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Abstract

Following [1, 2], we summarize cubical singular chain complexes, the subdivision operator, cup
products, and related material. These notes are preparation for reading [3].

1 Cubical Singular Chain Complexes
Let I =10,1].

e A singular n-cube is a continuous map

T:1">X (n>0) (1.1)

e Let @Q,(X) be the free abelian group generated by the set of singular n-cubes. Thus an element of
Qn(X) can be written uniquely as a finite sum ), a;T,.

e A singular n-cube T : I"™ — X is called degenerate if, for some ¢ € {1,...,n}, T(x1,...,2,) is
independent of z;. (In other words, its dimension drops inside X.)

e Let D, (X) C Qn(X) be the free abelian group generated by degenerate singular n-cubes.

e The quotient group Cp(X) := Qn(X)/D,(X) is called the normalized cubical singular n-chain
group.

We introduce the boundary operator. For a singular n-cube T : I"" — X, define the front and back face
maps A;, B; : I"! — X by

AZ‘T(?L‘h N ,,Tn,l) = T(!El, ce 7151'717071‘1‘7 PN ,{L‘nfl), (12)

BiT(xl, . ,Cl'nfl) = T(l’l, ey L1, ].,.’EZ', . ,l’nfl),
. That is, we take the i-th boundary faces z; = 0,1. Clearly, for 1 <i < j < n,
AiAj = AjflAiy Bsz = ijlBiy AZBJ = ijlAlﬁ BZAJ = Ajlei (14)
hold. Define the boundary operator as follows:
On 2 Qu(X) = Qu-1(X), 0a(T) =D (-1)'[AT - BT], n>0, (1.5)

On<o = 0. (1.6)



Equivalently,

n

Ons0 =Y (—1)'[A4i = Bi], n<o =0. (1.7)
i=1
A direct calculation gives
n , n—1 n , ]
On-10n = Ona[Y (=1 (45 = B))] = > > (=1)'(=1)(AiA; — B;A; — A;B; + B;B;). (1.8)
j=1 i=1 j=1

Using the properties above, when n > 1,

ii(—l)i(—l)inAj = A<Z< (—1)' (=1 A A; + - ; 1(_1)1-(_1)%/1], (1.9)
o :zgn(_l)i(_l)mﬁl‘“i +H§n: (=)' (1) A, 4; (1.10)
- l‘_g_n(—l)j(—l)iAilAj + _]_i_ (—1)/(~1Y 4,4 (1.11)
—Z (=1 (=)™ A4 +Z (—1)'(=1)7 4,4, (L12)
- ;S.N“S” o (1.13)

Also, if T € D, (X), that is, if T is independent of x; for some j, then (A; — B;)T is 0 when ¢ = j,
is independent of x; when j < ¢, and is independent of x;_; when ¢ < j. Hence 9,T € D,,_1(X). In
summary,

On-10n, =0 n>1, (1.14)
OnDp(X) C Dp—1(X) n>0. (1.15)
In particular, the latter implies that
On :Cr(X) = Cr1(X) n>0 (1.16)
is well-defined.
Zn(X) =ker[0, : Cp,(X) — Cp—1(X))], (1.17)
B, (X) =im[0p41 : Cry1(X) — Cr(X)], (1.18)
Hn<X) = Zn(X)/Bn(X)’ (1'19)

Define the augmentation map ¢ : C,(X) — Z by
e:Co(X) =2, Y awi— Y, ele,.,x) =0, (1.20)
% a;

. Then
€d = 0. (1.21)
Indeed, only the case n = 1 is nontrivial, and

T (z) = e(|T0)] - [T()])=1-1=0 (1.22)



e Let S.(X) be the ordinary singular chain complex. There is a natural chain-homotopy equivalence
S« (X) — C.(X); see Problems 9 and 10 in Chapter 5 of [2].

e If one uses the cubical singular chain group @, (X) itself, rather than the normalized cubical
singular chain complex C,(X), degenerate cubes remain and the homology group H/(X) :=

g;(()}(();l:;r %gg:iﬁ);)i’gigﬂ differs from the usual one. For example, for a one-point space, for
every n € Z the map T : I™ — {pt} is constant and 9T = 0; hence Z, ({pt}) = Z and, since

B, ({pt}) = 0, one gets H, ({pt}) = Z.

e In [3], the normalized cubical singular chain complex is used instead of the ordinary singular chain
complex.

