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Abstract

These are notes on spin space groups.

1 Generalities on crystalline symmetries

The treatment here includes arbitrary crystalline symmetries, such as magnetic space groups, spin space
groups, and magnetic translation groups.

Let G be a crystalline symmetry group. For each g € G, let p; € O(3) be the rotation matrix and
t, € R3 be the translation vector, and write the left action of G on real space R3 as

g(r) =pyr+t, gcG,recRh (1.1)
From the group structure of G,
ty + potn = tgn, g,heG, (1.2)
holds. We consider the action of G on a Hilbert space. Let
¢ G — 7y ={£1} (1.3)

be the homomorphism specifying whether each element of G is unitary or antiunitary. We denote the
action on the Hilbert space by . The U(1)-valued factor system z, ;, is defined by

Gh = zgngh, g h€q. (1.4)

The two decompositions of g/El give the cocycle condition

(02)g.n1 = ziizg_}ilz%hlz;i =1, g,hled. (1.5)
The redefinition
g ngg, ng€U() (1.6)
changes z4 5 as
2o Zgn X (Mg n, (Mg n =" nging, 9,0 €G. (1.7)

This induces the equivalence relation z ~ zé7n. The equivalence class [z] belongs to the group cohomology
H2(G,U(1)y).

In the problem of topological invariants and the classification of topological insulators and supercon-
ductors, the input data are



the group G,

the action on real space g(r) = pyr + tg,

the homomorphism ¢ specifying unitary /antiunitary character,

e the cohomology class [z] of the factor system.
Once these data are fixed, a K-group is defined. If the K-group can be computed through the Atiyah-
Hirzebruch spectral sequence [1], one obtains how many definable topological invariants there are, some-

what explicit formulae for them, and the classification of possible boundary states, including surface,
hinge, and corner states.

1.1 How to specify the data

Since the group G itself contains infinitely many elements, we describe the structure of G by focusing on
the finite point group. The method is as follows. Define the translation group II by

D={geGlpy=1,¢,=1,245 =1 for all h € G}. (1.8)

Notice that this definition depends on the ambiguity in the factor system z,4 5. For example, in a magnetic
translation group, 2,4 5 depends on the gauge. The group II is an abelian normal subgroup of G, and

P:=G/I0 (1.9
is called the point group. Note the short exact sequence
0-O—-G5P—0. (1.10)
A map
s:P—=G (1.11)

is called a section when 7 o s = id holds. Since P is finite, specifying a section s : P — G gives
the crystalline group G concretely. The point group P is isomorphic to the direct product of some
crystallographic point group and a finite group. We label the elements of the point group P by integers
j=1,...,]P|, and simply write the product in P as ij. By definition,

sj(r) = ps,7 + 1, (1.12)

so for each point-group element j € P we obtain a rotation matrix p,, and a translation vector ts,. We
write

pji=ps;, tji=ts, j=1,...,|P| (1.13)
By the definition of a section,
sisj = s;;  mod II, (1.14)
that is,
pipj = pij, Dpit; +t; —ti; € {lattice vectors}. (1.15)
The section has the ambiguity
sj > sja =asj, a € ll, (1.16)

but since ¢(II) = 1 by the definition of the translation group II, the homomorphism on the point group,

(bi = ¢Sia (117)



is well-defined. For the factor system, the cocycle condition gives, for g,h € G and a € II,
(82)g.ha = Zn%ZgnaosnaZyh = Zghazyn = 1, (1.18)
(02)a,g.h = zj‘}bz;gl,hza,ghz;; = zg,hz;gl,h =1. (1.19)
Therefore the point-group factor system
Zij = Zsys;, 1J EP (1.20)
does not depend on the choice of section s.
In summary, to specify a crystalline symmetry, it is enough to give the following data for the finite
point group P:
e lattice vectors a1, as, as,
e the multiplication table (¢, 7) + ij of the finite group P,
e rotation matrices p; € O(3),
e translation vectors t; € R3,
e the homomorphism ¢;,
e the factor system {z; ;}i jep.

The computational implementation of the Atiyah-Hirzebruch spectral sequence in Ref. [1] can compute
up to the FEs page once these data are given, independently of the type of symmetry.

