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Abstract

We follow the proof of the area law for the entanglement entropy of gapped one-dimensional
frustration-free systems.

1 Introduction

In a one-dimensional quantum many-body system whose local Hilbert space has finite dimension, if the
system is gapped, namely if there is a finite energy gap between the ground state and the first excited
state, then the von Neumann entanglement entropy obeys an area law: it is bounded from above by a
constant independent of the system size. Let d be the dimension of the local Hilbert space and € the
spectral gap. The currently known results are as follows!.

e A proof using the Lieb-Robinson bound [1]*:

S < exp [O(IOgd)] . (1.1)

€

e A proof using the approximate ground-space projection (AGSP) [6]:

Sg(xkggd) (1.2)

€

e For frustration-free systems, the AGSP result of [6] gives

SSOOMMP) (1.3)

€

Here I take “frustration free” to include the assumption that the local Hamiltonian is k-local. The
bound for frustration-free systems is obtained by combining the detectability lemma [2, 3] and the diluting
lemma [3, 5], whose proofs are followed in detail in this note. The detectability lemma states that in a
frustration-free system there exists an operator A, built as a product of local projections, which brings
any state closer to the ground space. The diluting lemma guarantees that A can be redefined so that
the increase of the Schmidt rank is suppressed. For general frustrated systems, the AGSP is constructed
from the local Hamiltonian. Looking at later developments, AGSPs seem to be useful computational
tools with many applications. With the goal of understanding AGSPs, this note follows the proofs of the
detectability lemma and the diluting lemma in frustration-free systems. The area law proved in [5] is

S<0 ((bgd)3log8(logd)) . (1.4)

€ €

1Check whether ground-state degeneracy is allowed in each result.
2T tried to follow the formulas in Hastings’s original paper [1], but gave up. Reference [8] gives a detailed account
including the infinite-volume setting.



As for the frustration-free condition, in general spatial dimension there is in fact a statement that,
once a Hamiltonian is gapped, it can always be deformed into something frustration-free-like.

Proposition D.1 in [7]. Let H = Zj H; be a gapped local Hamiltonian. Here locality means that
[|[H;, O;]|| decays faster than any power. Let the energy eigenvalue of the ground state |¥) be zero.
Let A > 0 be the gap. Then one can express |U) as a zero-energy eigenstate of some local term,
H;|T) =0.

See App. B for an explanation. One caveat is that even if H; is k-local, H ; has tails. The question
is how much the results change between the strictly k-local case and the case with tails. Nevertheless,
for gapped systems it is natural to expect that many properties of the ground state can be learned from
frustration-free systems.

Below, the base of log is 2.

2 Detectability lemma [3]

Following [3], I record the proof of the detectability lemma. The detectability lemma first appeared in [2].
Reference [4] apparently gives a simpler proof, but I have not checked it.

2.1 Setup

Consider the Hilbert space H = (C¢)®™ on a one-dimensional lattice. Here n is the number of sites. The
local term H; of the Hamiltonian H = ), H; is assumed to have support only on two neighboring sites.
For any finite-range interaction this assumption can be arranged. The lowest eigenvalue of H; is 0, and
the lowest eigenspace of H; is assumed to be nondegenerate. We have H > 0, since for any state |¢),

WIH|Y)=> (| H;|), (2.1)

(2

and each term satisfies (¢ | H;|v) > 0. The ground state need not be unique, but if there
is degeneracy the energy eigenvalue is assumed to be exactly degenerate. Let Hy be the
ground-state subspace and H' its orthogonal complement. Let € > 0 be the spectral gap of H, that is,
assume

) € HY = (Y| H ) > > 0. (2:2)
The Hamiltonian is assumed to be frustration free:
Q) € Ho = Vi, H; |Q) = 0. (2.3)

Define the orthogonal projection obtained by “flattening” the local Hamiltonian H;: the lowest eigenvalue
of H; is kept at 0, and all other eigenvalues are changed to 1. Concretely, if H; = > o), EY [n(@) (n®|,
set '

Qi= Y )], (2.4)

B{Y>0
This deformation preserves the frustration-free condition:
Q) € Ho < Yi,Q; 1) = 0. (2.5)
Introduce P; = 1 — Q; = [0)) (0()|. Then
Q) € Ho = Vi, P |Q) = Q). (2.6)



Now define the operator obtained by multiplying projections onto the local ground spaces,

A= HevenHodd7 (27)
Heven:P2P4P6"'7 (28
Iogqa = PIP3Ps5--- . (2.9)

Neighboring projections such as Po;_1, Po; and Ps;, P11 do not commute, while all other pairs commute.
Also,

Q) € Ho = A|Q) = AT|Q) = |Q). (2.10)
Moreover,
) € HE = AY) e HE. (2.11)

Indeed, (| A|¢) = (2]¢) = 0, so A[¢) has no ground-state component. Thus, with respect to the
decomposition Ho @ H*, A has the form

A= (1 A|w> . (2.12)

Since A preserves the ground state and reduces excited-state components, one expects A’ for sufficiently
large [ to be close to the projection onto the ground space. Let

Hq = ZQi (2.13)

be the flattened Hamiltonian. Assume that this deformation leaves the ground space unchanged and
keeps the spectral gap finite®. Let eg be the spectral gap of Hg. The detectability lemma says:

Theorem 2.1 (Detectability lemma [3]). Consider a one-dimensional, frustration-free, 2-local,

gapped system. Let eq > 0 be the spectral gap of the Hamiltonian H = ). Q; made of projection
operators. Then