2 The Subdivision Operator

We divide the unit cube I™ into 2™ pieces. In formulas this is as follows. Let &, denote the set of the 2"
vertices of I"™. Thus &, = {0,1}*™. For a singular n-cube T': I — X and e € &,, introduce

AT:I" X, (FT)(x) = T(%(m +e)), (2.1)
. For example,
(Fo,0)T) (21, 22) = T(21/2,22/2), (2.2)
(FonT)(w1,22) = T(21/2,22/2 +1/2), (2.3)
(Fa,oT)(x1,22) =T (x1/2+1/2,12/2), (2.4)
(FloyT)(@1,2) = T /2 4 1/2,22/2 4 1/2). (25)

Define Sd,, : @n(X) = Qn(X) by
Sdpso(T) = > F.T, (2.6)

Sdy_o = id, (2.7)

. In other words, we divide the domain of the map T : I — X into 2" equal pieces and then map them
by T'. Since this only subdivides the map, clearly

Sdy (D (X)) C Dn(X) (2.8)

holds. Therefore
o sd, : Cph(X) = Cp(X),

is induced. The following also holds:
e 0,5d, = Sd,_10n.

We omit the proof. Since 0,, takes the oriented boundary in the naive sense, it should be intuitively clear
that the boundary operator 0 commutes with subdivision. Together with the above, we get

Onsdy, = sd,,—10y, (2.9)

. Thus sd is a chain map.

o If u € Cy(X) = Qo(X), that is, if u = >, a;x;, then since Sdy = sdy =1,
e(Sdo(u)) = e(u). (2.10)



Theorem 2.1. sd = (sd,) is chain homotopic to 1. That is, there are homomorphisms
such that

Sdn —1= 6n+1¢n + gbn_lan (212)

(Proof.) We construct ¢,,. First introduce

o, 12— 1Y, (2.13)
T1
= 2.14
no(21, 2) 22y ( )
1+ 1—2129
_ 2.15
M (1, z2) S (2.15)
. ! These maps are designed to satisfy
1 T
m0(0,y) =0, mo(l,y) = 7y m(0,y), mo(x,0) = 3 mo(z,1) =z, (2.16)
1 r+1
m(0,y) = 7oy mo(l,y), mly) =1, m(z0) = 5 m(z, 1) =1. (2.17)
n>1,fore=(ey,...,en) €&y and T : I™ — X, introduce
Go(T): " — X, (2.18)
(GE(T))(xla cee 7xn+1) =T (nel (xla anrl)a UES (va ‘Tn+1)7 sy ey, (xna anrl)) (219)
. The following hold.
e (G, sends degenerate singular cubes to degenerate singular cubes.
Indeed, in the expression
GeT(z1,. . s Tpt1) =T (Ne, (1, Tnt1) Mes (T2 Tt 1)s - -+ 3 Mey (Tns Tn1)) (2.20)

if T is independent of z;, then G.T is also independent of x;. 2

o Ay 1Go(T) = F.(T).

This follows from 79(z,0) = £ and 7, (x,0) = JCTH

T (e=1(0,...,0)),
is a degenerate cube (else).

L Bn+1Ge(T) = {

This follows from ng(z,1) = z and n(x,1) = 1.

e Suppose two bit strings e, e’ € &, satisfy e; = 1,¢; = 0 for some j < n, and e; = ¢; for all i # j.
Then

A;G(T) = B;Go (T). (2.21)

IThis 7, is the definition in Appendix 2 of [1].
2Moreover, for T : I™ — X, the variable dependence of G.T passes through T, so the (n + 1)-dimensional volume of
GT(A™) C X is zero.



Indeed,

(AjGeT)(l‘l, . ,an)
= (GET)(le, e ,xj,l,O,a:j, N 7.’1,‘n)

= T(nel (xlvxn)v cee 7/'76_7'_1(‘%]-717zn),n6j21(07xn)7n€_j+1 (xjvxn)v ceeyNe, (l'nflvxn))v
—_——

2—xp

(BjGe/T)(.’ﬂl, . 71'77,)

= (Ge/T)(l‘l, ceey Lj—1, l,l‘j, e ,ZIJn)

= T(ne’l (xlaxn)a R 77769_1(1‘]‘717-%‘71)7ne;:O<1axn)7ne;+1 (xja-rn)a o 7"76;1 (xnflaxn))a
[ —

P
2—xn

e For T € 1(X), the cubes A1GoT and B1GT are degenerate.

Checking directly,

e Forn > 2 and e € &,, define e/ € £,_;1 by
€J:(61,...,6j,1,€j+1,...,6n), ]Sn,

. Then

This is also shown directly:

AGT(x,...,xn)

=GT(x1,...,2j-1,0,25,...,25)

=T ey (T1,n); -5 Ne;y (Tj—1,Tn ), Ne;=0(0, T ) Ne iy (T, Tn )5 -5 ey, (Tn—1, n))
0

= AT (Ney (T1,20)5 -+ 5Ny s (X1, Tn)s Ney iy (T4, Tn) 5 ey, (T, Tn))

=G AT (x1,...,T0).