2 Classification problem for spin space groups

Here we consider space groups. In other words, both ¢ and the factor system z are assumed to be trivial.
Let G be a space group. As notation, let

Pg = {pylg € G}, (2.1)
La = {t4lpy = 1,9 € G}

denote respectively the group of O(3) rotation matrices and the group of translation vectors of the space
group. Repeated elements are not counted. Then

pLe =Lg, p€rlq (2.3)
holds.

Given a space group G and a spin group, or spin-only group, B C O(3), define a spin space group
X C G x O(3) as a subgroup satisfying the following two conditions:
{9l(gu)eX} =G, (2.4)
{u]|(g,u) e X} =1B. (2.5)
The goal is to give a method to enumerate all groups X satisfying (2.4) and (2.5). In particular, we are

interested in classifying independent spin space groups after identifying those that are equivalent under
conjugation in G x O(3). Thus we would like to obtain the equivalence classes under

X ~ (h,v)X (h,v)™' = { (hgh™, vuv ") | (g,u) € X }, (h,v) € G x O(3). (2.6)



e For example, if G = Z = {t,|n € Z} is the one-dimensional translation group and B = Z,, = (c|c"),
then examples include

X ={(1,tn,c")|n € Z}, (2.7)
X ={(1,tn,c™)In€Z,meZ/n} =G x B. (2.8)

By Goursat’s lemma, recalled in App. A, spin space groups X are in one-to-one correspondence with
triples

(N¢ <G, Ng < B,6: G/Ne = B/Np). (2.9)

Therefore the problem decomposes into the following four steps:

(i) classify the normal subgroups Ng of the space group G,
(ii) classify the normal subgroups Np of the spin group B,
(iii) classify the isomorphisms G/N¢ N B/Ng,

(iv) quotient by the conjugation relation (2.6).

Note that the third condition restricts the pair of normal subgroups Ng, N to those satisfying the group
isomorphism G/N¢g = B/Np.

Below I record notes on the construction of normal subgroups of a space group.

2.1 Normal subgroups of a space group

We specify the space group G by the following data:

e Lattice vectors aq, as,as. Namely, Lg = {Z?Zl nagn; € Z}.
e The multiplication table (i,5) — ij of the label set P = {1,...,|Pg|}.
e The point-group rotation matrices {p; € O(3) };cps, with p; = 1.

e The translation vectors {t; € R3};cp,, with ; = 0.

The projection of ¢; to its value modulo L¢ is a representative 1-cocycle of the group cohomology class
characterizing the extension (1.10):

t;mod Lg € Z'(Pg,R*/Lg), [tmod Lg] € H'(Pg,R?/Lg) = H*(Pg, La). (2.10)
Here
wij = (6t)i; =pit; +t; —tij € Le (2.11)
is the Bockstein homomorphism

HY(Pg,R*/Lg) — H*(Pg,Lg), [tmod Lg] > [w].

Write the translation group and point group of a normal subgroup N <1 G as

1—=1IIy - N — Py —1, (2.12)



respectively. We also write the corresponding sets of lattice vectors as

LG = {tg|g S Hg}, (213)
Ly = {tylg € lix}. (2.14)

Write an element of the space group in Seitz notation® as
9= {pglty}- (2.15)
Its inverse is
97 = {py 'l —pg e} (2.16)

The condition that a subgroup N C G is normal is that, for any n € N and g € G,

gng~" = {pglty Hpnltn Hp, ' — py 't} (2.17)
= {pgltgHpnpy | = Pupy 'ty + tn} (2.18)
= {pgpnpy ' IPg(—pnpy 'ty +tn) + 1} (2.19)
= {Pgng—1IPgtn — Pgng-1ty +tg} € N. (2.20)

This gives the following two necessary conditions:

o Py < Pg.

e Po(Ly)=Ly.
The latter is obtained by restricting to n € Iy. We call a sublattice L' € Lg satisfying Pg(L') = L’
a Pg-invariant sublattice. For a given normal subgroup Py < Pg and a Pg-invariant sublattice Ly C

L, Po(Ln) = Ly, we derive the condition under which the space group N constructed by a section
s’ : Py — N becomes a normal subgroup N <1 G.

