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Abstract

These are notes on spin space groups.

1 Generalities on crystalline symmetries

The treatment here includes arbitrary crystalline symmetries, such as magnetic space groups, spin space
groups, and magnetic translation groups.

Let G be a crystalline symmetry group. For each g ∈ G, let pg ∈ O(3) be the rotation matrix and
tg ∈ R3 be the translation vector, and write the left action of G on real space R3 as

g(r) = pgr + tg, g ∈ G, r ∈ Rd. (1.1)

From the group structure of G,

tg + pgth = tgh, g, h ∈ G, (1.2)

holds. We consider the action of G on a Hilbert space. Let

ϕ : G → Z2 = {±1} (1.3)

be the homomorphism specifying whether each element of G is unitary or antiunitary. We denote the
action on the Hilbert space by ĝ. The U(1)-valued factor system zg,h is defined by

ĝĥ = zg,hĝh, g, h ∈ G. (1.4)

The two decompositions of ĝhl give the cocycle condition

(δz)g,h,l = z
ϕg

h,lz
−1
gh,lzg,hlz

−1
g,h = 1, g, h, l ∈ G. (1.5)

The redefinition

ĝ 7→ ηg ĝ, ηg ∈ U(1) (1.6)

changes zg,h as

zg,h 7→ zg,h × (δη)g,h, (δη)g,h = η
ϕg

h η−1
gh ηg, g, h ∈ G. (1.7)

This induces the equivalence relation z ∼ zδη. The equivalence class [z] belongs to the group cohomology
H2(G,U(1)ϕ).

In the problem of topological invariants and the classification of topological insulators and supercon-
ductors, the input data are
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• the group G,

• the action on real space g(r) = pgr + tg,

• the homomorphism ϕ specifying unitary/antiunitary character,

• the cohomology class [z] of the factor system.

Once these data are fixed, a K-group is defined. If the K-group can be computed through the Atiyah-
Hirzebruch spectral sequence [1], one obtains how many definable topological invariants there are, some-
what explicit formulae for them, and the classification of possible boundary states, including surface,
hinge, and corner states.

1.1 How to specify the data

Since the group G itself contains infinitely many elements, we describe the structure of G by focusing on
the finite point group. The method is as follows. Define the translation group Π by

Π = {g ∈ G|pg = 1, ϕg = 1, zg,h = 1 for all h ∈ G}. (1.8)

Notice that this definition depends on the ambiguity in the factor system zg,h. For example, in a magnetic
translation group, zg,h depends on the gauge. The group Π is an abelian normal subgroup of G, and

P := G/Π (1.9)

is called the point group. Note the short exact sequence

0 → Π → G
π−→ P → 0. (1.10)

A map

s : P → G (1.11)

is called a section when π ◦ s = id holds. Since P is finite, specifying a section s : P → G gives
the crystalline group G concretely. The point group P is isomorphic to the direct product of some
crystallographic point group and a finite group. We label the elements of the point group P by integers
j = 1, . . . , |P |, and simply write the product in P as ij. By definition,

sj(r) = psjr + tsj , (1.12)

so for each point-group element j ∈ P we obtain a rotation matrix psj and a translation vector tsj . We
write

pj := psj , tj := tsj , j = 1, . . . , |P |. (1.13)

By the definition of a section,

sisj ≡ sij mod Π, (1.14)

that is,

pipj = pij , pitj + ti − tij ∈ {lattice vectors}. (1.15)

The section has the ambiguity

sj 7→ sja = asj , a ∈ Π, (1.16)

but since ϕ(Π) = 1 by the definition of the translation group Π, the homomorphism on the point group,

ϕi := ϕsi , (1.17)
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is well-defined. For the factor system, the cocycle condition gives, for g, h ∈ G and a ∈ Π,

(δz)g,h,a = z
ϕg

h,az
−1
gh,azg,haz

−1
g,h = zg,haz

−1
g,h = 1, (1.18)

(δz)a,g,h = zϕa

g,hz
−1
ag,hza,ghz

−1
a,g = zg,hz

−1
ag,h = 1. (1.19)

Therefore the point-group factor system

zi,j := zsi,sj , i, j ∈ P (1.20)

does not depend on the choice of section s.