1

Al < ————.
e | < s

(2.14)

Thus the action of A on H*' is strictly smaller than one when the spectral gap is finite.
Proof. Take a normalized state |¢) € HL, and set |¢) := A |¢)). Since |¢) € H*,
(9] Hg | ) > eqllol*. (2.15)

We estimate (¢ | Hg | ¢) from above. First note that Q;codalloaa = 0, so odd ¢ do not contribute. Rewrite
A as

A= (PP3P,) (PsP:Pg) -+ (PyPs-+-) = AjAy--- A R. (2.16)
A A R

Here m ~ n/4, and Rf = R. We estimate (¢ | Qa2 | #):

(#]Qui—2|9) = ||(1 — Pyi_o) Ap|?
= [|(1 = Pyi—2)A1Ag - - RY||?
=[|Ar -+ Ai1(1 = Py—2)A; - Ry|[?
<|I(1 = Pai—2)Ai - RY[[%.

3This is not shown here.



We used ||Av|| < [|A]][|v]|*. Put

v = AiAisr - R0), vmer = R|6). (2.21)
Note that
ol = |Avigr]] < HAH] viga|] < [|visgall- (2.22)
Then
(&1 Quimz | 6) < ||(1 = Pai—2)Asvipa||* = ||(1 = Pai—)Pai—3Pyi—1 Pai_ovit ||, (2.23)

with V; = Aivi+1~ USng Eq (Al) with X = P4i_3P4i_1, Y = P41'_2, and v = ’l)i+1/||’l)i+1||, we get

vi||? vi||? vi| |2
(1 = Py ) Ajwiga||* < <1 - |1L'+1||2> ||L[i+|1|||2||vi+l||2 <1- ||11,»+|1|2' (2.24)
Here we used [[o;1] < [[om1]| = [[R]9) || < [|R]l = 1. Set
= Py e = (R (2.25)
Tl P amn | |
a1+ i = [o1]|? = I (2.26)
Then
(9] Qui2|d) <1—as. (2.27)
Therefore
@1 Quiald) = Y (1—ai), ar-amir =10 (2.28)
i i=2,6,--
The maximum under this constraint is obtained at a; = ||#||?/™+1)5. Hence

(@13 Qui-ald) < m(1—l6]|). (2.29)

We want an estimate independent of m. Expanding around ||¢||? = 1 + dz gives

11 1

1— (14 62)"/™) ~ =62 + = —(1 — —)da?. 2.30
m(l = (1 00)"™) S (1 o (2.30)
Since 1/m(1 —1/m) = % — (3 — L), it is enough to bound the function from above by one of the form
1

—0x +coz®, > 3 (2.31)

One can show

1—
m(l —zw) < \/;, z € [0,1] (2.32)
6. Thus

1 llelP, (2.33)

<¢|§ijc24i,2|¢>> <~

4This follows from ||A|| := max, 0 ||Av||/||v]| > [|Av||/]|v]|.
5Since the expression is symmetric, it is natural that the extremum occurs at constant a;.

2 1m_, 2
6Let fm(x) = my/z(l —2'/™) — (1 — z). Then f (z) = % <0 for z € [0,1] and m > 2. Thus f},(z) is

decreasing; together with f},(1) = 0 this gives f;,(z) > 0 on [0, 1]. Hence fy, is increasing, and fm(z) < fm (1) = 0.



Similarly, for Q4;, for example by rewriting A = P, Py (PyPs---)(P3P5 - -+ ), one obtains

_ 2
WS Quley < 1120 (2.34)
i |4l
7.
Combining these estimates,
2
cqllolF < (9itiqle) < 2 L. (2.35)
Therefore
eqllol]® <2(1—lol]*) < 2(1—o]]*), (2.36)
and hence
1
ol < AT a2 (2.37)
O

3 Diluting lemma [5]

Consider a one-dimensional lattice Hamiltonian whose local term H; is supported on sites i,¢7 + 1, and
assume that it is frustration free. Let d be the dimension of the local Hilbert space. For simplicity,
assume that the Hamiltonian is a sum of projection operators:

H=Y Q;=>» (1-P), PQ)=1Q). (3.1)
The Hamiltonian is assumed to be gapped, with finite spectral gap A > 0. We do not impose uniqueness

of the ground state. Let Ho be the ground-state subspace, P the orthogonal projection onto Hg, and H+
the excited-state subspace. Define

Meven = H Pia IMoga = H Pi; (32)

iCeven icodd
A = eyenIloda- (3.3)
The operator A preserves the direct-sum decomposition Ho @ H*, namely
A=PAP+(1-P)A(1-P), (3.4)
and by the detectability lemma
A2 ]]? < A = (14 €/2)72/3, (3.5)

Fix the Schmidt cut between sites 2i and 2i + 1. Write SR(¢) for the Schmidt rank of a state |¢).
We use the following properties of the Schmidt rank.

Fact.

o SR(¢p+ 1) < SR(¢p) + SR().
e If an operator O has support on both sides of the cut and is k-local, then SR(O¢) < d*SR(4).
e If the Schmidt ranks at cuts (¢, + 1) and (4,5 + 1) are r; and r;, then

d_‘i_j‘rj <r; < d‘i_j‘rj. (3.6)

"For a finite chain, one should carefully check what happens at the right boundary.



The third property follows because the degrees of freedom between ¢ and j are added to the Schmidt
legs. Since the local operators considered here are 2-local, we abbreviate the Schmidt-rank growth factor
of a local operator as

Dy = d2. (3.7)

We define an approximate ground-space projection (AGSP).