B;G.T(x,...,xn)
= GeT(l'l, e ,CEj_l, 171’3‘, P ,.%n)
= T(Ne, (21, Tn), - .- y Mej_1 (l‘j—l, Ty), nej=1(17 Ty), Neji1 (xjv Tn)s ey Nen (Tn—1,Tn))
—_————
1
= BjT(nej ($1,£En)7 .o vne]'71(xj717xn)a 77ej+1(5fj»$n)» vy e, (xnflvxn))
= GeijT(fEl, e ,I’n).

(2.22)
(2.23)
(2.24)

(2.25)
(2.26)
(2.27)

(2.30)

(2.31)
(2.32)
(2.33)



Now introduce

<Dn :(gn( ) — C2n+1()()
®,51(T) == (1) * Z Ge(

e€&y,
Dy =0,

e For a singular n-cube T : I™ — X, the following holds:

On+1Pn(T) + @,,-10,(T) = Sd,,(T') — T + (degenerate cubes).

We prove this directly.

n+1

On1®y = (=)™ Y 9,11Ge = (1) Z )" > (AiGe — BiGe).

ec&, ec&,

In particular,

(=)™ (=1)" > A1 Ge = Y F. = Sd,,

ec&y ec&,
(=) (=1 Z B, +1Ge = 1 + (degenerate cubes).
ec&,
When n > 2,
n .
O, 10n =Pp1» (-1)'(4 - B Z D (1) (Ged; — GeBy).
i=1 i=1ec&p_1

Therefore it is enough to show that

n

> (1) Y (AGe - B; ZZ (GoAi — G.B;)
i=1 e€En_

i=1 ecé,

is degenerate. For any i € {1,...,n}, we can decompose

2= 2. T )

e€&, ec&n,e;=0 e€&,,e;=1

. Then
D (AiGe = BiGe) = Y (GeAi — G.B))
ecé&, ec€n_1
= Y (AiGe—BiG)+ Y. (AiGe—BiGe)— > (GeAi—G.By).
e€&,,e;=0 e€&p,e;i=1 ec€n_1
Here,

221) = > AG.= Y BG.,

e€&n,ei=1 e€&,y,e;=0

(231) = > AG.= Y GA;

e€&yn,e;=0 e€€n_1

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)



(2.32) = > BiG.e= Y G.B (2.58)

e€€p,e;=1 e€€n_1

. When n = 1, noting that ®; = 0, it is enough to show that

(1) ) (A1Ge = B1G.) = —(A1Go + A1G1 — B1Gy — B1Gh) (2.59)
ec&y

is degenerate. This follows because A1Gy and B1G; are degenerate, and (2.21) gives A1G = B1Gy.

Thus ®,, is, modulo D,,(X), a chain homotopy connecting Sd,, and 1. Since G. preserves degeneracy,
®,, also preserves degeneracy. That is, @, (D, (X)) C D,41(X). Hence homomorphisms

are induced, and (2.12) holds. O

e In [3] it is stated that the chain homotopy ¢ = {¢n}, is natural; hence ¢,,(T') € Cp1(X) is sup-
ported on T'(A™), and therefore its (n 4 1)-dimensional volume is zero. I have not fully understood
why naturality of ¢,, guarantees that ¢, T(A™) is supported on T'(A™), but from the explicit form
of ¢,, namely the expression (2.20) for G, it is clear that ¢, T(A™) is supported on T(A™). The
question is whether the same property holds for an arbitrary subdivision operator and an arbitrary
chain homotopy ¢, for it. To prove the same statement for an arbitrary chain homotopy, one
presumably uses naturality or related properties.

e In [3] it is remarked that a differential character f € H(X,R/A) = {f : Zr(X) = R/A | f(dc) =
[.w,w € A* ¢ € Cry1(X)} is invariant under the subdivision operator. Indeed, let A be the
subdivision operator and let ¢ be a chain homotopy to 1, so that 1 — A = 9¢ + ¢d. For x € Zj,
we have f(Azx) = f(z) — f(Oyx). But f(0yzx) = fdww, and since Yz has zero (k 4 1)-dimensional
volume in X, f(0yx) = 0. Thus f(Az) = f(z), so the differential character f is invariant under
subdivision.

