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Abstract
I follow the proof of Wall’s structure theorem (Theorem 1 in [1]).

1 Preliminaries

For an algebra A, a subspace [ is called a left (right) ideal if al C I (Ia C I) for every a € A. If it is both
a left ideal and a right ideal, it is called a two-sided ideal. An algebra A is simple if A has no nontrivial
ideal, that is, no ideal other than A or 0. Let A be a simple algebra.

(Aii) The center Z(A) = {z € A| za = az for all a € A} of A is a field.

(proof.) We show the existence of inverses. For z € Z(A), zA is a two-sided ideal of A. On the other
hand, since A is simple, zA = A. In particular, there exists a € A such that za = 1.

An algebra A is central if its center Z(A) consists of k-multiples of 1, namely Z(A) = k. Let A be a
central simple algebra.

(Bv) For a simple subalgebra B of A, its centralizer C = {a € A | ab = ba for all b € B} is simple.
Moreover, the centralizer of C'is B, and A = B ®;, C.

2 Some properties of graded algebras

Let A be an algebra over a field k. We say that A is graded if A = Ag® A, (direct sum) and A;A4; C A;y;
are satisfied.! For a; € A;, we have a; = 1-a; = a; - 1, and therefore A; C AgA; and A; C A;Ag also
hold. Thus note that AgA; = A;Ag = A;. The only possible failure of equality is A? # Ay. A subspace
B of A is graded if B is the direct sum of BN A4;.2

If I is an ideal of Ay, then Agl C I and [Ay C I. On the other hand, since 1 € Aj, we also have
I C Aol and I C T Apy. Thus note that Agl =TAg=1.

e The center Z(A) is a graded subspace of A.

IRecalling the definition of a direct sum, this means that A = AgUA; and AgNA; = (. In other words, the decomposition
into two vector spaces is unique.

2Since B is a subspace of the graded algebra A, the uniqueness of the decomposition follows from A = Ay @ A;. The
meaningful condition is that “B is the direct sum of BN A;.” Consider an example in a graded vector space. Let V = C&C.
An example of a vector subspace of V' that is not a graded vector subspace is W = C(1,1). Indeed, W N C(1,0) = C(1,0)
and W NC(0,1), but W # (WnNC(1,0)) & (WNC(0,1)) = V.



(proof.) If z,2" € Z(A), then for a € A we have a(z + 2') = az + a2’ = za + z’a = (2 + 2’)a. Therefore
z+ 2 € Z(A), so Z(A) is a subspace. To show that it is graded, it is enough to show Z(A) = (Z(4) N
Ap) ® (Z(A) N Ay). That is, when z = 2o + 21, z; € A, is the unique decomposition, it is enough to
show that z; € Z(A). Let x € Ag or x € Ay. Since z = 29 + 21 € Z(A), (20 + z1) = (20 + z1)z. Thus
(20 — z02) + (x21 — z12) = 0. The first and second terms have different degrees, so both zg and z; are
elements of the center Z(A). //

e A graded algebra A is central if Z(A) N Ay consists of k-multiples of 1.3

o A graded algebra A is simple if A has no graded two-sided ideal other than 0 and A, that is, no
proper graded two-sided ideal.

Here a graded two-sided ideal means a two-sided ideal I of A that is also a graded subspace.

As an example, consider the case A = Coy @ Co. First, forget the grading and find the ideals.* The
condition for being a left ideal is as follows. Writing I = C(>_,_ ; 5 3 i03), the condition AI C I gives,
for acy + bog € A,

(aoo + bos)(xoog + 2101 + T209 + x303) = (axg + bxs)og + (axy — ibxg)or + (axs + ibxq)os + (axs + bxg)os.

Hence, for arbitrary a,b € C, we must have axi; — ibxo = axs + ibx; = 0. Also, under this condition,
(axo+bxz)rs = (axz+bwg)wo, that is, the condition is 2% = 22. Thus the left ideals are I = C(o¢ £ 03).
Since I, are also right ideals, in the end these I, are the only two-sided ideals. On the other hand,
I NCoy = Cog and I NCosz = Cogs, so I+ are not graded two-sided ideals. Therefore A is simple as a
graded algebra. The center of A is A itself, so A is not central when the grading is forgotten. However,
since AN Ag = Ay = C1, A is central as a graded algebra.