Definition 3.1 (AGSP, Definition IIL.1 in [5]). For a cut ¢*,i* + 1, an operator K is a (D, A)-AGSP
if it satisfies:

(a) Tt preserves the ground state: K |Q) = |Q) for |Q) € H.
(b) Shrinking: ||K|y.|]? <A < 1.

(c¢) Entangling: SR(K |¢)) = D - SR(¢).

Starting from a state |¢) with nonzero overlap with the ground state |Q2), the AGSP K gives the
ground-state approximation

K|9) /1K ) |- (3.8)

There is a tradeoff between how much the nonground-state component is removed, measured by A, and
how much the Schmidt rank grows, measured by D.

The main result of [5] is:

Theorem 3.2 (Diluting lemma, Lemma II1.5 in [5]). In a one-dimensional frustration-free gapped

system, let € > 0 be the spectral gap, d the local Hilbert-space dimension, and X = logd/e. There
exists a (D, A)-AGSP satisfying

e DA < 1/2.

e logD < O(1)X3log® X.

Reference [5] proves Theorem 3.2 by explicitly constructing an operator A with the following proper-
ties.

Lemma 3.3 ([5]). Write X = 2%, There exists an operator A satisfying:

(a) For |Q) € Ho, A|Q) = |Q).

(b) For i) € HE, Ap) € HE and [|[A]¢)[|? < A.

(¢) For any state |¢) and any 1 > 0, SR(A!|¢)) < D;D'SR(¢).
(d) The following estimates hold® :

DA <1/2, (3.9)
log D < log(A™1) < O(1)log? X, (3.10)
log Dr < O(1)X31og® X. (3.11)




Indeed, if such a A exists, then K = Al is a (D; D', A')-AGSP. Choose I so that

D;D'At = D (DAY < 1/2, (3.12)
that is,
log Dy —1/2
log D1 — 1/2 (3.13)
log[(DA)~1]
Since
logD;y—1/2 logD
ogDr —1/2 _loeDr 0 p (3.14)
log[(DA)~1] — log2
we take
Then
log(D; D) < O(1)X3log® X + O(1)lplog* X (3.16)
= 0(1)X?1og® X 4+ O(1)log Dy log® X (3.17)
<O0(1)X?1log® X + 0(1) X3 1og® X (3.18)
= 0(1)X?log® X, (3.19)
which proves the theorem.
3.1 Proof of Lemma 3.3
For simplicity, write the set of m even sites centered at the cut as I,,, = {1, ..., m}, and write the product

of projections on this set as
I, = [[ P (3.20)

Let I,es¢ be the product of even-site projections outside I,,,. Then

A =T, ext Todq. (3.21)

Applying A to an arbitrary state with nonzero overlap with the ground state brings the state closer
to the true ground state, but each application of an operator near the cut increases the Schmidt rank.
The goal is to introduce an approximation I1,, to II,, with a smaller number of effective applications,
so that the increase of the Schmidt rank is suppressed while the convergence to the ground state is not
much slower than that of II,,.

We approximate II,, by an operator obtained by applying a certain Hamiltonian several times. Let

m

> (1-r). (3.22)

i=1

N :

The eigenvalues of N are {0, 1,...,m}. The projections onto the sectors N = 0 and N > 0 are respectively

M, 1-—T,,. (3.23)



Fact. There exists a polynomial function C satisfying:

e Its degree is v/m, and we may assume m is a square.
e C(0)=1.

e Forz=1,2,...,m, |C(z)] <1/3.

See [5] for an explicit construction®. Define

I, == [C(N)]%, (3.24)
where ¢ will be chosen later. Thus IL, is a polynomial function of N of degree
j = qv/m. (3.25)

By construction, A preserves the decomposition Ho@H". Indeed, since N |y, = 0, we have C(N)|Q) =
|Q) for |Q) € Ho. For |n) € HL, the off-diagonal matrix element vanishes:

<n‘fl‘ﬂ>:0.

(3.26)
Hence A is block diagonal,

A= (1 Am)‘

(3.27)
Norm estimate. We estimate ||A|,.||. For any excited state |Q1) € HL,
A" = My TestToaa [2F) (3.28)
= [T et Moaa [27) + I (1 = T ) et Hoaa [27) (3.29)
=: Ly, [1h0) + Ly [th1) -

(3.30)
Here |tg) and |11) belong to the N = 0 and N > 0 sectors, respectively. For the first term, I, [0) = |vo),
and therefore

1L [0} [1* = [ebo|[* = [JA Q) [|* < Aol|H]|%. (3.31)
For the second term, the definition of II,, bounds the norm by (1/9)2. Indeed, decomposing into
eigenspaces of N =1,...,m as

1) =Y ann), (3.32)
n=1

we have

m

ﬁm ‘¢1> = Z an[c(n)]q |’I’L> )
n=1

(3.33)

91t uses Chebyshev polynomials of the first kind. If the condition is replaced by |C(x)| < 1/3 for 1 < x < m, then,

surprisingly, according to [5], “this construction is optimal” in the sense that any polynomial satisfying the two properties

above must have degree at least v/m. Their Ref. 23 is R. Paturi, in Proceedings of the twenty-fourth annual ACM symposium
on Theory of computing, STOC ’'92 (ACM, New York, NY, USA, 1992), pp. 468-474.