2.1 Memo: Naturality of the Chain Homotopy ¢ and the Volume of (o)

As a general fact, suppose ¥ : Cy, = Cyp, p > 1, is a natural homomorphism. Then for o : AF 5 X,
we show that ¢ x (o) is supported on o(AF). Consequently, the (k + p)-dimensional volume of v x (o) is
zero. The naturality assumption is the commutativity of

Cu(X) —F GuY)
wa( wyl . (2.61)
Crip(X) —L Crpp(Y)
In particular, for
o: AP 5 X (2.62)
we apply naturality of ¥ to the diagram
Cu(AF) —"— Cr(X)
Wl wxl . (2.63)
Ck—i—p(Ak) — Ck+p(X)

Ux(0) =vYx oo, oidar, idar : AF — AF (2.64)



. By commutativity,
VYx(0) = 0y 0har 0idar : AFP 5 X (2.65)
but since the right-hand side factors through o, 1 x (o) is contained in o(A¥). More explicitly,

Yar(idae) : AMP 5 AF =N a7 (2.66)
J

and each T (A**P) is a subset of A*. Therefore the singular simplex obtained by further applying o,
ou(mj) : AFP 5 X o (1y) s e o(Ti(2)) (2.67)

is contained in the singular simplex o(AF).

3 The Eilenberg—Zilber Theorem

In this section we work with ordinary singular chain complexes. As is clear from the proof below, the
only property used is that ﬁn(AP) = 0 for all n (this property is called acyclicity, and this method is
called the method of acyclic models). Thus the same argument also applies to normalized cubical singular
chains. Let S, (X) and S*(X, R) be the singular chain complex and singular cochain complex.

At the cochain level, the cup product is defined for f,g € S*(X) by

(fUg)ce X)) = (f®g)(podic)) (3.1)
. Here
d:X 5> X xX (3.2)
is the diagonal map, and
p:S(X XY) = 8,(X)® S, (Y) (3.3)

is a natural chain map satisfying

Plsoxxv)(T,y) =2 @y, (3.4)

. A map satisfying this condition is called a diagonal approximation. The theorem below says that there
is a natural chain homotopy between S, (X x Y) and S.(X) ® S.(Y). We sketch the proof following [2].

Theorem 3.1 (Eilenberg—Zilber theorem). (i) There exists a natural chain map
PS8 (X xXY) = S.(X)®S5.(Y) (3.5)
which in degree 0 satisfies
plx,y) =r®y (3.6)
. Moreover, any two such maps satisfying (3.6) are chain homotopic.

(i) There exists a natural chain map
K:S(X)®8.(Y) = Su(X xY) (3.7)
which in degree 0 satisfies
iz @y) = (z,y) (3-8)

. Moreover, any two such maps satisfying (3.8) are chain homotopic.



(iii) Kk is a chain-homotopy inverse of p.

Remark. Naturality means commutativity with the following induced chain maps for

f: X=X, g: Y=Y (3.9)
Fe®gu 1 Su(X) @ S5.(Y) = S.(X) @ S (Y, (3.10)
Fxg:Su(XXY)—= S (X' xY'). (3.11)

(Sketch of proof.) (Existence of p.) We construct p, by induction. For n = 0, define py by (3.6).
Assume that natural chain maps p;<, have been given:

Opren = pr—10,  (f+ ® gx)pran = pr(f X 9)s (3.12)
Introduce the diagonal map
d: A" - A" x A" d(z) = (z,2) (3.13)
. Since d € S,(A™ x A™), the commutativity of p,_1 with 0 applied to 9(d) gives

Opn-10(d) = pn—200(d) =0, (n>1), (3.14)
epod(d) = 0. (3.15)

Since all groups H,(A") ® H,(A"™) are trivial, for X = A™ there exists p, such that

pu-10(d) = Dpn(d),  pu(d) € (Su(A™) @ Su(A™)y = Y SH(A") ® Sy(A") (3.16)
ptg=n

Now a singular simplex ¢’ of X x Y has the form

o A" 5 X XY, o(to,...,tn) = (x(to,. - tn), 0% (to, ... tn)) (3.17)

and can be regarded as a pair (o,7) with o : A" — X and 7: A™ — Y. Define p, (0, 7) by

pn(0.7) = (0. @) (pald)) € D Sp(X) ® Sy(Y) (3.18)

pta=n
. Then p,, is a natural chain map. (To be checked.)
(Existence of k.) Similarly. For n = 0, define it by (3.8). Assume that, for < n, natural chain maps
Ofiran = fir—10,  (f« X gu)bir = fr(fi © ga) (3.19)
have been constructed.
First construct
Fn=p+q : Sp(AF) @ Sq(A?) — Sn(A™) (3.20)
. For 1, = id € Sp(AP) and ¢, = id € S,(A9), since all reduced homology groups H, (AP x A9) are zero,
O0kn—10(lp ® tg) = kp—100(tp D 14) =0 (3.21)
we have