Represent the normal subgroup Py < Pg as a subset of the label set, Py C {1,...,|Pg|}. That is,
ici"* € Py, i€ Pg, o€Py (2.21)
holds. Let by, ba, bs be lattice vectors of the Pg-invariant sublattice L. Then
pbi € Ly, i€ Pg, 1€{1,2,3} (2.22)

holds. Since an element of the space group G is written uniquely as {p;|t; + u} with w € L¢, a section
s’ : Py — N characterizing the subgroup N C G can be written as

sy = {polts +us}, we C'(Py,Lg). (2.23)

Note that the ambiguity of u, by elements of Ly gives the same space group IN. Possible 1-cochains w
are constrained by the cocycle condition for £, + u,:

Pp(te +ue) + (t, +u,) — (tpo +Upo) =wp o+ (0U),0 € Ly, p,0 € Py. (2.24)
Therefore the 1-cochain u € C'(Py, L) is a solution of the linear equation
du = —w|p, mod Ly. (2.25)
Using this solution u, a 2-cocycle w’ € Z%(Py, Ly) is obtained as

W =w|p, + du. (2.26)

1A faithful representation.



Next, we find the condition that the section s’ gives a normal subgroup N <1 G. Comparing

sisys; ' = {piPop; ' [Pi(—Dopi-1ti + te + ug) +1i} (2.27)
= {pioi*I |pl(t0 + uU) - picriflti + tz}7 (228)

with
Sigi-1 = {Pigi-1[tici-1 + Uigi-1 }, (2.29)

we obtain the linear equation for w,:

Pily — Wigi—1 = —tj + Pigi—1t; — pits + Eigi— (2.30)
= —(pite +ti — tic) + (Pici—1ti + tigi—1 — tis) (2.31)
= Wi+ Wipi-1;mod Ly, 1€ Pg,0¢€ Py. (2.32)

The result is summarized as follows.

Normal subgroups N <1 G of a space group G are obtained by the following procedure.

e Choose a normal subgroup Py < Pg of the point group.
e Choose a Pg-invariant subgroup Ly C Lg of the translation group, satisfying Pg(Ly) = Ly

e Solve the following linear equations for the unknowns {u, € Lg}ocpy:

DplUg + Up — Ups = —ppts +t, —t,; mod Ly, p,0 € Py, (2.33)
Pils — Wigi—1 = —t; + Pigi-1ti — pits + tigi-1 mod Ly, i€ Pg,0 € Py. .
2.1.1 Note on solving (2.33)
The equation (2.33) is solved explicitly as follows. Expand w; in the lattice vectors of Lg:
u; = injaj, Tij € Z,1 € Py, (234)
J
X = (zij)iepy,j=123- (2.35)
Then (2.33) takes the form
AX = Bmod Ly. (2.36)

Using a generalized inverse matrix A™ of A, one solution over the rational numbers is obtained as
X =A'B. (2.37)

If the resulting X is integral, it is a solution. If X is not integral, one has to examine whether there is
no integral solution, or whether an integral solution should be searched for by using the freedom modulo
Ly. It would be efficient to check this point during implementation.

2.1.2 Structure of the quotient group G/N

The quotient group G/N fits into the following exact sequence; see App. B for the proof:

1—Lg/Ln - G/N — Pg/Py — 1. (2.38)



Therefore the group structure of G/N is determined once the 2-cocycle Z2(Pg /Py, Lg/Ly) characterizing
the extension is determined.

Let
Po/Py — Pg, arriq, i1=1 (2.39)

be a complete set of representatives of Pg/Py. Then

Pg = U o PN (2.40)
aGPG/PN
Define t, by the relation
Talp = iabta,b; ta,b € Py. (241)

From the general theory in App. B, the 2-cocycle @, is given by

Wap = Wiy iy + Wiy piay — Ut,, Mmod L. (2.42)

Thus the group structure of G/N is determined as

(a,7)(b,7") = (ab,paT" + T+ @up), (a,7),(b,7") € Po/Pn % Le/Ly. (2.43)

2.2 Normal subgroups of the spin group

The problem of finding normal subgroups Ng <1 B of a given spin group B is simply the problem of
finding normal subgroups of a finite group, so we do not discuss it here.

od

2.3 Isomorphisms 0 : G/Ng — B/Ng

This is left for later.

