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1 The RP 2 × S1 Model

I want to construct a cluster model on RP 2 × S1. For domain walls of the σ spins, first construct a
decorated-domain-wall (DDW) state satisfying the following conditions:

• for ↑↑ and ↓↓, use a Z2-nontrivial wave function on RP 2;

• for ↑↓ and ↓↑, use a Z2-trivial wave function on RP 2.

A simple representative of the Z2-nontrivial wave function on RP 2 is

|u(n)⟩ =
(

nz

nx + iny

)
, n ∈ S2. (1)

Since

|−n⟩ = − |n⟩ , (2)

the state |n⟩ is a state on RP 2 = S2/Z2. Moreover, computing the first Chern class c1 ∈ H2(RP 2,Z) = Z2

of |n⟩, one finds that it is nontrivial [1]. Note that the Berry curvature computed from |n⟩ is nonzero, and
the Berry connection is not flat. On the other hand, a Z2-trivial wave function on RP 2 is, for example,
the RP 2-independent state

|triv(n)⟩ = (1). (3)

Now implement this construction. Place spin-1/2 degrees of freedom on sites, and introduce on each
bond a three-dimensional Hilbert space describing the RP 2-nontrivial and trivial states. As a basis of
the bond Hilbert space, consider the following n-dependent basis:

(|u(n)⟩ , |v(n)⟩ , |w(n)⟩) =




nz nx − iny 0
nx + iny −nz 0

0 0 1


 . (4)

This basis is obtained from the standard basis by the following unitary transformation:

(|u(n)⟩ , |v(n)⟩ , |w(n)⟩) = U(n)



1

1
1


 , U(n) :=

(
n · τ

1

)
. (5)

Here τ denotes the Pauli matrices acting on the subspace C2 of C3. Since U(−n) ̸= U(n), the model
or state obtained by the unitary transformation U(n) is in general a model or state on S2, not on RP 2.
However,

U(−n) = U(n)Z, Z =

(
−1

1

)
, (6)

and hence, if the model or state has the Z symmetry, then a model on RP 2 is obtained by using U(n).
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Take the Hamiltonian whose ground-state manifold is the set of DDW states to be

HDDW(n) = −
∑

j

σz
j (− |u(n)⟩ ⟨u(n)|+ |w(n)⟩ ⟨w(n)|)j+1/2σ

z
j+1 (7)

= −
∑

j

σz
j




n2
z (nx − iny)nz 0

(nx + iny)nz n2
x + n2

y 0
0 0 1




j+1/2

σz
j+1. (8)

It satisfies HDDW(−n) = HDDW(n), so it is a model on RP 2. There is no need to use the state |v(n)⟩.
Using the unitary transformation, HDDW(n) can also be written as

HDDW(n) = U(n)H0
DDWU(n)−1, (9)

H0
DDW = −

∑

j

σz
j



−1

0
1




j+1/2

σz
j+1. (10)

Note that H0
DDW has the Z symmetry.

The term that mixes the DDW states is given by

Hfl(n) = U(n)H0
flU(n)−1, (11)

H0
fl = −

∑

j




1
0

1




j−1/2

σx
j




1
0

1




j+1/2

. (12)

Since



1
0

1


Z = −Z




1
0

1


 , (13)

the two factors of −1 cancel, and H0
fl has the Z symmetry. Therefore Hfl(n) is a model on RP 2. Of

course, this can also be checked directly:

Hfl(n) = −
∑

j




0 0 nz

0 0 nx + iny

nz nx − iny 0




j−1/2

σx
j




0 0 nz

0 0 nx + iny

nz nx − iny 0




j+1/2

. (14)

Finally, take the parameter dependence in the S1 direction of the adiabatic evolution to be the unitary
transformation

V (t) =
∏

j

e−
it
4 σx

j . (15)

Then

V (2π) ∼
∏

j

σx
j (16)

is the operator of the Z2 symmetry. Since the model has this Z2 symmetry, the Hamiltonian is periodic
in t ∈ [0, 2π].

Collecting the above, the model is
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H(n, t) = V (t)U(n)H0U(n)−1V (t)−1, (17)

H0 = −
∑

j

σz
j



−1

0
1




j+1/2

σz
j+1 −

∑

j




1
0

1




j−1/2

σx
j




1
0

1




j+1/2

, (18)

U(n) =
⊗

j




nz nx − iny 0
nx + iny −nz 0

0 0 1




j+1/2

, (19)

V (t) =
∏

j

e−
it
4 σx

j . (20)

Comment on the S2 × S1 model—
By the same method, one cannot obtain an S2×S1 model in which a wave function of Chern number

1 is pumped. The modification would be to write n = (θ, ϕ) in spherical coordinates and define

U ′(θ, ϕ) := (|u′(n)⟩ , |v′(n)⟩ , |w′(n)⟩) =




cos θ
2 sin θ

2e
−iϕ 0

sin θ
2e

iϕ − cos θ
2 0

0 0 1


 . (21)

In this gauge, however, the south pole θ = π is

U ′(θ = π, ϕ) :=




0 e−iϕ 0
eiϕ 0 0
0 0 1


 , (22)

and the ϕ dependence remains. On the other hand, the Hamiltonian H0 does not commute with this
unitary transformation U ′(θ = π, ϕ), and hence one cannot construct a model on S2 using the unitary
transformation U ′(θ, ϕ).

