2 = 26 possibilities.

— The case N = 3.

We may choose the generators so that one of them has ¢, = —1. There is only the following one
possibility:
(dg,Cqg.Mg) symmetry equivalent symmetry

(-1,1,1),(~1,—1,1),(-1,1,—1) TRS+PHST+TRST TRS+PHS+SLS, TRS+PHS+pH

Taking the generators to be TRS (T'), PHS (C), and SLS (S), we can fix the relative phase of ur, uc by
urul, = ucui. We can also fix u% = 1. There are choices of signs uru}, ucul, = £1 and of signs in the
commutation relations urug = fusur, ucuy = fuguc, so there are 2% = 16 possibilities.

Therefore we obtain 1 + 11 + 26 + 16 = 54 symmetry classes.

Furthermore, by the equivalence of symmetry classes induced by H — iH, one obtains the independent
38 symmetry classes of [1]. The calculation is omitted here.

If one is interested only in the classification for point gaps, it is enough to consider the 38 symmetry
classes. When real-line gaps and imaginary-line gaps are considered simultaneously, or when one wants
to fix the symmetry classes of the corresponding Hermitian and anti-Hermitian systems, the above 54
symmetry classes are convenient.

Looking at the classification above, the 54 symmetry classes can be specified by AZ classes, AZ*
classes, and AZ+SLS/pH classes [1].

2 Counting the number of independent symmetry classes
Here we discuss a method for calculating the number of independent symmetry classes, including the case

with at most p Zy unitary symmetries.
Possible homomorphisms

(b, m,¢) : 75 v 73 (2)
are specified by an n x 3 matrix
¢1om oa
M = S Matnxg(Zg), (3)
Pn Nn Cn



whose rows are the Zy = {0, 1}-valued row vectors (¢;,n;, ¢;) for the n generators 1,...,n. Since (0,0,0)
is a Zo unitary symmetry, the condition that the number of Zy unitary symmetries is at most p is

rankz, M >n —p (4)

over the field Zy. Since rankM < 3, it is enough to consider n < p+3. A change of basis of ZJ corresponds
to elementary row operations over Zs on M:

M= VM, Ve GL,(Z). (5)

Matrices related by elementary row operations are identified, so by putting M into row-reduced standard
form, one obtains a unique representative of each equivalence class. We denote the standard form to
which M belongs by

c(M). (6)
The number of independent factor systems is given by |H?(Z%,U(1)y)|.

e When ¢, = 0 for all g € Z5: The factor system is characterized by the commutation relations for
the generators (1,...,n),

UUj = (—1)67"fujui, €, € Zs. (7)
There are as many independent Zs choices as the number of pairs, n(n — 1)/2, so the number is
271(7’7,71)/2. (8)

We take € to be symmetric with zero diagonal entries:

el =, ;=0 i=1...,n (9)
e When there exists g € Z3 such that ¢, = 1: We may assume ¢, = 1, ¢;»1 = 0. Moreover, we may
fix
ui =1, i=2,...,n. (10)
Then, in addition to the commutation relations for the generators (1,...,n),
wi(uy)? = (=1)Iuju;, € € Lo, (11)

! there is one independent invariant u;u’ = (—1)%. Thus the number is

271(77,—1)/2"1‘1. (12)

This gives a way to compute, for any p € Zs, the number of independent ZY-type symmetry classes of
non-Hermitian systems containing at most p Zy unitary symmetries.

2.1 Identification by H — iH

The transformation H — iH induces

L (¢gaﬁgacg) = (¢gaﬁgacg+¢g+77g)- (13)

It induces the following transformation on the matrix M:
1 01
M—M=M{|0 1 1]. (14)
0 0 1

There are the following two possibilities.

IWe have introduced the notation



2.1.1 The case where (M is inequivalent to M

This is the case where «M and M are not related by a change of basis, namely c(¢M) # ¢(M).

For example,
0 0 O 0 0O
M_<1 0 0>H<1 0 1>' (15)

In this case ¢(M) and c(¢M) are identified by ¢. Therefore, in counting the independent symmetry classes,
it is enough to consider only one of the two standard forms.