In summary, to specify a crystalline symmetry, it is enough to give the following data for the finite
point group P :

• lattice vectors a1,a2,a3,

• the multiplication table (i, j) 7→ ij of the finite group P ,

• rotation matrices pj ∈ O(3),

• translation vectors tj ∈ R3,

• the homomorphism ϕj ,

• the factor system {zi,j}i,j∈P .

The computational implementation of the Atiyah-Hirzebruch spectral sequence in Ref. [1] can compute
up to the E2 page once these data are given, independently of the type of symmetry.

2 Classification problem for spin space groups

Here we consider space groups. In other words, both ϕ and the factor system z are assumed to be trivial.
Let G be a space group. As notation, let

PG = {pg|g ∈ G}, (2.1)
LG = {tg|pg = 1, g ∈ G} (2.2)

denote respectively the group of O(3) rotation matrices and the group of translation vectors of the space
group. Repeated elements are not counted. Then

pLG = LG, p ∈ PG (2.3)

holds.

Given a space group G and a spin group, or spin-only group, B ⊂ O(3), define a spin space group
X ⊂ G×O(3) as a subgroup satisfying the following two conditions:

{ g | (g, u) ∈ X } = G, (2.4)
{u | (g, u) ∈ X } = B. (2.5)

The goal is to give a method to enumerate all groups X satisfying (2.4) and (2.5). In particular, we are
interested in classifying independent spin space groups after identifying those that are equivalent under
conjugation in G×O(3). Thus we would like to obtain the equivalence classes under

X ∼ (h, v)X(h, v)−1 = { (hgh−1, vuv⊤) | (g, u) ∈ X }, (h, v) ∈ G×O(3). (2.6)
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• For example, if G = Z = {tn|n ∈ Z} is the one-dimensional translation group and B = Zn = ⟨c|cn⟩,
then examples include

X = {(1, tn, cn)|n ∈ Z}, (2.7)
X = {(1, tn, cm)|n ∈ Z,m ∈ Z/n} = G×B. (2.8)

By Goursat’s lemma, recalled in App. A, spin space groups X are in one-to-one correspondence with
triples

(NG ◁G,NB ◁B, θ : G/NG

∼=−→ B/NB). (2.9)

Therefore the problem decomposes into the following four steps:

(i) classify the normal subgroups NG of the space group G,

(ii) classify the normal subgroups NB of the spin group B,

(iii) classify the isomorphisms G/NG

∼=−→ B/NB ,

(iv) quotient by the conjugation relation (2.6).

Note that the third condition restricts the pair of normal subgroups NG, NB to those satisfying the group
isomorphism G/NG

∼= B/NB .

Below I record notes on the construction of normal subgroups of a space group.

2.1 Normal subgroups of a space group

We specify the space group G by the following data:

• Lattice vectors a1,a2,a3. Namely, LG = {
∑3

l=1 nlal|nl ∈ Z}.

• The multiplication table (i, j) 7→ ij of the label set PG = {1, . . . , |PG|}.

• The point-group rotation matrices {pi ∈ O(3)}i∈PG
, with p1 = 1.

• The translation vectors {ti ∈ R3}i∈PG
, with t1 = 0.

The projection of ti to its value modulo LG is a representative 1-cocycle of the group cohomology class
characterizing the extension (1.10):

ti mod LG ∈ Z1(PG,R3/LG), [t mod LG] ∈ H1(PG,R3/LG) ∼= H2(PG, LG). (2.10)

Here

ωi,j = (δt)i,j = pitj + ti − tij ∈ LG (2.11)

is the Bockstein homomorphism

H1(PG,R3/LG) → H2(PG, LG), [t mod LG] 7→ [ω].

Write the translation group and point group of a normal subgroup N ◁G as

1 → ΠN → N → PN → 1, (2.12)
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respectively. We also write the corresponding sets of lattice vectors as

LG = {tg|g ∈ ΠG}, (2.13)
LN = {tg|g ∈ ΠN}. (2.14)

Write an element of the space group in Seitz notation1 as

g = {pg|tg}. (2.15)

Its inverse is

g−1 = {p−1
g | − p−1

g tg}. (2.16)

The condition that a subgroup N ⊂ G is normal is that, for any n ∈ N and g ∈ G,

gng−1 = {pg|tg}{pn|tn}{p−1
g | − p−1

g tg} (2.17)

= {pg|tg}{pnp−1
g | − pnp

−1
g tg + tn} (2.18)

= {pgpnp−1
g |pg(−pnp

−1
g tg + tn) + tg} (2.19)

= {pgng−1 |pgtn − pgng−1tg + tg} ∈ N. (2.20)

This gives the following two necessary conditions:

• PN ◁ PG.