SO

. “ 1., — 1
1T [0) 12 <D lan*|C () P n] > < ()" > lanlInl]? = <§>‘I|\w1||2. (3.34)
n=1 n=1
Furthermore,
[l91]] = [1(1 = T ) Mrest Ioaa [25) 1] < |4 (3.35)
Thus
A1) [P < ANQMP, A=Ay +(1/9)% (3.36)

Note that (1/9)9 is independent of m and d. The parameter m will be chosen from the tradeoft with
Schmidt-rank growth.

Schmidt-rank estimate. We estimate how much the Schmidt rank grows when A is applied [ times. For
notational simplicity, collect the operators that do not increase the Schmidt rank into

I = Mest Hoagq- (3.37)
Then
A=1L,IT". (3.38)
Since I, is a polynomial in N of degree 7,
J
O =Y N (3.39)
i=0

Therefore A = (IL,,II')! is a sum of terms of the form

J
O aNHT = > Ciy -y, NUII' - .- N2 NO T, (3.40)
=0 i1 8 €0, X

Only N can increase the Schmidt rank. Thus the term
(NITT)! (3.41)

causes the largest Schmidt-rank growth. Since there are (j + 1) terms in total, linearity of the Schmidt-
rank upper bound gives an upper bound by multiplying the Schmidt-rank growth of (N7II')! by

(G +1)" (3.42)

Let us first make a naive estimate. Only the projection @Q; = 1 — P;« crossing the cut can increase
the Schmidt rank. Since the terms of N = . @Q; commute and each @; is a projection, one can write

Ni = Ol + OQQi*, where Ol, 02 have no support on sites ¢*,7* + 1. Then

SR(N'I'[6)) = SR ((O1+ 0:Qi-) |6)) < (1 + d*)SR(®). (3.43)
Repeating [ times and including the factor (j + 1) yields
SR(A'|¢)) < (7 +1)'(1+ d*)'SR(9). (3.44)



Figure 1: It is enough to find the sparsest Q;.

This estimate is too large; it cannot be improved by tuning m and q.

A tighter estimate follows from Eq. (3.6): the Schmidt-rank growth may be estimated using any site
1 € I,,. For any i,k € I,,,

ri < dlFly < DIy (3.45)

Therefore an upper bound is obtained by choosing the smallest r;, and multiplying by at most the constant
factor Dy".

Thus, when

(NTT) =) " O, (3.46)

is written as a sum of operators O, supported on I,,, it suffices to estimate, for each Oa, the site i € I,
where the degree of the projection @; is the smallest. See Fig. 1. We recursively divide I,,, into two pieces
and estimate such a minimal 4.

First round. Separate N =) . 1,, Qi into the left and right halves of the cut:

m/2

N=Np+Np, Np=3) Qi Np= ) Qi (3.47)
=1 i:m/2+1

Then the expansion

J . J . J .
(NI = 3 (gl) NN Y (1@ NN (ZJ NI=m N (3.48)

n;=0 ngo=0 n1=0

has (j + 1)! terms. In each term, the degrees of Nz, and Ny are respectively jl — 22:1 n; and 22:1 n;.
The smaller of these two degrees is bounded by

l l . .

. . Looglgl
1= n Y i | <jl—5 =7 3.49
min (] 2 2 m) Sil=5=5 (3.49)

Thus (N/IT')! is a sum of (j + 1)! terms, each involving an operator made from either Ny or Ny with
degree at most j1/2. Without loss of generality we call the lower-degree one Ng.

10



Second round. Extract a term in Ng of degree at most j1/2, ignoring coefficients:

l .
Np' () -+ Ng*(+)Ng' (+), Zn < (3.50)

where (x) denotes a product of operators other than Ng. Split

Ngr = Ngr + Ngr. (3.51)
Ignoring coefficients, the expansion gives
ny na ny
> NRE NG D0 N NGECD Y N Na(e), (3:52)
m;=0 mo=0 m1=0

The smaller degree among Ny and Ngipg is bounded by
min <i(mml) im) < lin < J (3.53)
tmik \i5 ’i:1 Z T2 T '

The number of terms is

Uz

l l
[13 =I[o+n (3.54)

Under the condition ), n; < j1/2, this is maximized when n; = j/2, and hence

! l
[T+ <JG/2+1) =G/2+1)" (3.55)
i=1 i=1
Therefore we obtain at most (j/2 + 1)! terms, each involving either Np; or Ngpr with degree at most
jl/4.

Repeating this for log j rounds, one arrives at operators supported on an interval I, 91085 = Ip, /(=
I /im/q), with degree at most

Jt gt _
Siogi — 7 l (3.56)
and with the number of terms bounded by
1
G+D@GE/2+1)---(14+1)] . (3.57)
log j

Now estimate the remaining log(m/j) rounds. We split a term of the form
N™(x) - N™(x), Y mi <. (3.58)

Writing N = Ny 4+ Ng, the number of terms H2=1(ni + 1) is maximized when all n; are equal, namely
n; = 1:

l

[[(ri+1) <2 (3.59)

i=1

11



The degree is bounded by /2. In the next round, the number of terms is estimated under the condition
3 3 l
N™(x) - N™(x), > ni <1/2. (3.60)
i=1

This time the product is maximized by taking as many n; as possible equal to 1: for /2 values of i,
n; = 1, and the rest are 0. Thus

l
[T +1) <272 (3.61)

i=1
The degree is at most /4. Continuing similarly, the total number of terms after log(m/j) rounds is