2.1.2 The case where (M is equivalent to M

This is the case where tM and M are related by a change of basis, namely c¢(¢M) = ¢(M).

For example,
00 1 00 1 1 0\ (0 0 1
M_(loo)H(lol)_(l 1)(100)' (16)

In this case ¢ may act nontrivially on the factor systems belonging to ¢(M). Put
(M =0cM, o= (Uij)lgi,jgn € GLn(ZQ). (17)

It remains to compute how ¢; j, 01, k1 ; transform under V. The change of representation matrices for
the generators is given by

n

U; — u; = H(Uj)ai’j. (18)

j=1
e When ¢, =0 for all g € Zj:
why = T )7 [ = T (-7 g (19)
j=1 =1 jl=1
Thus the transformation is
n
€k Z €100k = ZGJ‘J(UZ'_]‘Ukl +oyoy;) forl<i<k<n. (20)
Jil=1 i<l
Equivalently,
gt (oeo )ip for1<i<k<n. (21)
This is a Zs-linear action
v H2 (25, U(1) — H*(Z3, U (1)), (22)
so the orbits can be computed by the rank of the corresponding matrix. Writing the components
as
6;;<k = Z[ML]i<k,j<l6j<la (23)
g<l
we have
[M.]i<k,j<i = 0ijoki + Ti1Ok;j- (24)

The number of independent factor systems is the number of orbits of the Zs action ¢, hence

{z € H*(Z3,U(1))|u(2) = a}| + %l{x € H*(Z3,U(1))|u(x) # «}] (25)
= [{z € H*(Z3,U(1))|u(x) = z}| + %(IHQ(Z’J, UQ))| - Hz € H*(Z3,UQ1))|e(x) =2} (26)
= %(IHQ(ZS, U@+ [{z € H*(Z3,U(1)|u(z) = z}|) (27)
_ %(gnwl)/z 4 glKerzy (1-M)]y. (28)



e When there exists g € Z3 such that ¢, = 1:
Take the standard form of M so that ¢; = 1, ¢;~1 = O:

(1 m a
M—(O ! c).
Then
1 0 1
01 1 _(1 n Cl+"1+1>.
0 0 1

(1 m «a
LM_(O n c) 0 7 c+n

By assumption, there exists > such that

1 m at+m+1 Y 1 m a
0 n c+n 0 n c)’

Comparing both sides, ¢ has the form

1 b’
o=\o & )= (@ii<ij<n-

g

The map of representation matrices satisfying the gauge fixing is

n n
uy = ur ([ [ (up)79)" = ([T (w)7) s,
=2 =2
n
u;>1 = (i)E?;; k=gt €4k Tij Tk H(uj)”f?a‘.
=2

Taking into account the gauge fixing ui2>1 =1, the map of the invariant € is computed as

n n *
u/l(u;>1)* _ (H(u_j)glj)ul <(i)E}L=21 D h—jt1 €. kO Tk H(uk)tﬂ,k>
j=2 k=2

n n
= (—1) 1T R €k Tk H(_l)el,koik(H(uj)‘flj)(H(uk)Uik)ul
k=2 j=2 k=2
n n
— (_1) ?;21 D hejt1 € kTijTik H(_l)ﬁl‘kmk (—l)ej’kgljgiku;ull,
k=2 jk=2
n n n
Wisq sy = [ [ ()7 [T = T (=075 7 g,

j=2 =2 jl=2

(29)

(32)

(33)

(34)

(36)

(37)



Thus, respectively,

€1,i>1 Z Z €5,k0ij0ik + Z €1,k0ik + Z €5,k01504k (39)

j=2 k=j+1 J,k=2
E € k0ij04k + E €1,k0ik + § €5k Ul]Uzk + Olkaz]) (40)
1<j<k = 1<j<k
= E € k(00 + 0105 + O18045) + E €1,60ik (41)
1<j<k 1<k
= E €;1(0ijou + 0105 + 011045) + E €1,k05k, (42)
1<j<l 1<k
n
€ik 7 E €5,10i;0kl (43)
=2
= E €j,l(0ij0kl + Uz‘la'kj) (44)
1<j<l
= E ejvl((fijffkl + UilUkj) forl<i<k<n. (45)
1<j<l