• PG(LN ) = LN .

The latter is obtained by restricting to n ∈ ΠN . We call a sublattice L′ ∈ LG satisfying PG(L
′) = L′

a PG-invariant sublattice. For a given normal subgroup PN ◁ PG and a PG-invariant sublattice LN ⊂
LG, PG(LN ) = LN , we derive the condition under which the space group N constructed by a section
s′ : PN → N becomes a normal subgroup N ◁G.

Represent the normal subgroup PN ◁ PG as a subset of the label set, PN ⊂ {1, . . . , |PG|}. That is,

iσi−1 ∈ PN , i ∈ PG, σ ∈ PN (2.21)

holds. Let b1, b2, b3 be lattice vectors of the PG-invariant sublattice LN . Then

pibl ∈ LN , i ∈ PG, l ∈ {1, 2, 3} (2.22)

holds. Since an element of the space group G is written uniquely as {pi|ti + u} with u ∈ LG, a section
s′ : PN → N characterizing the subgroup N ⊂ G can be written as

s′σ = {pσ|tσ + uσ}, u ∈ C1(PN , LG). (2.23)

Note that the ambiguity of uσ by elements of LN gives the same space group N . Possible 1-cochains u
are constrained by the cocycle condition for tσ + uσ:

pρ(tσ + uσ) + (tρ + uρ)− (tρσ + uρσ) = ωρ,σ + (δu)ρ,σ ∈ LN , ρ, σ ∈ PN . (2.24)

Therefore the 1-cochain u ∈ C1(PN , LG) is a solution of the linear equation

δu = −ω|PN
mod LN . (2.25)

Using this solution u, a 2-cocycle ω′ ∈ Z2(PN , LN ) is obtained as

ω′ = ω|PN
+ δu. (2.26)

1A faithful representation.
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Next, we find the condition that the section s′ gives a normal subgroup N ◁G. Comparing

sis
′
σs

−1
i = {pipσp−1

i |pi(−pσpi−1ti + tσ + uσ) + ti} (2.27)
= {piσi−1 |pi(tσ + uσ)− piσi−1ti + ti}, (2.28)

with

s′iσi−1 = {piσi−1 |tiσi−1 + uiσi−1}, (2.29)

we obtain the linear equation for uσ:

piuσ − uiσi−1 ≡ −ti + piσi−1ti − pitσ + tiσi−1 (2.30)
≡ −(pitσ + ti − tiσ) + (piσi−1ti + tiσi−1 − tiσ) (2.31)
≡ −ωi,σ + ωiσi−1,i mod LN , i ∈ PG, σ ∈ PN . (2.32)

The result is summarized as follows.

Normal subgroups N ◁G of a space group G are obtained by the following procedure.

• Choose a normal subgroup PN ◁ PG of the point group.

• Choose a PG-invariant subgroup LN ⊂ LG of the translation group, satisfying PG(LN ) = LN .

• Solve the following linear equations for the unknowns {uσ ∈ LG}σ∈PN
:{

pρuσ + uρ − uρσ ≡ −pρtσ + tρ − tρσ mod LN , ρ, σ ∈ PN ,

piuσ − uiσi−1 ≡ −ti + piσi−1ti − pitσ + tiσi−1 mod LN , i ∈ PG, σ ∈ PN .
(2.33)

2.1.1 Note on solving (2.33)

The equation (2.33) is solved explicitly as follows. Expand ui in the lattice vectors of LG:

ui =
∑
j

xijaj , xij ∈ Z, i ∈ PN , (2.34)

X = (xij)i∈PN ,j=1,2,3. (2.35)

Then (2.33) takes the form

AX ≡ B mod LN . (2.36)

Using a generalized inverse matrix A+ of A, one solution over the rational numbers is obtained as

X ≡ A+B. (2.37)

If the resulting X is integral, it is a solution. If X is not integral, one has to examine whether there is
no integral solution, or whether an integral solution should be searched for by using the freedom modulo
LN . It would be efficient to check this point during implementation.