Fino10(lp @ 1g) = Drin (AP x A7), 1, (AP x A7) € S, (A7 x A7) (3.22)



for some such element. Thus for a general o ® 7 € S,(X) ® S4(Y), define
kn(0 @ T) = (0 X T)skin(tp @ tq) (3.23)
. Then k,, is a natural chain map. (To be checked.)
(Uniqueness of natural chain maps S.(X xY) — S.(X x Y).) For a natural chain map
G:S(X xY) = S(X xY), @lneo=1, (3.24)
we show that there exists a chain homotopy
D:S(X xY)—>S(X xY) (3.25)
connecting 1 to ¢. We argue by induction. Set ®g = 0. Assume that for 1 <r <n —1,
0V, + @, 10=0¢,—1, (fxX9)«Pr=D.(f X g)« (3.26)

have been constructed. Then

(=P 10+ ¢ — 1) = (—0D,_10 + ¢y, — O) (3.27)
= ((1 = pn-1+ ®,-20)0 + 0¢,, — 9) (3.28)

In particular, for the diagonal map d € S, (A™ x A"™),
O(—=Pp—10+ ¢, —1)(d) =0 (3.30)
and since H, (A" x A™) = 0 for all n, there exists
00, (d) = (—=Pp_10 + ¢, — 1)(d), Pn(d) € Spy1 (A" x A™) (3.31)
. For a general (0,7) € S.(X xY), set
D, (0,7) = (0 X 1) Py, (d) (3.32)
. Then {®,} is the desired chain homotopy.
(Uniqueness of natural chain maps S, (X) ® S«(Y) — S.(X) @ S«(Y).) Omitted.

(Uniqueness of p,k.) The composites pk and kp are natural chain maps satisfying (px)g = 1 and
(kp)o = 1, respectively.

kp=1, pr=1. (3.33)

Now suppose that another p’ is given.

3.1 p,k for Cubical Singular Chain Complexes

In general, for maps
f:A=C, g:B—D (3.34)
define
fxg:AxB—=CxD, (fxg)(ab):=(f(a) g(d)) (3.35)
. We now return to the notation of [1]. For singular cubes

S:IP X, T:I19>Y (3.36)

10



SxT: 1P - X <Y, (SxT) (@1, Tprq) = (S(@1,- -, 2), T(Xpt1s- -+ Tpiq)) (3.37)

For the chain map
F 1 Qu(X) ®QL(Y) = Qu(X XY) (3.38)
we may choose, independently of degree,
Kpg(S@T)=85xT, S:IP =X, T:19-Y, (3.39)

. Since k sends degenerate cubes to degenerate cubes, k : Ci(X) @ C,(Y) — Cu(X x Y) is well-defined.
See [1] for further properties of &.

On the other hand, the chain map p has a more complicated expression.

pr i Qu(X X Y) = Y Qp(X) @Qy(Y) (3.40)

ptg=n
We want to define this map. In degree 0 set
pO(xay):x®ya l’éX,yGY. (341)

We now define the higher-degree part. Let us derive it as an exercise in acyclic models. Note that
o: 1" — X XY can be written as a pair

(S,T), S:I"—X, T:I"—=Y (3.42)

. Assuming the construction up to r < n, construct

pr Qu(I" X I") = Y Qp(I") ® Qq(I™) (3.43)
ptg=n
and induce it to
QuI") ® Qu(I") 2555 Qu(X) @ Qu(Y) (3.44)
First construct

pr:QiI' x 1Y) = Qi(I") ® Qo(I') + Qo(I') ® Q1 (1) (3.45)
d:I'" = I'xI', 2z~ (z,2) (3.46)

be the diagonal map. Then
dpod(d) = 0. (3.47)

Since Ho(I') ® H(I') = 0, there exists p1(d) € (Q.(I') ® Q.(I")); such that
pod(d) = dp1(d). (3.48)
The left-hand side is

po((1,1) = (0,0) =1®1-0®0 (3.49)

11



so indeed, choosing
pd)@)=e@1+00e
satisfies the condition. For a general map

p1: QX XY) = Q1(X) ® Qo(Y) + Qo(X) ® Q1(Y)

define
p1(S.T) = (S. © T.)(p(d))
. That is,
(S, T)(x) = S(x) ® T(1) + 5(0) @ T (x)
. Equivalently,

(S, T)=SBT+A,SxT
. ne needs to check that this p; satisfies the desired properties.
O d heck that this p isfies the desired i

Next construct

p2: Qa(I? x I?) = Qa(I) @ Qo(I?) + Q1(I*) ® Q1(I?) + Qo(I%) ® Qa(I?)

d: I = I*xI?, 2~ (z,2)
be the diagonal map. By naturality,
0p10(d) = pe0dd(d) = 0.
Since (H,(I?) ® H(I?)); = 0, there exists 0 € (Q,(I?) ® Q.(I?))y such that
p0(d) = do.