3 Coupling terms to spin

Let us express a magnetic structure in real space by a three-dimensional vector field
M(r) = (My(r), My(r), M.(r)) ", reR® (3.1)

Consider the situation where this vector field satisfies the symmetry

M(gr) =04M(r), O,€0(3), ge€G, (3.2)

Oy40n =Ogn, g,heG. (3.3)

Let Ry ¢ denote the SO(3) matrix for a rotation by angle 6 about the direction 7, and let
I = diag(—1, -1, 1)

be the inversion matrix. Writing the three Pauli matrices as the vector

o = (O'I,O'y,()'z)T7 (34)



we note that
e—zeaz/Qo,ezeaz/Q — (0’;,;61002 , O_yezeaz , O_Z)T

= (05 cos6 + oy sinb, o, cosf — o, sin b, o))"

cos sinf O
—sinfd cosf O a:Rgea

0 0 1
and
oyoto, =—0 =1Io.
Write an orthogonal matrix O, € O(3) as
1-det O

Og = Rﬁy’gyI 2 .

Then
1—det Og 1—det Og . a0 . a0
O;FO' e Rgg,ega —J = "¢ 0Ty a'/QO_eZOQng o/2
efiGQﬁg»a/2o.ei9gﬁg»a/2 (det Og _ 1)
e—iGQﬁgﬂ/ZUyo.*G.yeiagﬁg~o‘/2 (det Og — _1)

follows. Therefore the symmetry of the coupling term to the spin operator can be written as

1—det Og

M(gr)To =a,(M(r) T o)a,*, dg=e 0" 2(g, k)2, geq,
where K denotes complex conjugation.
The factor system obeyed by g is
’&g’&h — e—iegﬁgo'/Q (UyK) 717(1? %4 e—iehﬁh,a/Q (O'yK) 717(16; Oh
1—det Og 1—det Oy

— e*iegﬁga/Qeiiehﬁha/Q(O'yK) 2 (O—ZJK) 2
. 1—det Og 1—det O}, .
=) TEE S Gy,

Here we have set

sp __

“g.h =

1 (67i9gﬁg0/267i0hﬁh0'/2 — e*iegh’ﬁgha/z),
-1 (e—i9gﬁ90/2e—i0hﬁha/2 _ _e—ieyhﬁgha/2).

Thus, in a numerical computation, it is enough to set

R _ {05 (detOy=1),
70,1 (detO, = —1),

choose one lift
R, R, € Spin(3), g€ @G,
and then compute

_p p pt
2P = RyRy R,

(3.10)

(3.11)

(3.12)

(3.13)
(3.14)
(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



A Goursat’s lemma
For Goursat’s lemma, Ref. [2] is a useful reference. We write the identity element of a group as e. In
general, for a group homomorphism f : A — B and a subgroup S C B, note that
F7H(8) ={a€ Alf(a) € S}
is a group. Indeed, if a,a’ € f~1(9), then aa’ € f~1(S) because f(aa’) = f(a)f(a’) € S.

Lemma A.1 (Goursat). Let A, B be groups. There is a one-to-one correspondence between subgroups
C C A x B and quintuples Q = (A, Na,B,Ng,0). Here Na<<A C A, Ng<B C B, and 0 is an
isomorphism

o

0:A/Ns = B/Np.

Proof following Ref. [2]. Let C be a subgroup C' C A x B. Define

A= {a€ Al(a,b) €C}, Na=1{ac Al(a,e)€C}, (A1)
B =1{be Bl|(a,b) €C}, Np={be Bl(e,b) € C}. (A.2)

Since C is a group, A and B are also groups. For any a’ € N4 and a € A, there exists b € B such that
(a,b)(d’,e)(a,b)"! = (ad'a™!,e), (A.3)
and hence aNga~' = N4. Thus Ny < A. Similarly, Nz <1 B. Define 6 by
f(aN4) :=bNp, where (a,b) € C. (A.4)

The right-hand side is well-defined as follows. If (a,b), (a,b’) € C, then (a,b)"*(a,b') = (1,b~1) € C,
so b1 € Np, equivalently b € b’ Ng. Similarly, if (a,b), (a’,b) € C, then a € a’ N4, so the left-hand side
is also well-defined. The homomorphism property follows from the fact that if (a,b), (a/,b’) € C, then
(a,b)(a’,V') = (ad’,bt') € C. If §(a) = Np, then (a,b) € C and (e,b) € C. Then (a,e) = (a,b)(e,b)" €

C, s0 a € Na; hence 0 is injective. For any b € B, there exists a such that (a,b) € C, so 6 is surjective.
This constructs the quintuple f(C) := (A, N4, B, Np,0).

