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Abstract

Motivated by discrepancies between the results of [2] and [1], I recalculated the classification
tables in [1]. One example of such a discrepancy is the B representation of the magnetic point group
4̄1′ for spinful electrons. I have not yet checked whether [2] treats exactly the same classification
problem. I found that the numerical calculations in [1] contained some errors. In other words, the
error was not in the formulation of [1], but in the program implementation. The recalculated results
are included in v2 of [1], namely the published version. Even after recalculation, some discrepancies
with the results of [2] remain, for example the B representation of 4̄1′. For two examples, the spinful
4̄1′ B representation and the spinful 62′2′ B representation, I also record hand calculations using the
real-space AHSS in the latter half of this note. The real-space AHSS results are consistent with v2
of [1].

1 Checking the Formulation

The symmetry data consist of

• the group G,

• the action on real space pg ∈ O(3), x 7→ pgx,

• a factor system zg,h,

• homomorphisms ϕ, c : G → Z2 = {±1}.

The symmetry conditions are

ugH(k)u−1
g = cgH(k), uguh = zg,hugh, ugiu

−1
g = ϕgi. (1)

sg = det pg ∈ ± (2)

Introduce this notation. Also write pg = IsgRg, where I is spatial inversion, and regard Rg ∈ SO(3) as
a rotation by θg around the axis ng. We fix the pair (ng, θg).

1.1 Construction of KAI

Apply the Wigner criteria to the symmetry data (G, z, ϕ, c) and compute the K-group KAI at the point-
group center. For ϕ, c, decompose G as G = G0 + TG0 +CG0 +ΓG0. The lattice for KAI is constructed
by the following rules.
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• For irreducible representations of G0 with nontrivial classification, enter the representation dimen-
sion of the Hamiltonian.

• For representations that are mapped to one another, multiply by ch.

• For Z2 classifications, take the absolute value.

These rules give

A,AI (1)
AT,DT (1, 1)
AC,AIC (1,−1)
AT,C (1, 1,−1,−1)
AII,D,BDI (2)
AIIC (2,−2)

(3)

Let the matrices whose rows are the basis vectors of the Z and Z2 classifications be denoted respectively
by

VZ =

(
v1
...

)
, VZ2

=

(
v1
...

)
(4)

1.2 Construction of K

Next, transform ug into an internal symmetry by the method of Cornfeld–Chapman.

H(k) = k1γ1 + k2γ2 + k3γ3 +mΓ0 (5)

Set

qg := e
θg
2 (ng1γ2γ3+ng2γ3γ1+ng3γ1γ2) (6)

and define

ρg := (γ1γ2γ3)
1−sg

2 qgug (7)

Then

ρgH(k)ρ−1
g = cgsgH(ϕgk), ρgρh = z̃g,hρgh, ρgiρ

−1
g = ϕgi. (8)

Here the factor system z̃g,h is given by

z̃g,h = z′g,h(−1)
1−cgsg

2

1−sh
2 zg,h, (9)

z′g,h = qhqgq
−1
gh ∈ ±1 (10)

Pay attention to the right action. The factor z′g,h is determined by (ng, θg) and does not necessarily
coincide with the factor system for spinful electrons. Moreover, z′g,h is determined only by the unitary
part, so in this respect also it differs from the factor system for spinful electrons when antiunitary
symmetries are included. Apply the Wigner criteria to the data (G, z̃, c̃ = cs, ϕ) and compute the K-
group K. For c̃, ϕ, decompose G as G = G′

0 + T ′G′
0 + C ′G′

0 + Γ′G′
0. The lattice for K is constructed by

the following rules.

• If chiral symmetry is present and closes within an irreducible representation α of G′
0, choose one

extension α+ of the representation from the irreducible representations of G′
0 + Γ′G′

0.

• For irreducible representations with nontrivial classification, enter the representation dimension of
the Hamiltonian.
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• For representations that are mapped to one another, multiply by ϕh. The only relevant EAZ class
is AIIIT. Represent the mismatch between T (α+) and (Tα)+ by the sign η.