The left-hand side is

dd(z) =d(1,z) — d(0,z) — d(x,1) + d(z,0)
= ((1,$), (1733)) - ((O7x)’ (07 x)) - ((33, 1)7 (x’ 1)) + ((Z‘,O), (ZC, O))
and hence
plad(w) = (1,.’2) ® (1v 1) - (va) & (07 1) - (l’, 1) ® (17 1) + (l’,O) & (170)
+(L,0)®(1,z) — (0,0) ® (0,2) — (0,1) ® (z,1) + (0,0) & («,0).
do(z) =0o(1,2) —0(0,2) — o(z,1) + o(x,0)
. Now

0’($1, 372) = (1‘1,([72) ® (17 1) + (070) ® (mh C62) - (0,3;1) ® (.’Ez, 1) + ('751’0) ® (1’$2)
indeed satisfies the condition. For a general map

p2 1 Q2(X X Y) = (Qu(X) ® Qu(Y))2
define

p2(5,T) = (5. ®Ti)o

12

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)
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. That is,

p2(S,T)(x) = S(x1,22) T (1,1) + 5(0,0) @ T(x1,22) — S(0,21) ® T(x2,1) + S(x1,0) @ T(1, x2)

(3.67)
. Equivalently,
In general, the formula is
pr QX XY) = (Qu(X) ® Qu(Y))n, (3.69)
pn(S,T)= Y (-1)’A;,S®B,T. (3.70)
Jc{1,...,n}
Here the sum over J runs over all subsets of {1,...,n}, and (—1)7 denotes the sign of the permutation

{1,...,n} = JJ'. We write J as the ordered set J = {j1 < --- <j,}, put J' = {1,...,n}\J, and write
Aj=A; ---Aj,By=DBj ---Bj,, and so on. For example, the sign of {1,2} — {2}{1} is —1, while the
sign of {1,2,3,4} — {1,4}{2,3} is 1. Let us check that this definition indeed satisfies dp,, = p,,_10. ?

Opn(S,T)=0[ >  (-1)’A;S@B,T] (3.87)
Jc{1,...,n}

= > (1048 B;T+(-1)""VA4,8®0B,T) (3.88)
Jc{1,...,n}

= > (-)7(04,S®B,T+(-1)"1A;S®0B,T) (3.89)
Jc{1,...,n}

[ J] n—|J|
= > 0" DDA -B)AsS@ BT+ (-1 Y (-1)’ApS @ (A; - Bi)B,T
Jc{1,...,n} i=1 i=1
(3.90)
3p =2

8p2(S, T) = B(S ® B1BoT + A1A2S QT — A1S Q@ BoT + AsS ® BlT) (3‘71)

=0S® B1BsT + A1A2S Q@ 0T — 0A1S Q BoT + A1S ® OB2T + 0A2S @ B1T — AsS ® 0BT (3.72)

= (7A1S+B]~S+A257323)®B1BQT (3.73)

+ A1 AS ® (7A1T + B1T + AT — BQT) (3.74)

— (7A1A15 -+ BlA1S) ® BT 4+ A1S® (7A1B2T -+ BlBQT) (3.75)

+ (—AlAQS + BlAQS) ® B1T — A3S ® (—A1B1T + BlBlT) (3.76)

= (B1S — B2S) ® B1B2T + A1 A2S ® (—A1T + A2T) (3.77)

— (B1A15) ® BT + A1S ® (—AlBQT) + (BlAQS) QR B1T — A28 ® (—AlBlT) (3.78)

= (B1S — B2S) ® B1B2T + A1A2S @ (—A1T + A2T) (3.79)

— (AlBQS) ® BaT + A1S® (—AlBQT) + (BlAQS) ® B1T — A2S ® (—BlAQT), (3‘80)

,01(9(57 T) = p1(—A1 + B1 + Aa — B2)(S, T) (3.81)

= pl(—(Als, AlT) + (Bls, BlT) + (AQS7 AQT) — (BQS, BQT)) (3.82)

= —(A15 ® B1A1T + A1A15® AlT) + (Bls® B1B1T+ A1B1S® BlT) (3483)

+ (Azs ® B1 AT + A1A285 ® AQT) — (BQS ® B1BsT + A1B2S ® BzT) (3.84)

= 7(A15 ® A1 BT + A1A2S ® AlT) + (B:[S ® B1B1T + B1A2S ® BlT) (3.85)

=+ (AQS Q B1AT + A1A3S ® AQT) - (BQS ® B1BsT + A1B2S ® BQT). (3.86)

