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Abstract

When the group G is not simply connected, the Polyakov—Wiegmann (PW) formula receives a
correction [1]. This note follows the proof of that correction.

1 The PW Formula

We consider G = U(n) and G = SO(n). Let M be a closed oriented two dimensional manifold. For a
smooth map

g: M — G, (1.1)
choose an extension to a three dimensional manifold X,
§g:X—>G, 0X=M, glu=gy. (1.2)

I Define the Wess—Zumino term by

Hg) = -trl(g o)) (13)

- Rz (G =UM)),
Weld] = /X )« {R/47rZ (G = SO(n)). (14)

For a homotopy of maps ¢, : M — G, t € [0, 1], one has

WZlgi) = Wag] + /M LB (1.5)

Furthermore, since tr [(gTdg)3] does not depend on the metric of X, WZ[g] is invariant under changes of
the metric on M. We want to compute

o WZ[gog1],
e WZ[go @ g1].

Even if gy and g, are extensions of gy and g1, respectively, the product gog; is not generally an extension
of gog1 when the genus of M is nonzero. The same issue appears for direct sums. This happens when
the homotopy group m1(G) along cycles in Hy(M) for the maps gg, g1 is nontrivial. For instance, on a
torus, if go winds in the x direction and can be contracted in the y direction, whereas ¢g; winds in the y
direction and can be contracted in the x direction, then ggg; cannot be contracted in both the x and y
directions.

'For the existence of such an extension, one should examine Q5°(G). Since ng = 7Z and leol 5 = 0, one has

Q5°(G) = Ha (G, Z).



A direct computation gives
Hlan) = Ha) + Hg) + a0 | oy dmanda ] (16)
Thus one expects an almost-standard Polyakov-Wiegmann expression
WZ[gog1] ~ WZ[go] + WZ[g1] + % /M tr [go ' dgo g1dgy - (1.7)
Define
clg, h] := WZ[gh] — WZ[g] — WZ[h] — % /M tr[g~'dghdh™1). (1.8)

Then:
e c[g, h] depends only on the homotopy classes of g and h.

Indeed, if g; is a homotopy, then g;h is also a homotopy, and

clgr, h] — clgo, bl (1.9)
1 _ _ 1 _ _
:/ H(gth)—/ H(gt)——/ tr gy 'dg1 hdh 1}+f/ tr[gy 'dgo hdh™]  (1.10)
M x[0,1] M x[0,1] AT 4T S
1
:/ H(h) + —/ dtr[g; *dgs hdh ™! (1.11)
M x[0,1] dr M x[0,1]
1 -1 1, b -1 —1
- /Mtr lg7 "dg1 hdh ]+47r /Mtr l90 "dgo hdh™"] (1.12)
=0. (1.13)

The argument for A is the same. Hence we write

c(lg], [h]) = clg, h]. (1.14)

Since it depends only on homotopy classes, it is a sum of contributions from the holes of the Riemann
surface, and it is enough to compute it for M = T?2. For G = U(n), SO(n), since m(G) = 0, a homotopy
class on the torus is fixed by specifying the homotopy classes on the two cycles of the torus.

First consider U(n). Let

i(NeT+nyy) i(maz+myy)
g=(° . h=|(€ . (1.15)
1n—1 ln—l

The maps g, h, gh are independent of one direction on the torus after choosing representatives, so

WZ[g] = WZ[h] = WZ[gh] = 0. (1.16)
Therefore

1 _ _

c([g], [h]) = . trlg 'dghdh™"] (1.17)
1
- (ngmy — nymy) dz dy (1.18)
= —m(nymy — nym,) € R/277Z. (1.19)
For SO(n > 2), take
i(NpoyT+nyoyy) i(Mmgoyx+myoy,y)
g<6 ! ) h<e ! ) (1.20)
1n72 1n72



Then

c(lgl, [h]) = =~ L lg~ dghdh™"] (1.21)
1

=1 - 2(nymy — nymy) de dy (1.22)

= —2m(ngymy — nymy) € R/ATZ. (1.23)

In both cases, the correction to the PW formula depends only on the winding numbers of g and h and is
Zo-valued.
For a direct sum, after adding a trivial block to match the sizes of g and h,

WZ[g@h]zwz[(gh1 1) (h )} (1.24)

:vvz[(gh1 )]erz[ h >]+/ tr [(gh=1)d(gh~") hdh~] + e([gh~"], 2[A])

(1.25)

= WZ[gh™'] + 2WZ[h] %/Mtr (gh™ " rd(gh™') hdh™1] (1.26)
= WZ[g] + WZ[h] + 477 y tr[g~'dg h~"dh] + c([g], [h""]) (1.27)
+ % tr[(gh™")"td(gh™ ) hdh™"] (1.28)
=WZ[g ]+WZ[h] — ¢([g], [h]). (1.29)

Thus the same type of correction term appears for direct sums.
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