2.1.2 Structure of the quotient group G/N

The quotient group G/N fits into the following exact sequence; see App. B for the proof:

1 → LG/LN → G/N → PG/PN → 1. (2.38)
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Therefore the group structure of G/N is determined once the 2-cocycle Z2(PG/PN , LG/LN ) characterizing
the extension is determined.

Let

PG/PN → PG, a 7→ ia, i1 = 1 (2.39)

be a complete set of representatives of PG/PN . Then

PG =
⋃

a∈PG/PN

iaPN . (2.40)

Define ta,b by the relation

iaib = iabta,b, ta,b ∈ PN . (2.41)

From the general theory in App. B, the 2-cocycle ω̄a,b is given by

ω̄a,b ≡ ωia,ib + ωta,b,iab
− uta,b

mod LN . (2.42)

Thus the group structure of G/N is determined as

(a, τ )(b, τ ′) = (ab, paτ
′ + τ + ω̄a,b), (a, τ ), (b, τ ′) ∈ PG/PN × LG/LN . (2.43)

2.2 Normal subgroups of the spin group

The problem of finding normal subgroups NB ◁ B of a given spin group B is simply the problem of
finding normal subgroups of a finite group, so we do not discuss it here.

2.3 Isomorphisms θ : G/NG

∼=−→ B/NB

This is left for later.

3 Coupling terms to spin

Let us express a magnetic structure in real space by a three-dimensional vector field

M(r) = (Mx(r),My(r),Mz(r))
⊤, r ∈ R3. (3.1)

Consider the situation where this vector field satisfies the symmetry

M(gr) = OgM(r), Og ∈ O(3), g ∈ G, (3.2)
OgOh = Ogh, g, h ∈ G. (3.3)

Let Rn̂,θ denote the SO(3) matrix for a rotation by angle θ about the direction n̂, and let

I = diag(−1,−1,−1)

be the inversion matrix. Writing the three Pauli matrices as the vector

σ = (σx, σy, σz)
⊤, (3.4)
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we note that

e−iθσz/2σeiθσz/2 = (σxe
iθσz , σye

iθσz , σz)
⊤ (3.5)

= (σx cos θ + σy sin θ, σy cos θ − σx sin θ, σz)
⊤ (3.6)

=

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

σ = R⊤
ẑ,θσ (3.7)

and

σyσ
∗σy = −σ = Iσ. (3.8)

Write an orthogonal matrix Og ∈ O(3) as

Og = Rn̂g,θgI
1−detOg

2 . (3.9)

Then

O⊤
g σ = I

1−detOg
2 R⊤

n̂g,θgσ = I
1−detOg

2 e−iθgn̂g·σ/2σeiθgn̂g·σ/2 (3.10)

=

{
e−iθgn̂g·σ/2σeiθgn̂g·σ/2 (detOg = 1)

e−iθgn̂g·σ/2σyσ
∗σye

iθgn̂g·σ/2 (detOg = −1)
(3.11)

follows. Therefore the symmetry of the coupling term to the spin operator can be written as

M(gr)⊤σ = ûg(M(r)⊤σ)û−1
g , ûg = e−iθgn̂gσ/2(σyK)

1−detOg
2 , g ∈ G, (3.12)

where K denotes complex conjugation.

The factor system obeyed by ûg is

ûgûh = e−iθgn̂gσ/2(σyK)
1−detOg

2 e−iθhn̂hσ/2(σyK)
1−detOh

2 (3.13)

= e−iθgn̂gσ/2e−iθhn̂hσ/2(σyK)
1−detOg

2 (σyK)
1−detOh

2 (3.14)

= zspg,h(−1)
1−detOg

2

1−detOh
2 × ûgh. (3.15)

Here we have set

zspg,h =

{
1 (e−iθgn̂gσ/2e−iθhn̂hσ/2 = e−iθghn̂ghσ/2),

−1 (e−iθgn̂gσ/2e−iθhn̂hσ/2 = −e−iθghn̂ghσ/2).
(3.16)