The map of the invariant 6; is obtained from

wyuy = ([T ()™ ((H(w)"”)m) = ()" [T(=parme I (mpyeenos (46)

=2 k=2 k=2 3,k=2,j<k

Therefore

91 — 01 + Z €1,k01k + Z Z €5 k01501k (47)

=2 k=j+1
= E €,101501, + E €1,k01% + 01. (48)
1<l 1<k

These define a Zy-linear action on H?(Z%,U(1)), and the number of orbits of this action is the
number of independent factor systems.

The transformation matrix is

/
€lcick 0ij0k1 + 04310k O 0 €1<j<l
€«; | = | 0ijou+ojou+ouoy og 0 €1<k | - (49)
!
0} 01011 o, 1 01
ML

The number of independent factor systems is

_ %(Qn(n—l)/Q-H + 9lKerz, (I_ML)‘). (50)

The calculation results up to p = 10 are shown in the tables.
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Table 1: p = 0 (entries are complex+real)

N w/o factor system | w/ factor system H —iH
N=0 1+0 1+0 140
N=1 3+4 3-+8 2+6
N =2 146 2424 2+15
N=3 0+1 0-+16 0-+12
total 5+11 (= 16) 6-+48 (= 54) 5433 (= 38)
Table 2: p =1 (entries are complex+real)
N w/o factor system | w/ factor system H—iH
N=0 1+0 140 1+0
N=1 4-+4 4+8 3+6
N =2 4+10 8+40 6-+27
N =3 1+7 8+112 6-+70
N =4 0+1 0-+128 0+80
total 10422 (= 32) 21+288 (= 309) | 16+183 (= 199)

Table 3: p = 2 (entries are complex+real)

N w/o factor system | w/ factor system H —iH
N=0 1+0 140 140
N=1 4+4 448 3+6
N =2 5+10 10+40 8+27
N=3 4411 324176 224118
N =4 147 644896 40+536
N=5 0+1 042048 0+1152
total | 15133 (= 48) | 11113168 (= 3279) | 7411839 (= 1913)

Table 4: p = 3 (entries are complex+real)

N w /o factor system w/ factor system H —H
N=0 140 140 140
N=1 4-+4 4+8 3+6
N=2 5-+10 10440 8+27
N=3 5+11 40-+176 30-+118
N =4 4+11 25641408 168-+920
N=5 1+7 1024-+14336 5768384
N=6 0-+1 0-+65536 0-+34816
total | 20144 (— 64) | 1335181504 (— 82839) | 78644271 (— 45057)

Table 5: p = 4 (entries are complex+real)

N w/o factor system w/ factor system H —H
N=0 1+0 1+0 1+0
N=1 4-+4 4+8 3+6
N=2 5-+10 10+4-40 8+27
N=3 5+11 40-+176 30+118
N=4 5+11 32041408 232+920
N =5 4+11 4096422528 2624+14528
N =6 1+7 32768-+458752 17408265216
N=17 0-+1 0-+4194304 0+2162688
total | 25455 (— 80) | 372394677216 (— 4714455) | 203062443503 (— 2463809)




Table 6: p =5 (entries are complex+real)