2[2l/22l/4 e — 2[(1+1/2+1/4+~~-) S 22l — 4l. (362)
The final degree is bounded by

! I
w5 = m (3.63)

This produces a Schmidt-rank growth factor D(l)j /m,

Finally, multiplying by the constant factor from Eq. (3.45) and by Eq. (3.42), we get the Schmidt-rank
growth factor

SR(A'|g)) < DY [(G+1)(/2+ 1)+ (1+ 1)) 4' D™ (j + 1) SR(#). (3.64)
Using
AG+D2G/2+ )G/ A+ 1) (1+1) < 2053/223108%5 j > 2, (3.65)
10 we obtain
SR(A'|¢)) < D;D' SR(¢), (3.70)
D; =DJ', D =2053/?23l8"ipl/™ (3.71)

Coarse graining. The gap and the Schmidt-rank growth are related by

A-D = (Ag+ (1/9)7)2053/223 08" i pI/™ (3.72)
10
log j s ] 1
[TGr25 +1) =520F080) (——;2) : (3.66)
k=0 J log(23)
Here
(@ 0)n = (3;0)00 /(64" @)o0s  (a50)00 = [ [ (1 — ag¥) (3.67)
k=0

is the Pochhammer symbol. A Mathematica plot suggests

F+ 1 1
s (——.;2) <s. (3.68)
J J log(27)
Assuming this,
4G+ 1)2(/2+ D)(/A+ 1) (1+ 1) < 205 2 (1H1089) = 9053/293 108, (3.69)

12



Figure 2: The figure is the same as in [5].

The desired condition AD < 1 /2 is not generally satisfied. We therefore perform a coarse graining in
which k sites are grouped into one site. After grouping k sites into one site, regard the Hamiltonian as
2-local again, define projections, and introduce

A= HgddH/cvcna (3.73)
' =PlPy . T, = PP (3.74)
For example,
Qut Qo+ Qo M QL =1- P, (3.75)
Qryt + Qrra+ o + Qo1 —5 QL =1 - P, (3.76)
Qr(i—1)+1 + Qr(i—1)42 + + Qritr—1 Hattenine, Q;=1-pP. (3.77)

Let us assume that this flattening operation does not change the spectral gap € very much'!. Then

(Py)(Pi—1Piy1) - (P3Ps -+ Pop_3)(PoPy -+ Poj_2)(PyPs -+ Pyy_1) P{ = P (3.78)

“pyramid’’ or “light cone’””

The same holds for the other P/. This is because, on the subspace P = 1, the flattening assumption

implies P| = P, = --- = Py = 1. Taking the Hermitian conjugate also gives
P{(P1P3 - Poj_1)(PayPy -+ Po_2)(P3P5 -+ Poj—3) - - - (Py—1Pry1)(Px) = Py. (3.79)
For example, when k = 4,
H:)ddnc/a\/en = H:)ddHevenHoddHevenHOddHevenHIeven (380)
- H(/)ddHCVCDHOddHoddHCVCHHCVCHHOddHOddHCVCHH/CVCH (381)
= Hgdd(HevenHOddHoddHeven)QHéven (382)
= I qq (AAT)TT; oy (3.83)
See Fig. 2. For general even k,
H:)ddH/even = Hgdd(AAT)k/QH«/even' (384)
Therefore the detectability lemma gives
1A g 1> < |JAAT] o |2 = A5, = Af=Ag. (3.85)

Thus coarse graining by k sites raises the convergence of A to the kth power. On the other hand, since
the support of a 2-local projection changes from two sites to 2k sites, the Schmidt-rank growth changes
as

Dy = d* — D} = d** = D§. (3.86)

The change under k-site coarse graining is summarized as

HThis is not estimated here. One should estimate how much the original spectral gap changes under the flattening
operation.

13



D}y =D§, A=A} (3.87)

Proof of the claim. Starting from the k-site coarse grained system and constructing A, we have

Dy = D§™, (3.88)
D = 2053223 %" ipki/™m i = q\/m, (3.89)
A=AE4+(1/9)9, Ag=(1+¢/2)72/5 (3.90)

There are three free parameters:

e the number k of sites to coarse grain;
e the length m of the interval I,,, introduced in the construction of A:

e the power ¢ in (flm)q.

Following [5], first take k large enough that A < (1/8)%. This requires

A < (1/8)7 = (1/9)%, (3.91)
or
_ a_ q _ _ q
s ZIOB(/8)1 = (1/9)7) _ 3y~ og(1 = (8/9)1) 592
2 log(1+¢/2) 2 log(1+¢/2)
Assume g > ¢qp and € < €g. Since log(1 + €/2)/e > 0 is monotonically decreasing,
39— log(1— (8/9)7) _ 3q — log(1 — (8/9)") 599
2log(1+¢€¢/2) = Z2elog(l+e€0/2)/eo
_ g3 —log(1—(8/9)")/q _ ¢3—log(l - (8/9)")/q (3.94)
€ %log(l—&—eo/Q) G 3%Olog(l—l—‘so/Q)
For example, for ¢y = 4 and ¢y = 10,
3 — log(1 — (8/9)%°
zog( (8/9%)/%0 _ o (3.95)
30 log(1 4+ €0/2)
Thus take
— (3.96)
€
Then
A < (1/8)7+ (1/9)7 < 2(1/8)". (3.97)
A sufficient condition for DA < 1/2 is
. 190gi/m 1
2073/29% 108”1 p 2047/ ™o 1 j8ya < 5 (3.98)
namely
1 1
5logi+ 5 log? j + 40X qj/m — 3¢ < —log(80), (3.99)

