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The Whitney sum formula
w(E+ F) = w(E)w(F) (1)
implies
wi(E + F) = wi(E) +w (F), (2)

We would like to ask whether wy can be redefined so that
wy(E + F) = wy(E) + wy(F) (4)

holds. This is similar to a quadratic refinement.
In general, for a symmetric bilinear form b(z,y) with values in Zg, there exists a Zs-valued function
q(z) satisfying

q(x +y) = q(x) + q(y) + b(z,y). ()
Such a ¢ is called a quadratic refinement. It is not unique. In the present situation,
b(E,F) :=wi(E)w (F) (6)

is a symmetric bilinear form. Thus there exists a quadratic refinement ¢(E). Using it, define

wh(E) :=wz(E) + q(E). (7)
Then
wWy(E+F)=wy(E+F)+q(E+F) (8)
= wa(E) + wa(F) + wi(E)wi (F) + q(E) + q(F) + w1 (E)w: (F) 9)
= wy(E) + wh(F). (10)

How should one choose ¢(F)? As a general principle, after restricting the base space on which the
principal bundle is defined, a quadratic refinement should be defined in terms of topological invariants on
lower-dimensional base spaces [I]. Let us explicitly construct it when the base space is the two-dimensional
torus T2.

Write
w1 (E) = o(E)da + v1,(E)dy, (11)
and
wy(E) = vy(E)dady. (12)
Then the sum rule is
vo(E + F) = 1y(E) + 1a(F) + v12(E)v1y (F) + v1y (E)via(F). (13)



For the symmetric bilinear form
b(E,F) = v15(E)v1y(F) 4+ viy(E)vi,(F), (14)

one can take the quadratic refinement

4(E) = v1a(E)r1y(E). (15)
Indeed,
Q(E +F) = (v12(E) + v12(F)) (114 (E) + v14(F)) (16)
= V12 (E)v1y(E) + via (F)viy (F) + viz (E)vy (F) 4+ vie(F)vy (E) (17)
=q(E) +q(F) + b(E, F). (18)
Therefore, redefining
(E) = 1a(E) — via(E)riy(E), (19)
we obtain the additive rule
Uo(E + F) = o(E) + 0o (F). (20)

Such a redefinition is also discussed in [2].

To see the viewpoint based on topological invariants of subspaces, it is useful to write the construction
more formally. Let Sl and S; be the subcycles of T2 in the k, and k, directions, respectively. The
restriction maps to these circles define homomorphisms

ru: H*(SL;2/2) — H*(T% Z/2). (21)
The restriction of E to S}L determines an element
ruwi(Elsy) € H (T Z/2). (22)
The quadratic refinement is then defined by

4(E) = rowi(Els1) Urywi (Els: ). (23)
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