They indeed agree.
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On the other hand,
n .
pn—la(Sv T) = Pn—1 Z(_I)Z(Ai - Bl)(sa T)
i=1
i=1
=> (1" > (-1 [AyAS®BAT - Ay BiS @ BB
i=1 Jc{1,...,n—1}
Recall that for 1 <i < j < n,
AZ‘AJ‘ = Aj,1Ai, BZBJ = Bj,1Bi, AZBJ = ijlAi; BZAJ = Ajlei
. Equivalently, forn >i>j > 1,
AiAj = AjAiy, BiB; = BjBiy1, AiBj=DBjAi1, BiA; = A;Bip

. Comparing the two sides, there are terms appearing on one side but not the other.

n—|J|
Ipn(S,T)> > (D)= Y (-1)'ApS® (-Bi)B,T
Jc{1,...,n} i=1

does not appear in p,—19(S,T). Looking more carefully, this term cancels with

17
apn(SvT) > Z (71)JZ(71)iAiAJ/S®B,]T

Jc{1,...n} i=1

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

. We show this explicitly. The sign (—1)”7 can be written explicitly using the set J = {j; < -+ < js}.

The sign associated with the permutation
12011 +1) (2= D2 = 5112 (i = DG + 1) -+ (2 — )2 -+~

is (—1)7171. The sign associated with the permutation

12+ (= D0+ 1) (o = Do = gal2e- (= D+ 1) (o = D2 +2) -+

is (—1)7272. Thus
(—1)7 = (—=1)ZLiUa=a),
Moreover, note that

BBy =B;Bj, -+ Bj, =Bj, - Bj,BisrBj, ., By, e <itr < jrpi,

(3.98)

(3.99)

(3.100)

(3.101)

. Here r is the integer satisfying j, < i+ r < j,41, namely the largest integer satisfying j, —a < i:

r=max{a € {1,...,|J|}Hja — a < i}
. Write the ordered set corresponding to B; By as
J(@) ={j <+ <itr <jrgr <o <jigi}
. Thus

BiBj = Bj-

14
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For given J and i, it is enough to show that the signs cancel for .J, satisfying

BiBy=B;, Ay =A;A; (3.105)

(=17 (~D)I(=1)" = (=1)7 (=)’ (3.106)
itr=i+7 i=r+1 (3.107)
We show that
For example, when
J=1,2,5,6,810,12, - (3.108)
i=4, (3.109)

we have

4,1,2,5,6,8,10,12, - - - (
—1,5,2,5,6,8,10,12, - - - (
—1,2,6,5,6,8,10,12, - - - (3.112
—1,2,5,7,6,8,10,12, - -- (
—1,2,5,6,8,8,10,12, - - - (
—1,2,5,6,8,9,10,12,--- = J(i) = J. (

and the process stops there, so r = 5. Also

t+r=9 (3.116)
. In this case
J = (3.117)
and correspondingly
J = .9, (3.118)

where 9 means that 9 is skipped. Therefore, to satisfy J'(i) = J’, if 7 moves from left to right 7 times, it
is enough that

i+ =di4T (3.119)
. Also, the numbers passed by i and 7 as they move to the right are
1,2,3,4,5,6,7,8 (3.120)
and the number of these is (i + ) — 1; hence
r+if=i+r—1 (3.121)
. Thus (3.107) is shown. The signs are
(_1)j(_1)2 — (—1)?O (1) = (_1)22:1(ja7a)+((i+r)7(r+1))+ZLJZIT+1(jafafl)(_1)r+1 (3.122)
(—)7 () (== = (<) (- (3.123)
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and hence (3.106) holds. * Therefore

1] n—|J|
Opn(S,T) = > (=17 D (-1)'(-B)AsS® BT+ (1)l Y~ (-1)'A,S @ A;B,T| (3.124)
Jc{1,...,n} | i=1 i=1
n-lgl || 4
= > DT ED Y () A s S @ ABST =Y (1) BiAg,. apgS @ BT
Jc{1,...,n} L i=1 i=1

(3.125)

It remains to show that this agrees with

n

pn—10(S,T) = Z(—l)i Z (1) [Aq,. n1psAiS ® BJAT — Ay ne1p\sBiS ® By BT

i=1 Jc{1,...,n—1}
(3.126)
Here, to avoid confusion, we have explicitly written that for J C {1,...,n — 1}, J means J =
{1,...,n— 1}\J. Again, we do not check the complete term-by-term agreement including existence or
nonexistence of terms; we only check the agreement of signs.
Let us check the agreement of the first terms. First find J,4 such that
A;Bj = Bj;A; (3.127)
. For example, when
J=1,2,5,6,8,10,12 = n, (3.128)
i =4, (3.129)
we have
4,1,2,5,6,8,10,12 (3.130)
—1,5,2,5,6,8,10,12 (3.131)
—1,2,6,5,6,8,10,12 (3.132)
—1,2,5,7,6,8,10,12 (3.133)
—1,2,5,6,8,8,10,12 (3.134)
—1,2,5,6,8, 9 ,10,12 (3.135)
~—
i+r
—1,2,5,6,8,9,9,12 (3.136)
—1,2,5,6,8, ,9 (3.137)