14



where Dy = d? and X = logd/e have been used. We now choose ¢ and m. Since m = (j/q)?, the

sufficient condition is
1 N 3
ilogj + §1og Jj+40Xq°/j — 3q < —1log(80).
Set
40X¢2/j=2 & j=20Xq¢%

Then

20X

q

1 1 ]
Elogj + 3 log® j — J_ < —log(80).
——

(3.100)

(3.101)

(3.102)

This is satisfied for sufficiently large j. Thus choices of k, m, g satisfying DA <1 /2 exist. Estimating the

order of such ¢ gives

q ~log?j =1log?(20X¢*) ~ log* X. (3.103)
Therefore
log(A™1) =3¢ — 1 ~log? X. (3.104)
Also,
m = (20¢X)% ~ X?log* X, (3.105)
and hence
log D; = log D"t = 2mklogd = 2m¥ logd ~ (X?log* X)(log? X)X = X31og® X. (3.106)
This proves the lemma. [
4 Area law
In this section, the ground state |Q2) is assumed to be unique.
Let the Schmidt decomposition of the ground state be
Q) = Ni|Li) |Ri). (4.1)
i>1
The entanglement entropy is
S=-=> Alogh?. (4.2)
i>1
When approximating |2) by a state of Schmidt rank C, we need an upper bound on the tail
— 3 A log A7 (4.3)

i>C
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Lemma 4.1 (Lemma I11.3 in [5]). Assume the ezistence of a product state |¢) = |L) ® |R) with finite
overlap p = (Q|¢) # 0 with the ground state |Q), and a (D, A)-AGSP K. Then

-1
S < O(l)ﬁ?gl_llog D. (4.4)
Proof. Introduce
Kl‘@ 1% \/1_|,U|2 1oL
= = Q) + K Q). 4.5
o = RzTie T = TR T R T (45)
Then
Qo) = I > 1 (46)

KO P+ A= [P KT P~ VIul + (1= [uP)AT
The Schmidt rank satisfies
SR(v) < D' (4.7)
Thus |v;) has Schmidt rank at most D' and approximates the ground state with weight at least

|l
VIl + (1= [u?)Al
By the Eckart-Young theorem, the Schmidt decomposition gives the best rank-D' approximation. Equiva-

lently, the normalized state having the largest absolute overlap with |€2) is the normalization of ), 5 A |Li) |R;)-
Therefore B

(4.8)

2
A2 > [(Qfu) |2 > 1 . 4.9
igl i = | < | l> | = |,U/|2 ¥ (1 — |M|2)Al ( )

Hence the tail is bounded by

doN=1-> N (4.10)

i>D! i<D!
<1- I’ (4.11)
T kP (P A
(1—[uP)A! N
= < —A"'=:p. (4.12)
[l + (1 = [u?) AL~ |uf?
It is enough to take this as a constant bound. For instance, choose [ so that p;, < 1, namely
log |/
. 4.13
log A ( )
Set
log |u|?
lo= . 4.14
! { bl (4.14)

Here [2] denotes the smallest integer not less than z. Equivalently, for [ > Iy, p; < Al~lo,

Now the entropy contribution from the interval [D? + 1, Dz(l‘*‘l)] is maximized when the distribution
{A?} is uniform on that interval. The total weight in this interval is bounded by

D20+D)
Z A< Z NS < pa < pu- (4.15)
j:D2l+1 j>D2l
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Therefore

D20+D)
2 2 b
j=D2l+1
D2(l+1) — D2 D2(l+1)
=plog— < p;log . (4.17)
P y2j

The function x log(D?+1) /2) is increasing for 0 < 2 < 1. Thus, for [ > Iy and hence p; < Al=lo,

D20+D)

D2+1) D2+1)/(1—lo)
— > Mloga? < Al"Plog NET = A7l (1 — ) log X (4.18)
j=D?+1
Then
D2(+1)/(1=lo) D20+
> Al*lo(l—l())logfz > lAllong (4.19)
1>200+1 I>lo+1
D4
< D IA! log —- (4.20)
I>lo+1
At (1 40y — 1pA)  D*
= log —— 4.21
(1—A)? CA (421)
A D4
(4.22)

< ——log —.
AR %A
This gives an upper bound on the contribution of Schmidt eigenvalues with i > D2(2lo+1),

The contribution from Schmidt eigenvalues with i < D?(lo+1) is maximized when they are all equal,
and is bounded by

1 2
— Y MlogA? <log DXCotD) = 2(2) + 1)log D = 0(1)% log D. (4.23)
i§D2(2LO+1) Og
Thus
log |p? A D*
<o log D+ ——— log ——. 4.24
SO 8D+ G zple (4.24)

We simplify this estimate. For any k € Z>1, K* is a (D*, A¥)-AGSP. Choose

b= Log(lA_l)w . (4.25)

Then

Log(lAl)w shs ’Vlog(lAl)-‘ +2, (4.26)

so log AF < —1 and log A¥=2 > —1. It follows that
271-%% < AR <27l (4.27)

Thus A* and log A=* are O(1). Replacing D, A by D* AF gives

log [ 4 A* D
<0(1 log D ——log — 4.2
5 <0 PER tog D 4 2 o (4.28)
= O(1)log|u|"%klog D + O(1)klog D (4.29)
log |p| 2
=0(1)————log D. 4.
o) PER 10g (4.30)
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O

The strategy of the proof of the area law in [5] is to start from a product state of Schmidt rank one
with finite overlap with the ground state, and then apply the AGSP K to approximate the ground state.
The initial overlap with the ground state must be sufficiently large.