N w /o factor system w/ factor system H — iH
N=0 1+0 1+0 1+0
N=1 444 448 346
N =2 5410 10+40 8427
N =3 5+11 404176 30+118
N =4 5+11 320+1408 232+920
N=5 5+11 512022528 3648+14528
N=6 4+11 131072-+720896 829444461824
N=7 1+7 2097152+4-29360128 1081344+16875520
N =38 0+1 04536870912 04272629760
total 30+66 (= 96) 2233719+566976096 (= 569209815) | 1168210+289982703 (= 291150913)
Table 7: p = 6 (entries are complex-+real)
N w /o factor system w/ factor system H—iH
N=0 1+0 1+0 1+0
N=1 4+4 4+8 3+6
N =2 5+10 10+40 8427
N=3 5+11 40+176 30+118
N =4 5+11 320+1408 232+920
N =5 5+11 5120-+22528 364814528
N =6 5+11 163840+720896 115712+461824
N=17 4+11 8388608+46137344 5275648+29458432
N =28 1+7 268435456+-3758096384 136314880+2153775104
N=9 0+1 0+137438953472 0469256347648
total 35477 (= 112) 276993399-+141243932256 (= 141520925655) | 141710162+71440058607 (= 71581768769)
Table 8: p = 7 (entries are complex+real)
N w/o factor system w/ factor system H — iH
N=0 110 110 110
N=1 444 4+8 3+6
N=2 5410 10-+40 8+27
N=3 5+11 40+176 30+118
N=4 5+11 320+1408 2324920
N=5 5+11 5120+22528 3648+14528
N=6 5+11 163840720896 115712+461824
N=7 5411 10485760+ 46137344 7372800 420458432
N=38 4411 107374182445905580032 673185792+ 3764387840
N=9 147 68719476736+962072674304 34628173824-+550561120256
N =10 0+1 0470368744177664 0+35321811042304
total 20188 (— 128) | 69803873655 71336760314400 (— 71406573188055) | 353088520501 35876166486255 (— 35911475338305)
Table 9: p = 8 (entries are complex+real)
N w/o factor system w/ factor system H — iH
N =0 140 140 1+0
N =1 4+4 448 346
N =2 5410 10+40 8427
N =3 5411 404176 304118
N =4 5+11 320-+1408 2324920
N =5 5+11 5120422528 3648414528
N =6 5+11 163840+720896 1157124461824
N =7 5+11 10485760+46137344 7372800+29458432
N =8 5+11 1342177280+5905580032 941621248-+-3764387840
N =9 4+11 274877906944+-1511828488192 1720671272964962877980672
N =10 1+7 35184372088832+492581209243648 17660905521152+4281681135140864
N =11 0-+1 0+472057594037927936 0+436099165763141632
total 45+99 (= 144) 35460602828151-+72551693028122208 (= 72587153630950359) 17833921762130+36381813570586863 (= 36399647492348993)




Table 10: p = 9 (entries are complex+real)

N w/o factor system w/ factor system H —iH
1+0 1+0 1+0
444 448 346
5410 10440 8+27
5+11 40+176 30118
5+11 320-+1408 2324920
5411 5120422528 364814528
5411 163840-+720896 1157121461824
5+11 10485760+46137344 7372800-29458432
5+11 1342177280-+5905580032 941621248-+-3764387840
5411 343597383680+1511828488192 240786604032+962877980672
4411 140737488355328+-774056185954304 88029649698816-+492787367673856
1+7 36028797018963968+-504403158265495552 18049582881570816-+-288335929267978240
0+1 0-+-147573952589676412928 0--73859033888876134400

total 50+110 (= 160) 36169879457535351+148079131321908813408 (= 148115301201366348759) | 18137854266987346-+74147863572184090863 (= 74166001426451078209)

Table 11: p = 10 (entries are complex+real)

w /o factor system w/ factor system H —iH
140 140 140
444 448 346
5410 10-+40 8427
5411 404176 304118
5+11 320+1408 2324920
5+11 512022528 364814528
5+11 163840720896 115712+461824
5411 10485760+46137344 7372800+29458432
5411 1342177280-+5905580032 941621248-+3764387840
5+11 343597383680+1511828488192 240786604032+962877980672
5+11 175921860444160+774056185954304 123214021787648+-492787367673856
4411 144115188075855872-+792633534417207296 90107176919498752+504508711381762048
147 73786976294838206464 + 1033017668127734890496 36929516944438067200 + 590403896749762543616
041 0+604462909807314587353088 0-302379028856246970089472

total 55+121 (= 176) 73931267749724722551+605496720884550706355808 (= 605570652152300431078359) | 37019747577115071314-+302969937755462154373359 (= 303006957503039269444673)
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