Thus, in a numerical computation, it is enough to set

Rg =

{
Og (detOg = 1),

OgI (detOg = −1),
(3.17)

choose one lift

Rg 7→ R̃g ∈ Spin(3), g ∈ G, (3.18)

and then compute

zspg,h = R̃gR̃hR̃
†
gh. (3.19)
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A Goursat’s lemma

For Goursat’s lemma, Ref. [2] is a useful reference. We write the identity element of a group as e. In
general, for a group homomorphism f : A → B and a subgroup S ⊂ B, note that

f−1(S) = {a ∈ A|f(a) ∈ S}

is a group. Indeed, if a, a′ ∈ f−1(S), then aa′ ∈ f−1(S) because f(aa′) = f(a)f(a′) ∈ S.

Lemma A.1 (Goursat). Let A,B be groups. There is a one-to-one correspondence between subgroups
C ⊂ A × B and quintuples Q = (Ā,NA, B̄, NB , θ). Here NA ◁ Ā ⊂ A, NB ◁ B̄ ⊂ B, and θ is an
isomorphism

θ : Ā/NA

∼=−→ B̄/NB .

Proof following Ref. [2]. Let C be a subgroup C ⊂ A×B. Define

Ā = {a ∈ A|(a, b) ∈ C}, NA = {a ∈ A|(a, e) ∈ C}, (A.1)
B̄ = {b ∈ B|(a, b) ∈ C}, NB = {b ∈ B|(e, b) ∈ C}. (A.2)

Since C is a group, Ā and B̄ are also groups. For any a′ ∈ NA and a ∈ Ā, there exists b ∈ B such that

(a, b)(a′, e)(a, b)−1 = (aa′a−1, e), (A.3)

and hence aNAa
−1 = NA. Thus NA ◁ Ā. Similarly, NB ◁ B̄. Define θ by

θ(aNA) := bNB , where (a, b) ∈ C. (A.4)

The right-hand side is well-defined as follows. If (a, b), (a, b′) ∈ C, then (a, b)−1(a, b′) = (1, b−1b′) ∈ C,
so b−1b′ ∈ NB , equivalently b ∈ b′NB . Similarly, if (a, b), (a′, b) ∈ C, then a ∈ a′NA, so the left-hand side
is also well-defined. The homomorphism property follows from the fact that if (a, b), (a′, b′) ∈ C, then
(a, b)(a′, b′) = (aa′, bb′) ∈ C. If θ(a) = NB , then (a, b) ∈ C and (e, b) ∈ C. Then (a, e) = (a, b)(e, b)−1 ∈
C, so a ∈ NA; hence θ is injective. For any b ∈ B̄, there exists a such that (a, b) ∈ C, so θ is surjective.
This constructs the quintuple f(C) := (Ā,NA, B̄, NB , θ).

Conversely, given a quintuple Q = (Ā,NA, B̄, NB , θ), define the subset

Gθ := {(aNA, θ(aNA))|aNA ∈ Ā/NA} ⊂ Ā/NA × B̄/NB . (A.5)

By the homomorphism property of θ, Gθ is a group. Taking the inverse image under the natural surjection

p : Ā× B̄ → Ā/NA × B̄/NB , (A.6)

we obtain the subgroup

g(Q) := p−1(Gθ) ⊂ Ā× B̄ ⊂ A×B. (A.7)

Finally, we show that these two correspondences are inverse to each other.

First, we show g ◦ f = id. Let C ⊂ A × B be a subgroup, and let f(C) = (Ā,NA, B̄, NB , θ) be as
above. Then

g(f(C)) = { (a, b) ∈ A×B | (aNA, bNB) ∈ Gθ }. (A.8)

By the definition of Gθ,

(aNA, bNB) ∈ Gθ ⇐⇒ (a, b) ∈ C, (A.9)
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and therefore g(f(C)) = C.

