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Abstract

This is a calculation note on the Berry phase in an adiabatic pump of a spin chain with Z2

symmetry.

1 Spin system and Z2 symmetry

The model is [1]

Hσ
θ = −

L∑
j=1

Bθ
j , Bθ

j = UθσxU
†
θ , (1)

where the local unitary transformation depends on the boundary condition:

Uθ = e
iθ
2 Ndw , (2)

Ndw =



L−1∑
j=1

1− σz
jσ

z
j+1

2
+

1− σz
Lσ

z
1

2
(untwisted),

L−1∑
j=1

1− σz
jσ

z
j+1

2
+

1 + σz
Lσ

z
1

2
(twisted).

(3)

Note that

U2π =

{
Id (untwisted),

−Id (twisted).
(4)

The Z2 symmetry is

V =
∏
j

σx
j . (5)

The normalized ground state is

|Ψθ⟩ = Uθ |Ψ0⟩ , |Ψ0⟩ =
1

2L/2

∑
σ1,...,σL

|σ1σ2 · · ·⟩ . (6)

Because of the periodicity of Uθ,

|Ψ2π⟩ =

{
|Ψ0⟩ (untwisted),

− |Ψ0⟩ (twisted).
(7)
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The phase coming from the patch transformation contributes to the Berry phase. There is also a contri-
bution from the connection:

exp

∫ 2π

0

⟨Ψθ|dΨθ⟩ = exp

∫ 2π

0

⟨Ψ0|U†
θdUθ|Ψ0⟩ (8)

= eπi⟨Ψ0|Ndw|Ψ0⟩. (9)

Thus it suffices to compute the expectation value of the domain-wall number operator Ndw in the ground
state |Ψ0⟩. By translation symmetry and the Z2 gauge symmetry σx

j |Ψ0⟩ = |Ψ0⟩,

⟨Ψ0|σz
jσ

z
j+1|Ψ0⟩ = 0. (10)

Hence the expectation value of a domain wall on each link is 1/2, independently of the boundary condition,
and

⟨Ψ0|Ndw|Ψ0⟩ =
L

2
. (11)

Combining this with the patch-transformation contribution, the Berry phase is

eiγ =

{
iL (untwisted),

−iL (twisted),
(12)

so the ratio is quantized to −1.
In general, the ratio of Berry phases is not quantized at finite L, but it is expected to become quantized

in the limit L → ∞. An example of a fermionic system where it is not quantized was given in [2]. Here
we compute the corresponding spin model. For r > 0, consider, up to normalization,

|Ψ0⟩ =
1√
N(r)

∑
σ1,...,σL

rNdw/2 |σ1σ2 · · ·⟩ . (13)

The normalization constant is

N(r) =
∑

σ1,...,σL

⟨σ1σ2 · · · |rNdw |σ1σ2 · · ·⟩ . (14)

There are
(
L
l

)
ways to place l domain walls on L links, and a factor of 2 from the global spin flip.

With periodic boundary conditions only an even number of domain walls appears, whereas with twisted
boundary conditions only an odd number appears. Hence

N(r) =
∑

l∈even/odd

2

(
L

l

)
rl = (1 + r)L ± (1− r)L. (15)

The expectation value of the number of domain walls is

⟨Ψ0|Ndw|Ψ0⟩ =
rN ′(r)

N(r)
= rL

(1 + r)L−1 ∓ (1− r)L−1

(1 + r)L ± (1− r)L
. (16)

Therefore the difference of Berry phases between twisted and untwisted boundary conditions is

γtwisted − γuntwisted = π + πrL

[
(1 + r)L−1 + (1− r)L−1

(1 + r)L − (1− r)L
− (1 + r)L−1 − (1− r)L−1

(1 + r)L + (1− r)L

]
(17)

= π +
πrL

1− r2
1(

1+r
1−r

)L

−
(

1−r
1+r

)L
. (18)

Thus it approaches π exponentially fast in L.
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