Conversely, given a quintuple Q = (4, N4, B, Ng,6), define the subset
Go = {(aNa,0(aN4))|aNa € A/Ns} C A/Na x B/Np. (A.5)
By the homomorphism property of 8, Gy is a group. Taking the inverse image under the natural surjection
p:Ax B A/Ny x B/Np, (A.6)
we obtain the subgroup

9(Q):=p Gy CAxBC AxB. (A7)

Finally, we show that these two correspondences are inverse to each other.

First, we show go f = id. Let C C A x B be a subgroup, and let f(C) = (A, N4, B, Ng,0) be as
above. Then

g(f(C’)) = {(a,b) € Ax B | (aNA, bNB) € Gy } (A8)
By the definition of Gy,

(aNA, bNB) € Gy — (a,b) € C, (Ag)



and therefore g(f(C)) = C.

Next, we show fog = id. Given Q = (A,N4,B,Npg,0),set C':= g(Q) = p~'(Gy) C Ax B. Construct
F(C") = (A", N',, B', Nl 8') from C". First,

A={acAl(a,b)eC'}={acAlac A} =A, (A.10)
B'={beB|(a,b)eC'} ={be B|bNg €9(A/Na)=B/Ng}={beB|beB}=DB, (A.1l)
Ny={a€A|(a,e)eC'}={a€A|0(aNs)=Np}={ac€A|a€Ny}=Na, (A.12)

Np={beB|(e,b)eC'} ={beB|bNg=0(Ng)=Np}={beB|beNg}=Np. (A13)
It remains to show ' = 6. By definition,
0'(aN4) = bNp, where (a,b) € C’, (A.14)

but (a,b) € C’ is equivalent to a € A and bNp = 0(aN,). Thus ' = 6. O

B Exact sequence for a quotient group

Proposition B.1. Given an exact sequence of groups
1545605 Q=1 (B.1)

and a normal subgroup N < G, there is an exact sequence

1— A/(ANN) % G/N 5 Q/n(N) — 1. (B.2)

Here
va(ANN)) =i(a)N, (B.3
(g ) m(g)m(N). (B4

Note the third isomorphism theorem AN/N =2 A/(ANN).

Proof. The subgroup AN N is normal in A, since if n € AN N, then ana™! € N and ana™! € A. The
map ¢ is well-defined because if a(ANN) = a’' (AN N), then ail "€ AN N. The injectivity of ¢ follows
from the fact that if a € A and i(a)N = N, then i(a) € N,soa € ANN.

The subgroup 7(N) is normal in @Q: for ¢ € Q, write ¢ = w(g); then
-1

gr(n)g~' = 7(gng™") € 7(N).

The map 7 is well-defined because if gN = ¢’ N, then g~ !¢’ € N, and hence
m(g")m(N) = w(g)m(g~ ' ¢")m(N) = m(g)m(N).
It is a homomorphism, and it is surjective because 7 is surjective.
The inclusion im¢ C ker 7 follows from

#(i(a)N) = n(i(a))w(N) = m(N).

10



Conversely, suppose gN € ker7. Then 7(g)m(N) = n(N), so w(g) € n(N). Thus there is n € N such
that 7(g) = m(n). Hence m(gn~1') = e, so gn~! € kerm = imi. Therefore g € i(a)N for some a € A, and
gN lies in im¢. O

Let A be an abelian group. We construct the group structure of G/N from the information of sections

s:Q—>G, s=1, (B.5)
wu:m(N)—= N, wu =1. (B.6)

Let the 2-cocycle determined by the section s be

Wp.q = spsqs;ql €A, weZ*Q,A). (B.7)
Choose representatives
r:Q/m(N)—Q, ri=1, (B.8)
and define
tyy = rzryr;yl e m(N). (B.9)
Then define
0:Q/m(N)— G/N, oz:=s,N. (B.10)

The corresponding 2-cocycle is obtained from

0.0y =5, N, N = 8,5, N=wr_ r Sr.r,N=wr, r 56 ro,N (B.11)
= wrwvrywtm,yvrmy stm,y srmyN = w’”mvrywtmyywrmy Stm‘y No—l'y (B12)
_ -1
= Wrm,rywtm,y,rmyStx,yuthUzy- (B.13)
Here we used
m(spuyt) = w(sy)m(u, ') = zx™t = e, (B.14)
s0 s;uy ! € kerm = A. Thus the 2-cocycle
- —-1
Wayy = Wry vy Wty vy Stay Uty , N € AN/N (B.15)

is determined.

The independence of the cohomology class from the choices of representatives r and sections s, u is
left for later.
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