Also, the Hamiltonian H(n, t) on RP 2×S1 constructed above can be regarded as a model on S2×S1,
but the Chern number of the state |u(n)⟩ on S2 is zero.

1.1 MPS

Start from the MPS of the cluster model,

H = −
∑

j

σz
j−1σ

x
j σ

z
j+1. (23)

The MPS is

A↑ =

(
1 1
0 0

)
, A↓ =

(
0 0
1 −1

)
. (24)

By adding degrees of freedom to this MPS and applying the unitary transformation, one obtains the
MPS of the RP 2 × S1 model.

2 The L(3, 1)× S1 Model

The L(3, 1)× S1 model can be constructed in a similar way. The lens space L(3, 1) is given by

{(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1}/(z1, z2) ∼ (ωz1, ωz2), ω = e2πi/3. (25)
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Figure 1

と導入する．Zτ3変換に対して，

U 7→ (|u0〉 , ω |u1〉 , ω2 |u2〉) = UZτ , Zτ =




1
ω

ω2


 (28)

と振る舞う．ボンド上に|u0〉 , |u1〉 , |u2〉で張られるヒルベルト空間を用意する．
サイトにZσ3の群環の自由度を置き，σj ∈ {0, 1, 2}と書く．

∆σj = σj+1 − σj mod 3 (29)

として，状態

|σ1σ2 · · ·〉 (30)

に対して，∆jに応じてボンド上の状態を

• ∆σj = 0のとき，|u0〉,
• ∆σj = 1のとき，|u1〉,
• ∆σj = 2のとき，|u2〉,

なる規則でDDW状態を構成する． 図を見よ．ポイントは，PBCにおいては差の和が一定：
∑

j

∆σj = 0 mod 3, (31)

であるから，ボンドにおけるZτ3変換に対して，

|DDW〉 7→ |DDW〉
∏

j

ω∆σj = |DDW〉ω
∑

j ∆σj = |DDW〉 (32)

となり，Zτ3不変である．したがって，DDW状態の同一重みによる和

|SG〉 =
∑

DDW

|DDW〉 (33)

はZτ3不変である．また，サイト上のスピンを入れ替えるZ3変換

Xσ =




0 0 1
1 0 0
0 1 0


 (34)

に対しても不変である．（つまり，Zσ3 × Zτ3不変である．おそらく，この模型はZ3 × Z3対称なSPT相の
模型である．）

S1依存性については，t = 2πにおいて，サイト上のZ3スピンを入れ替える変換Xτとなるように構
成すれば良い．つまり，S1依存性は，t依存するユニタリ変換

V (t) = W




1

e
it
3

e
2it
3


W †, W =

1√
3




1 ω2 ω
1 ω ω2

1 1 1


 (35)

として導入すれば良い．

V (2π) = Xσ (36)

である．
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The pair (z1, z2) can be regarded as a point on S3. Introduce the three basis states parametrized by
(z1, z2) as

U = (|u0⟩ , |u1⟩ , |u2⟩) =



1 0 0
0 z1 z∗2
0 z2 −z∗1


 . (26)

Under the Zτ
3 transformation, this behaves as

U 7→ (|u0⟩ , ω |u1⟩ , ω2 |u2⟩) = UZτ , Zτ =



1

ω
ω2


 . (27)

Prepare on each bond the Hilbert space spanned by |u0⟩ , |u1⟩ , |u2⟩.
Place on each site the group-algebra degree of freedom of Zσ

3 , and write σj ∈ {0, 1, 2}. Define

∆σj = σj+1 − σj mod 3. (28)

For a state

|σ1σ2 · · ·⟩ , (29)

construct the DDW state by assigning the bond state according to ∆j as follows:

• if ∆σj = 0, put |u0⟩;

• if ∆σj = 1, put |u1⟩;

• if ∆σj = 2, put |u2⟩.

See the figure. The point is that, under PBC, the sum of the differences is fixed:

∑

j

∆σj = 0 mod 3. (30)

Therefore, under the Zτ
3 transformation on the bonds,

|DDW⟩ 7→ |DDW⟩
∏

j

ω∆σj = |DDW⟩ω
∑

j ∆σj = |DDW⟩ , (31)

so the DDW state is Zτ
3 invariant. Consequently, the equal-weight superposition of DDW states,

|SG⟩ =
∑

DDW

|DDW⟩ , (32)

is Zτ
3 invariant. It is also invariant under the Z3 transformation that permutes the spins on the sites,

Xσ =



0 0 1
1 0 0
0 1 0


 . (33)
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Thus it is Zσ
3 × Zτ

3 invariant. This model is probably a model of an SPT phase with Z3 × Z3 symmetry.
For the S1 dependence, one should construct it so that, at t = 2π, it becomes the transformation Xσ

that permutes the Z3 spins on the sites. Thus introduce the t-dependent unitary transformation

V (t) = W



1

e
it
3

e
2it
3


W †, W =

1√
3



1 ω2 ω
1 ω ω2

1 1 1


 . (34)

Then

V (2π) = Xσ. (35)
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