In the following, let A be a graded simple algebra. Also, when we simply write “ideal,” it will mean a
two-sided ideal.

Lemma 2.1. A2 = Ag. Moreover, if I is a proper ideal of Ao, then I+ A TA; = Ag and A{T+TA; = A;.

(proof.) By definition, A? C Ag. The equality A? = Ay means that every element zg € Ag can be written
as vg = r12) with 21, 2] € A;. Suppose A2 # Aj. Then A? + A, is a graded subspace,” and A? +A; # A.
We show that A? + A; is a two-sided ideal. This follows from
Apg(A1A1 + Ay) C A1 A + Ay, A1(A1 A1 + Ay) C ApAr + A1 A C A+ A1 Ay
The right ideal condition is analogous.
We prove the second half. We have Agl C I and IAg C I. Then
Ao(I+ AjTA + Ay T+ TA)) C T+ AjTA + Ay T+ 1A
and
Ar(T+ AyTA + AT+ TA) C A T+ Aol Ay + Aol + A TAy C Ay +TA + 1T+ A TA;.
The right action is similar. Therefore I + A11A; + A1l + [ A, is a two-sided ideal. Moreover,
I+ A TA + AT+ TA =T+ A TA) @ (ALl +14,)

is a graded subgroup, so I + A1TA; + A1I 4+ I A, is a graded two-sided ideal. By the graded simplicity
assumption, I + A1TAy + A1 I + T Ay = A. This gives the claim. //

3Note that k € Ag.
41f I is a graded left (right) ideal, then I is an ungraded left (right) ideal, so first find the ungraded left (right) ideals.
5The sum of vector spaces V + W is defined by V+ W ={v+w |v €V, w € W}



Lemma 2.2. If J is a proper ungraded ideal of A, then the projections m; : J — A; are isomorphisms.

(proof.) By assumption, AJ C J and JA C J, and J is neither 0 nor A itself.® First note the difference
between J N Ay and m(J). The former is an intersection of sets. The latter is defined as follows: for
a € J C A, decompose a = ag + a1, a; € 4;, and set m;(a) = a;.

J N Ag is an ideal of Ag. Indeed, for xg € J N Ay and ag € Ag, since ag, g € Ag, we have agxy € Ap.
Also, since xg € J, the assumption gives agzg € J. Thus agxg € J N Ay. The right action is similar.

mo(J) is an ideal of Ag. First, for ag € Ag and x = xg+x1 € J, note that mo(apx) = mo(aozo+aor1) =
agzy = agmo(z). Thus, for ag € Ay, agmo(z) = mo(apz) € mo(J), and hence Agmo(J) C mo(J). The right
action is similar.

If JN Ag = mo(J), then J is a graded subspace. Let us show this. Since mo(J) @ m1(J) is a graded
subspace of A, it is enough to show J N Ay = m(J). For ;1 € JN Ay, we have 1 = mi(x1), so
JNA; C mi(J) holds independently of the assumption J N Ay = mo(J). Conversely, if z1 € m1(J), then
there exists x € J with @ = xg 4+ 21, 29 € Ag. But 29 = mo(z) € JN Ag C J. Therefore 1 =z — 29 € J,
so 1 € JN Ay. Thus m(J) € JN Ay. Hence, if JN Ay = mo(J), then J becomes a nontrivial graded
two-sided ideal, contradicting the simplicity of A. Therefore J N Ay = mo(J) is impossible.

Note that A1 JA; C J and A1AOA1 C Ao. It follows that Al(Jon)Al - JﬂAO AISO, A17T0(J)A1 =)
a1mo(x)a; = mo(aizay). Since A1 JA; C J, we have mo(ajzay) € m(J), and therefore Ajmo(J)A; C
mo(J). Thus both I = JNAg and T = mo(J) satisfy A11A; C I. Therefore I+ A;TA; = I. By the second
half of Lemma 2.1, if I is a proper ideal of Ay, then I + A1TA; = Ay. Hence neither J N Ay nor mo(J)
can be a proper ideal of Ay. Thus each is either 0 or Ag. Since JN Ay = Ag and m(J) = 0 is impossible,
and since J N Ag # mo(J), we get J N Ay = 0 and mo(J) = Ag. Thus g : J — A is surjective. Also,
since Kerm; ={z € J |x =29 € Ag} = J N Ap, m is injective.

