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In general, there is no way to compare chirality between different irreducible representations. For
example, a “total chirality” may not be definable. We summarize this point.

Let G = Go + I'Gy. For an irreducible representation o of Gg, assume that 'a ~ «a. General
representation theory then gives irreducible representations a#+ of Gg + I'Gy satisfying

+ = - = +
Xgec;o =Xg> Xgerco ==Xy - (1)

There is no canonical way to choose which of a+ and a— is the positive one.

1 Chiral Index

Once a+ and a— are fixed, the chiral index is defined by

1
#(a+ irreps) — #(a — freps) = ———— S (& = x27)"tr[uy] (2)
|Go + I'Go| 9eCoTTCo
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= 1@ > GG ). (3)
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Here ug is the representation matrix, and
1
Poi= o S (5E)u, (4)
|G0 + FGO| 9€Go+T'Go

is the projection onto the irreducible representation a+.

Suppose another irreducible representation 5 of Gg satisfies '8 ~ 5. Choosing S+ from the irreducible
representations of Go+I'G( defines the positive chirality in the 8 sector. This choice is in general unrelated
to the positive chirality a+ in the a sector.

Now let H C G be a subgroup and suppose H contains the chiral symmetry. Write H = Hy + I'Hy.
For an irreducible representation v of Hy, assume I'y ~ . Then the positive chirality in the v sector is
fixed by choosing v+ from the irreducible representations of Hy + I'Hy.

Since a+ and 3+ are irreducible representations of Gy +I'Gy, they can be paired with the irreducible
representations v+ of the subgroup Hy + I'Hy. The change of the chiral index of a+ after restricting to
H is

(v, a) — (7=, o) = ﬁ S gt (5)
gel'Hy

When this change is nonzero, one can compare the positive chiralities of a+ and S+ through the change
in chiral index.

An example where “total chirality” cannot be defined is G = Zy = {e,0?} + o{e,0?}. In this case
there is no meaningful subgroup of G that contains the chiral operator.

!Motivation: In the first differential d]"~" of the AHSS, for odd n one must double the group elements because of the
chiral operator. Can one somehow compute the first differential without increasing the number of group elements? The
conclusion is that, in general, there is no way to compare chirality between different sectors, so doubling the group elements
is unavoidable.



2 Winding Number

Let a Hamiltonian H (k) depending on a (2n—1)-dimensional parameter space have the following Go+I'Gy
symmetry:

H(k) (g9 € Go),

_H(k) (g€ TG). ©

ugH (k)ug_1 = {
For an irreducible representation a of G, if the transported representation satisfies I'a ~ «, then one can
define an integer-valued winding number. Fix an extension a=£ of a to Gy + I'Gy. The winding number
is

& = nil r -1 2n—1 -
Wan—1 = (@i (2n)] /t [(H™'dH) (Poy — Py )] (1)
n! 1 Q) * -1 2n—1
= (2ri)"(2n)! / IGol g;go(xg*) tr[(H™'dH)*"u,) € Z. ()

Notice that, in this definition, W3}, _; can take any integer value, independently of the dimension of the
representation a.

The simplest example is Go + I'Go = {e} + {7}. If the factor system is such that u? = 1, the
representation has two extensions, x, = £1. Setting x5 = %1, the winding number becomes

n!
W =—— [ tr[(H 'dH)* 1, ], 9
2n—1 (271'1)”(271)‘/ I'[( ) U’Y] ( )
which agrees with the usual definition.
As a nontrivial example, take
GO + FGO = {67 My, my7 CZ} + {’Y? Mg, my% 627}5 (10)
with
ui“ = u%ly = u?z =1, (11)
umwumy - _umyumw7 (12)
Uy Uy, = —Um, Uy Uy U, = U, Uy, (13)
u,QY =1, Unyy = Un, Uy (14)
There is a unique irreducible representation of Gg, with character
‘ e My My C;
X¢]2 0 0 0. (15)
For its extensions to Go + I'Go, note that wu,,, , commutes with all other elements and that ufnw =
u?nyui = —1. Thus
‘e My My cz"y Mgy MyY  CY (16)
X; /20 0 0]0 0 £2i 0
The winding number is therefore
n! 1
We 1 =———— [ = Y tr[(H tdH)* 1 17
s |1 X ety (1)
g€{v,may,myy,c27}
__n / L oiy o (- dH) 2, ] (18)
(2mi)™(2n)! J 4 M
A one-dimensional model is
H(k) =sink 7, + cosk 1y, (19)
U, = 10z, Um, =10y, Uy = 0yT,. (20)
Then U,y = 1Tz, and
1 .
Wi=_— ?Ztr [(sin e 7, + cos k7)) (cos k7 — sin k) (i72)] d = —1. (21)
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