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Abstract
One way to define symmetry in non-Hermitian systems is to define it so that, after Hermitianizing

the Hamiltonian, it becomes the usual notion of symmetry for Hermitian systems [1]. This note
records that convention.

1 Non-Hermitian Systems

Let G be a finite group and write its action on the parameter space X as gk. Let ϕ, η, c : G → Z/2 = {±1}
be homomorphisms. For a matrix M , introduce the notation

Mϕg =

{
M (ϕg = 1),

M∗ (ϕg = −1),
(1.1)

and

M (ϕg,ηg) =


M (ϕg = 1, ηg = 1),

M∗ (ϕg = −1, ηg = 1),

M⊤ (ϕg = −1, ηg = −1),

M† (ϕg = 1, ηg = −1).

(1.2)

We consider a symmetry of the form

ugH
(ϕg,ηg)
k v†g = cgHgk, g ∈ G. (1.3)

1 Here ug and vg are unitary matrices. Then

cghHghk =

{
ug(uhH

(ϕh,ηh)
k v†h)

ϕgv†g (ηg = 1),

ug(vh[H
(ϕh,ηh)
k ]†u†

h)
ϕgv†g (ηg = −1)

(1.4)

holds. Let z ∈ Z2(G,U(1)ϕ) be a group cocycle and impose

zg,hugh =

{
ugu

ϕg

h (ηg = 1),

ugv
ϕg

h (ηg = −1),
zg,hvgh =

{
vgv

ϕg

h (ηg = 1),

vgu
ϕg

h (ηg = −1).
(1.5)

Then

cghHghk = ughH
(ϕgh,ηgh)
ghk v†gh (1.6)

is satisfied.2 The factor systems of u and v are taken to be the same so that the phase factors cancel in
the right-hand side of (1.4).

• In general, zg,h may depend on the point of the parameter space X.

• At a fixed point gk = k, the Hamiltonian Hk itself is an intertwiner between the “representations”
ug and vg. Therefore, if a point-gapped Hamiltonian Hk exists at a fixed point, then ug and vg
are “equivalent representations.” Thus, when discussing point-gapped Hamiltonians, in addition to
(1.5) one should choose ug and vg to be equivalent representations. See Ref. [1].

1Ref. [1] does not include complex conjugation, but the extension to cases with complex conjugation is straightforward.
2For example, if a transpose-type symmetry were instead defined with the transpose on the right-hand side, such as

ugHku
†
g = H⊤

gk, then for two transpose-type symmetries g, h one would get ugh ∼ u∗
guh. It is better to define symmetry

with complex conjugation, transposition, or Hermitian conjugation on the left-hand side, as in (1.3).
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2 Hermitianization

Introduce the doubled Hermitian Hamiltonian

H̃k =

(
Hk

H†
k

)
σ

. (2.1)

The doubled symmetry matrices are

ũg =



(
ug

vg

)
(ηg = 1),(

ug

vg

)
(ηg = −1),

g ∈ G. (2.2)

The symmetries of H̃k are summarized as

σzH̃kσz = −H̃k, (2.3)

ũgH̃kũ
†
g = cgH̃gk, ũgũ

ϕg

h = zg,hũgh, (2.4)

σzũg = ηgũgσz. (2.5)

3 Real Line Gap

Suppose Hk satisfies the real-line-gap condition,

ℜ(Ek) ̸= 0, Ek ∈ Spec(Hk), k ∈ X, (3.1)

and, in addition,

ug = vg, g ∈ G. (3.2)

Then Hk can be deformed to a Hermitian Hamiltonian while preserving both the real line gap and the
G symmetry.3 The condition H†

k = Hk is equivalent to requiring the doubled Hermitian Hamiltonian H̃k

to have the additional chiral symmetry

σyH̃kσy = −H̃k (3.3)

[2]. The relations between σy and the other symmetries are

σzσy = −σyσz, (3.4)

ũgσ
ϕg
y = ϕgηgσyũg, g ∈ G. (3.5)

For the original Hamiltonian, using

H̃k = Hkσx, (3.6)

ũg = ugσ
(1−ηg)/2
x , g ∈ G, (3.7)

one recovers

ugH
ϕg

k u†
g = cgHgk, g ∈ G. (3.8)

3When ug ̸= vg , the projection Pk = 1
2πi

∮
C

dz
z−Hk

does not satisfy the G symmetry, so one cannot deform to a Hermitian

Hamiltonian while preserving the G symmetry.
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4 Imaginary Line Gap

Suppose Hk satisfies the imaginary-line-gap condition,

ℑ(Ek) ̸= 0, Ek ∈ Spec(Hk), k ∈ X, (4.1)

and, in addition,

ug = vg, g ∈ G. (4.2)

Then Hk can be deformed to an anti-Hermitian Hamiltonian while preserving the G symmetry and
the imaginary line gap. The condition H†

k = −Hk is equivalent to requiring the doubled Hermitian

Hamiltonian H̃k to have the additional chiral symmetry

σxH̃kσx = −H̃k (4.3)

[2]. The relations between σx and the other symmetries are

σzσx = −σxσz, (4.4)

ũgσ
ϕg
x = σxũg, g ∈ G. (4.5)

For the original Hamiltonian, using

H̃k = Hkiσy, (4.6)

ũg = ugσ
(1−ηg)/2
x , g ∈ G, (4.7)

one obtains

ugH
ϕg

k u†
g = ηgcgHgk, g ∈ G. (4.8)

Introducing the Hermitian Hamiltonian

H ′
k = iHk, (4.9)

the symmetry becomes

ug(H
′
k)

ϕgu†
g = cgηgϕgH

′
gk, g ∈ G. (4.10)
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