We show J N Ay = 0. Since J is an ideal of A, Ag(J N A1) C JN A;. But noting 1- Ag, we also have
JNA; C Ag(J N Ay). Therefore

JNA = Ao(JﬂAl) = A%(JﬂAl) C Al(JﬂAo) =0.
Thus 7 is injective.

We show 71(J) = A;. It suffices to show A; C m1(J). Since mo(J) = Ag, there exists € J such that
mo(x) = 1. Then for a; € Ay,

a1 =1-a1 = 7T0(33)a1 = 7T1((L‘a1) S 7T1(J).
Thus 71 is surjective. //

Lemma 2.3. FEither A is simple as an ungraded algebra, or Aqg is simple and A1 = Agu for some
u € Z(A)N Ay satisfying u® = 1.

(proof.) In the following, assume that A is not simple as an ungraded algebra.

There exists a proper ideal J of A, and Lemma 2.2 applies. The maps 7; : J — A; are isomorphisms.
Set u = mmy (1 € Ag) € Ay.7 Since 7y ' (1), 7y *(u) € J, by linearity of J it contains the element 1 + u.

6Note that J is not a graded ideal. A decomposition such as J = Jo @ J1 cannot be performed.
"In the case A = Coy @ Co3s, for example,
1 0
J=C (0 0) ,

T, M1 : (g 8) — 2x00, 2103,

and the isomorphisms are given by

respectively. In this case, u = o3.



By Lemma 2.2, J = Ag, A1, and an element = € J is determined by either component z; € A; in its
decomposition x = xg + x1.

Since AJ C J, we have u(1 +u) = u?> + u € J, and hence u? = 1.

Let a € A be arbitrary, and write a = ag + a1, a; € A;. For ag € Ag, ap(l +u) = ag + apu € J and
(1+u)ap = ap+uag € J, souag = agu. Foray € Ay, a1(14u) = aqu+a; € J and (1+u)a; = uar+a; € J,
so ua; = aju. Thus au = ua, so u is central. Therefore u € Z(A) N A;.

We show A; = Agu. The inclusion Agu C A; is obvious. The other inclusion follows from A; =
A1 1= A1u2 = (Alu)u C Aou.

Finally, we show that Ag is simple. Let I be an ideal of Ay. Using Agl = Ay = I, we get
A11A1 = AQUIAQU = AouIU = AQIU2 =1.
Therefore I + AjTA; = I. By Lemma 2.1, T is not a proper ideal of Ag. //

In the following, let A be a graded central simple algebra.

Lemma 2.4. Ezactly one of A and Aq is an ungraded central simple algebra.

(proof.) Suppose A is central, so Z(A) = k. By Lemma 2.3, if A were not simple, there would exist
u € Z(A)N Ay, a contradiction. Thus if A is central, then A is simple.

Suppose A is not central, namely Z(A) # k.

Since A is graded central, Z(A) N Ay = k. Therefore there exists a nonzero subspace V. = Z(A) N A;.
We have V2 C Z(A) N Ag = k. If there existed v € V C Z(A) with v? = 0, then Z(A) would not be a
field. By (Aii), A would not be simple, and hence by Lemma 2.3, Ag would be simple.

The remaining case is that for every u € V, u? = a # 0 € k. In this case, A, = Aja = Aju? C Agu
and Agu C A1, so Ay = Agu. We show that Ag is central. Since A; = Agu, an arbitrary element a € A is
decomposed as a = ag + aju, with ag, aj € Ag. Since w is central in A, any element z € Z(Ay) commutes
with every element of A, and hence z € k. Therefore Z(Ay) = k. We show that Ay is simple. If I is a
nontrivial ideal of Ay, then I+ I is a nontrivial graded ideal of A, contradicting that A is graded simple.
Therefore Ay is simple.

Finally, assume for contradiction that both A and Ay are central simple. Let
B={a€ A|aay = apa for all ag € Ap}

be the centralizer of Ag.
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