Lemma 4.2 (Lemma II1.2 in [5]). If there exists a (D,A)-AGSP K with DA < 1/2, then there
exists a product state |¢) = |L) ® |R) such that

p=(2l¢), |ul>1/v2D. (4.31)

Proof. Let |¢) = |L) ® |R) be a product state with p = (¢|Q2) and |u| < 1/v/2D. Write

|6) = 1lQ) + V1 [uPQ5), (4.32)
= |¢1) == K|¢) = u|Q) +8|Q), 0> <A, SR(¢1) = D SR(¢). (4.33)

Let [v) = [¢1) /[|¢1]]. Writing

D D
W= ML) IR, SN =1 (4.31)
=1 =1
we obtain
D
I o) | < S A @ 1L) R (4.35)
Tl 2
D
< | SR L) 1R P < /DT B o] P- (4.36)
=1

Here | (Q||Li,..) |Ri,...)| = max;|(Q||L;) |R;)|, and we used the Cauchy-Schwarz inequality'?. This
gives the lower bound

O L) Ry P2 P iE (37
BlioalE ~ D+ oF) ~ Dul + 2)

By the assumptions DA < 1/2 and |p| < 1/v2D,
D(|u*+A)<1/2+1/2=1. (4.38)

Thus the overlap p; = (| |L;,..) | Ri,...) has absolute value strictly larger than |u|. Moreover the ratio
is bounded from below by a p-independent constant:

1
> - 4.39
lpal/ |l > T DA (4.39)

Therefore it is enough to repeat the AGSP at least n times with

1 s el

(1/2+ DA™ = /2D (4.40)

P, y)? < el Pllyl?.
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Corollary 4.3 (Corollary II1.4 in [5]). If there exists a (D,A)-AGSP K with DA < 1/2, then the
entanglement entropy is bounded by

S <0(1)log D. (4.41)

Proof. We have
log A~ > log(2D). (4.42)
Also, there exists a product state |L) |R) with |u|~2 < 2D. Thus

log(2D)
log(2D)

log || 2

log D < O(1)

log D = O(1)log D. (4.43)

The estimate of log D in Theorem 3.2 immediately implies the area law.

Theorem 4.4 (Area law for frustration-free systems, Theorem I.1 in [5]). Consider a one-
dimensional, frustration-free, 2-local, gapped system with a unique ground state. Let d be the dimen-
sion of the local Hilbert space, € > 0 the spectral gap, and assume that the local terms of H =Y. H;
satisfy || H;|| < J. Set

log d
x . J1osd (4.44)
€
For any cut, the von Neumann entanglement entropy is bounded by
Sip < 0(1)X3log® X. (4.45)

In the proof we set ||H;|| < 1; here J has been restored.

As a personal comment, the proof in [5] proceeds by bounding the Schmidt rank. Since the contribution

to the von Neumann entanglement entropy is —A? log \?, it seems that one could obtain an even better

estimate if one could also bound the Schmidt eigenvalues in addition to the Schmidt rank. I have not yet
examined [6], so this point may already be improved there.

A Miscellaneous lemma

Lemma A.1. Let H be a Hilbert space, and let X,Y be orthogonal projections. Let v € H be a vector of
norm one. Assume || XYv||=1—e€. Then

(1 =Y)XY0|]? <e(l—e). (A.1)

First note that for any orthogonal projection P,

(L= PYol? + |Pol[? = (1 — PYo, (1 — P)o) + (P, Pu) (A2)
= (v, (1 = P)v) + (v, Pv) (A.3)
= (v,v) = [Jv]|*. (A.4)
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We need to show

(1 =Y)XY0||? = [|XY0|? = ||[YXY||? =1 —€—||[YXY0|]* < e(l —¢).

It is enough to prove
Y XYv[|>1—e
But

| XY||?> = (XYv, XYv) = (v, YXY0) < ||| |[Y XY = ||[Y XY

B Proposition D.1 in [7]
Consider general spatial dimension. A Hamiltonian
H=> H,
J

is called local if

[H;, Odll] < ulls —il)

(B.1)

(B.2)

holds, where u decays faster than any power. Exponential decay is not required; decay faster than any

power is assumed.

local term, H; |¥) = 0.

Let H=>" j H; be a gapped local Hamiltonian. Let the energy eigenvalue of the ground state
|¥) be zero. Let A > 0 be the gap. Then |¥) can be represented as a zero-energy eigenstate of a

We show this. Define

Then

; —0
Choose w(t) so that
/ h w(t)dt =1
Equivalently, for the Fourier transform
w(e) = /OO dt w(t)e™,
we require
w(0) =1

20
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If we also require H ; to be Hermitian, then

w(t) = w(—t) & w(e)* = w(—e) (B.8)
For any excited state |n),
(o] w) = [ ol ) ) e = () Gl ). (B.9)
Therefore, choosing w(e) so that
w(le] >A)=0 (B.10)
gives the desired property, with P the projection onto the ground space:
(1-P)H;P =0. (B.11)

Take a smooth C* function w(e) satisfying
w(0) =1, w(le]>A)=0. (B.12)
Then w(t) decays faster than any power.