• For Z2 classifications, take the absolute value.

These rules give

AIII,DIII,AII (4)
CII,CI (8)
AIIIT (4,−η4)
AIIC (4, 4)

(11)

Let the matrices whose rows are the basis vectors of the Z and Z2 classifications be denoted respectively
by

V ′
Z =

(
v1
...

)
, V ′

Z2
=

(
v1
...

)
(12)

1.3 The Third Isomorphism Theorem

f : KAI → K (13)

We want to compute this map. First rewrite the problem as a problem of integer lattices using the third
isomorphism theorem. We want to compute K/Im f . Write the extensions of the torsion parts of K and
KAI to Z as

H → K̃ → K, (14)

HAI → K̃AI → KAI, (15)

respectively. Then for

f̃ : K̃AI → K̃ (16)

we note that

Im f = (Im f̃ +H)/H (17)

and the third isomorphism theorem gives

K/Im f = K̃/(Im f̃ +H) (18)

1.4 Computing f̃ : K̃AI → K̃

The computational method differs for Z → Z, Z → Z2, and Z2 → Z2. Note that all maps to Z2 take
absolute values. First, for the Hamiltonian constructed from an irreducible representation α of G0,

H = k · γ + r · Γ+mΓ0 (19)

restrict to r = 0:

H = k · γ +mΓ0 (20)
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For this restricted Hamiltonian, construct the matrix δw3 which computes the 3D winding number in the
irreducible representation β+ of G′

0 + ΓG′
0, and the matrix δir which counts the number of irreducible

representations β of G′
0.

[δw3 ]αβ = 4× 1

|G′
0|
∑
g∈G

δϕg,1δcg,1δsg,−1χ
∗
β+(g)2 cos

θg
2
χα(g), (21)

[δir]αβ = 4× 1

|G′
0|
∑
g∈G

δϕg,1δcg,1δsg,1χ
∗
β(g)2 cos

θg
2
χα(g). (22)

These two matrices can be constructed independently of whether the classification in K is trivial or
nontrivial. Since the decomposition of H may include irreducible representations whose Z2 classification
is trivial, introduce the row vector v′Z2

which assigns 1 only to the Z2 classifications in K and 0 otherwise,
and define the matrix counting only the irreducible representations with nontrivial Z2 classification by

[δZ2
]αβ := [δir]αβ [v

′
Z2
]β (23)

The matrices for Z → Z, Z → Z2, Z2 → Z, and Z2 → Z2 are as follows:

[f̃ |Z→Z]αβ = [VZ.δw3
.(V ′

Z)
+]αβ , (24)

[f̃ |Z→Z2
]αβ = [Abs(VZ).δZ2

.(V ′
Z2
)+]αβ , (25)

[f̃ |Z2→Z]αβ = 0, (26)

[f̃ |Z2→Z2
]αβ = [VZ2

.δZ2
.(V ′

Z2
)+]αβ , (27)

(28)

Here Abs takes the absolute value of each entry, and A+ is the pseudoinverse of A. Since the pseudoinverse
gives the zero matrix when the equation A.x = b has no solution, one must check whether V.δ can be
expanded in the basis V ′. Concretely, it is enough to check V.δ = V.δ.(V ′)+.V ′. By construction the
basis vectors of V ′ are independent, so the solution is unique.

Im f̃ is spanned by the row vectors of the matrix(
f̃Z→Z f̃ |Z→Z2

f̃Z2→Z f̃ |Z2→Z2

)
(29)

The space spanned by Im f̃ +H is obtained by adding (2) for the Z2 classifications of K ′. In other words,

Im f̃ +H =

 f̃Z→Z f̃ |Z→Z2

f̃Z2→Z f̃ |Z2→Z2

O 2

 =: M. (30)

Taking the Smith normal form of the matrix M gives the quotient K/Im f . For the computational results,
see v2 of [1]. The Mathematica calculation file is named “Classification Surface State.nb”.
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