Next, we show f ◦g = id. Given Q = (Ā,NA, B̄, NB , θ), set C ′ := g(Q) = p−1(Gθ) ⊂ Ā×B̄. Construct
f(C ′) = (Ā′, N ′

A, B̄
′, N ′

B , θ
′) from C ′. First,

Ā′ = { a ∈ A | (a, b) ∈ C ′ } = { a ∈ A | a ∈ Ā } = Ā, (A.10)

B̄′ = { b ∈ B | (a, b) ∈ C ′ } = { b ∈ B | bNB ∈ θ(Ā/NA) = B̄/NB } = { b ∈ B | b ∈ B̄ } = B̄, (A.11)

N ′
A = { a ∈ A | (a, e) ∈ C ′ } = { a ∈ A | θ(aNA) = NB } = { a ∈ A | a ∈ NA } = NA, (A.12)

N ′
B = { b ∈ B | (e, b) ∈ C ′ } = { b ∈ B | bNB = θ(NA) = NB } = { b ∈ B | b ∈ NB } = NB . (A.13)

It remains to show θ′ = θ. By definition,

θ′(aNA) = bNB , where (a, b) ∈ C ′, (A.14)

but (a, b) ∈ C ′ is equivalent to a ∈ Ā and bNB = θ(aNA). Thus θ′ = θ.

B Exact sequence for a quotient group

Proposition B.1. Given an exact sequence of groups

1 → A
i−→ G

π−→ Q → 1 (B.1)

and a normal subgroup N ◁G, there is an exact sequence

1 → A/(A ∩N)
ι−→ G/N

π̄−→ Q/π(N) → 1. (B.2)

Here

ι(a(A ∩N)) = i(a)N, (B.3)
π̄(gN) := π(g)π(N). (B.4)

Note the third isomorphism theorem AN/N ∼= A/(A ∩N).

Proof. The subgroup A ∩N is normal in A, since if n ∈ A ∩N , then ana−1 ∈ N and ana−1 ∈ A. The
map ι is well-defined because if a(A ∩N) = a′(A ∩N), then a−1a′ ∈ A ∩N . The injectivity of ι follows
from the fact that if a ∈ A and i(a)N = N , then i(a) ∈ N , so a ∈ A ∩N .

The subgroup π(N) is normal in Q: for q ∈ Q, write q = π(g); then

qπ(n)q−1 = π(gng−1) ∈ π(N).

The map π̄ is well-defined because if gN = g′N , then g−1g′ ∈ N , and hence

π(g′)π(N) = π(g)π(g−1g′)π(N) = π(g)π(N).

It is a homomorphism, and it is surjective because π is surjective.

The inclusion im ι ⊂ ker π̄ follows from

π̄(i(a)N) = π(i(a))π(N) = π(N).
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Conversely, suppose gN ∈ ker π̄. Then π(g)π(N) = π(N), so π(g) ∈ π(N). Thus there is n ∈ N such
that π(g) = π(n). Hence π(gn−1) = e, so gn−1 ∈ kerπ = im i. Therefore g ∈ i(a)N for some a ∈ A, and
gN lies in im ι.

Let A be an abelian group. We construct the group structure of G/N from the information of sections

s : Q → G, s1 = 1, (B.5)
u : π(N) → N, u1 = 1. (B.6)

Let the 2-cocycle determined by the section s be

ωp,q := spsqs
−1
pq ∈ A, ω ∈ Z2(Q,A). (B.7)

Choose representatives

r : Q/π(N) → Q, r1 = 1, (B.8)

and define

tx,y := rxryr
−1
xy ∈ π(N). (B.9)

Then define

σ : Q/π(N) → G/N, σx := srxN. (B.10)

The corresponding 2-cocycle is obtained from

σxσy = srxNsryN = srxsryN = ωrx,rysrxryN = ωrx,rystx,yrxyN (B.11)
= ωrx,ryωtx,y,rxystx,ysrxyN = ωrx,ryωtx,y,rxystx,yNσxy (B.12)

= ωrx,ryωtx,y,rxy
stx,y

u−1
tx,y

Nσxy. (B.13)

Here we used

π(sxu
−1
x ) = π(sx)π(u

−1
x ) = xx−1 = e, (B.14)

so sxu
−1
x ∈ kerπ = A. Thus the 2-cocycle

ω̄x,y = ωrx,ryωtx,y,rxystx,yu
−1
tx,y

N ∈ AN/N (B.15)

is determined.

The independence of the cohomology class from the choices of representatives r and sections s, u is
left for later.
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