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Consider a PT symmetry
UpHiUL = Hy, UpUy = 1n. (1)
Assume that the Hamiltonian Hy is periodic on the Brillouin zone,
Hpic = Hy, (2)
and that Uy is also periodic and globally defined on the Brillouin zone. Let

sgn (Hi)®p = =P, P € Matyn(C), (3)
LDy =1, (4)

be a frame of the occupied states of Hg. The frame @y is only locally continuous. Let {U,}, be a good
cover of the Brillouin zone. On each patch U,, choose the occupied-state frame so that it satisfies the
gauge condition

U(®g)" = @k, k€U (5)
Then the patch transition functions are O(n) matrices:

O =T’ TP € O(n), k €Unp = Uy NUg. (6)

The naive Berry connection
i = (PR)1doR (7)

is not a real connection because of the k dependence of the PT symmetry matrix Ug. A correction term
appears. Using

(@0)" = Ujoy, (8)

we find
(Ap)" = (Ulep)tdU]es) 9)
= A + (8Y) 1 UpdU, @ (10)

The correction term changes sign under complex conjugation:

(@) tuavfeq| = wlep) vidaul (Uleg) (1)
= (o) dUR U, &g (12)
= (o) UpdU, @3 (13)



Therefore, redefining the Berry connection by
i = A7 + 5(9Q) UkdU o

we obtain a real connection.

(14)

It remains to check whether this connection satisfies the desired patch transformation rule. The two

terms transform as
Ap = (T T (AR + d) Ty
(®) UndUf @} = (T")T <<I>°*>*deUT<I>ﬂ e,
Thus
AR = AL+ 2(q>ﬁ)TdeU,1q>5
= () (AR + )T 4 (1) (@) Uvfeg] 70

+d)T,
o 1
= (Trgﬁ)T kT B

(@) UpdU, &g + d} TP

= (T (A + a)T”®

(15)
(16)

(17)
(18)
(19)

(20)

Hence /Nlﬁ has the expected transformation law as an O(n) connection associated with the principal O(n)

bundle defined by 5"

As far as I know, a reference in which the redefined connection Z% appears is [I].
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