It remains to ask whether H. ; can be constructed to be local. For any local operator O; supported
near site i,

N0l < [ ;0.0 (o) at. (B.13
By the Lieb-Robinson bound, roughly,
11H; (£), O]l < e[ H;||1|O3| max{e= 1D 13 1~ i — j]. (B.14)

13 Thus

1L, Oill| < el | H, 11O 2

l/v 00
/ e U=vD |y (t)| dt + / lw(t)| dt] . (B.15)
0 l

/v

We want to show that this decays faster than any power in [.

The following proof is due to Kenji Shimomura'®. Since w(t) decays faster than any power, for any
n e 2207

lw(#)|t 222 0. (B.16)
Since w(t) is bounded, for any n € Zx> there exists a constant M,, such that
lw(t)| < Mpt™™ fort > 0. (B.17)
Then
[ wOlde< [ Mt = My (-n) 7 =(00) ) = 007 (B.15)
l/v /v
and
l/U l/(2v) l/q)
/ e~ =D ()| dt < / e~ U My dt + / e =D, el at (B.19)
0 0 1/(2v)
efal/Z _e—al 1
=My——+ Mn+1(l/v)7"/ emall=ls)g=n=1 g (B.20)
av 1/2
e—al/2 _ g—al 1
<My My (if0)" / 51 ds (B.21)
av 1/2
—al/2 _ _—al on _1q
= My M, (1) —o(™™). (B.22)
av
O

13Check, in the currently known results, how much power-law decay is allowed in the assumptions on Hj in the Lieb-
Robinson bound, depending on spatial dimension.
14Kenji Shimomura, private communication.
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C Eckart-Young-Mirsky theorem

For an m x n matrix A € Mat,y, ,(C), write its singular-value decomposition as

rank(A)
A=Uxvt= o), o >0 > (C.1)
1

i=

The Frobenius norm is

1AllF = [> las|? = \/tr[ATA] = (C.2)
ij
Here o; are the singular values of A. Let
k
A = Zaiuivj. (C.3)
i=1

The theorem is:

In the operator norm and the Frobenius norm, the best approximation of A by a rank-k matrix
is given by Aj. That is, for any rank-k matrix By,

14 - Billp 2 1|4 = Agllp, 1A - Billo > |4 - Aulla (C.4)

This is a note on the proof in [9]. By Weyl’s inequality'®, for any i, j,
O'H_j_l(X-FY) < Uz(X) -|—0'j(Y). (C?)
Let the rank of B be k. Since 0;5;(B) =0, setting j =k+ 1, X = A— B, and Y = B gives

O'Z‘+k(A) SO’i(A—B)‘f'O'kJrl(B) :UZ(A—B) (CS)

Thus
|A = Blls = 01(A — B) > op1(A) = 01(A — Ap). (C.9)

Also,
1A= BIl = Y024~ B) 2 3 0%4(4) = |4 - Al (C.10)

As a corollary, we obtain:

Let 1) be a normalized state with Schmidt decomposition |[¢) = >".o; A |L;) |R;). Let |¢g) be a
normalized state of Schmidt rank k. Then B

| ($low) 7 <D AT (C.11)

i<k

15For an n x n Hermitian matrix A, write its eigenvalues in decreasing order as
AL(A) = A2(A) > (C.5)
For any 14, j,
Aiti—1(A+ B) S Xi(A) +X(B) < Aigjon(A+ B). (C.6)
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Proof. Let the rank-k approximation be

[r) = > Ni|Li) |Ri), (C.12)
i<k
and let its normalization be
Dx) = o) /lvnll = [vw) /D> A2. (C.13)
i<k
By Eq. (C.10),
11w = o) 112 > 1] 1) — i) |- (C.14)
Therefore
2 — 2Re (¥|¢r) > 2 — 2Re (Y|dy), (C.15)
and hence

7 Zi<k )\12
Re (¢|¢r) < Re (Piy) = —Zm—= = [> A% (C.16)
k RENSRT F

Since the phase of |¢y) is arbitrary, the claim follows.

References

[1] M. B. Hastings, An Area Law for One Dimensional Quantum Systems, arXiv:0705.2024.

[2] Dorit Aharonov, Itai Arad, Zeph Landau, Umesh Vazirani, The Detectability Lemma and Quantum
Gap Amplification, arXiv:0811.3412.

[3] Dorit Aharonov, Itai Arad, Zeph Landau, Umesh Vazirani, Quantum Hamiltonian complexity and
the detectability lemma, arXiv:1011.3445.

[4] Anurag Anshu, Itai Arad, Thomas Vidick, A simple proof of the detectability lemma and spectral gap
amplification, arXiv:1602.01210.

[5] Ttai Arad, Zeph Landau, Umesh Vazirani, An improved 1D area law for frustration-free systems,
arXiv:1111.2970.

[6] Ttai Arad, Alexei Kitaev, Zeph Landau, Umesh Vazirani, An area law and sub-exponential algorithm
for 1D systems, arXiv:1301.1162.

[7] Alexei Kitaev, Anyons in an exactly solved model and beyond, math-ph/0507008.

[8] Ayumi Ukai, On Hastings factorization for quantum many-body systems in the infinite volume setting,
arXiv:2407.12324.

[9] Physics Stack Exchange, Proof of Eckart-Young-Mirsky theorem, url.

23


https://math.stackexchange.com/questions/759032/proof-of-eckart-young-mirsky-theorem

	Introduction
	Detectability lemma AALV10
	Setup

	Diluting lemma ALZ11
	Proof of Lemma 3.3

	Area law
	Miscellaneous lemma
	Proposition D.1 in Kit05
	Eckart-Young-Mirsky theorem