. After i + r, each time the term moves to the right, j, decreases by one, j, +— j, — 1. Thus, for given
J, i, using the same definition (3.102) of r as before,

Jr <i+1 <jri1 (3.138)

v gy = du G ) e G = due e JrGeer — 1) - Gy — DE+ 7). (3.139)
(By the definition of r, note that j. < jr-+1 — 1.) Hence
i=i+r, J={1ede G — 1)y, Gl — 1)} (3.140)
At this point,

Appng = A4 (3.141)

4Strictly speaking, one also needs to handle cases such as i +r > |J|, but we omit this.
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is automatically satisfied. In the example above,

{1,...,n—1\J = {3,4,7,10} (3.142)
SO
3,4,7,10,9 — 3,4,7,9,11. (3.143)
On the other hand,
{1,...,n}\J = {3,4,7,9,11}. (3.144)

Thus it remains only to check the agreement of signs.

(_1)1(_1)f — (_1)i+r(_1)22:1(jafa)+ZLJ:‘r+1(jra71) — (_1)i+r(_1)J(_1)—(|JI—T) — (_1)1(_1)J(_1)\J\

(3.145)
and hence they agree. The second terms are handled similarly.
4 Cup Products
At the cochain level, the cup product is defined by
(fUg)(ce CuX)) = (f@g)(podi(c)) (4.1)
where
d: X - X xX (4.2)

is the diagonal map. There is some freedom in the choice of p: C.,(X X Y) = C,(X) ® C.(Y), but if we
take the map from the preceding section,

pn(S,T) =Y (-1)’A;S@B,T (4.3)
Jc{1,...,n}

then for a singular cube T : I — X,

d(T) = (T,T): I" — X x X, (4.4)
pod (T)=p(T,T)= > (-1)’A;T®B,T. (4.5)
Jc{1,...,n}
Therefore
(fUT) = (fRg(poddT) = > (=1)f(ArT)g(B,T). (4.6)
Jc{1,...,n}

If we look only at fixed degrees, for f? € CP(X, R), g? € CY(X,R), and Tp4, : IPT1 — X,

(fPUG)(Tp+q) = Z (=17 fP(ArTyiq) 9" (BsTpiq)- (4.7)
JcA{1,...,p+q},|J|=p

In particular,

(fPug(@) = Y, (=1 f(AsT)g™(BSTy) (4.8)
Jc{1,...,n},|J|=0
= (T (0,...,0))g™(Ty), (4.9)
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ruT) = DY () M(ArT)(BIT)

JcA{1,...,n},|J|=n
= f(T)g°(Ta(1,...,1)).

For p=q =1, we get

(frugh@) = > () (AsTa)g" (B,T2)
Jc{1,2},|7]=1

= [H(AT2)g" (B1T2) — f1(A1T2)g" (B2 T2)
= fH(Ta(x,0))g" (To(1,2)) — f1(T2(0,2))g" (To(x, 1))

(071) 171)

Figure 1: The cup product in the case p=¢q = 1.

5 The de Rham Map and Cup Products

For a differential form

we Q' (X)

R:Q"(X) = C(X,R),

wr— Rw: (T%/w) eC"(X,R), T:I"— X € C,(X),
T

is called the de Rham map.

(4.10)

(4.11)

e By the properties of differential forms, the cochain Rw™ € C™(X,R) obtained from the de Rham
map, unlike a general f € C™(X,R), is invariant under changes of the “parametrization” of T :

I — X, namely replacement by an orientation-preserving self-diffeomorphism ¢ : I — I™:

Rw™(T) = Rw™(T o ¢).
Thus the value Rw™(T') is determined only by the “shape” of T': I — X.

e R is a natural chain map.

e The de Rham map is invariant under the subdivision operator A : C,(X) — Cy(X). ©

A*Rw = Rw.

5Compare this with the formula using the Alexander—Whitney map for ordinary singular chain complexes,

(ftugh)(012) = F1(01)g(12)

6The subdivision operator is the one defined in Section 2; here we write sd = {sdn}n as A.
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This is because subdivision corresponds to subdividing the domain of integration:
(A" Rw)(T) = Rw(AT) = / w— / w = Rw(T) (5.6)
AT T

. Here we used the equality of sets AT(I") = T(I™).

5.1 Cup Products and the Subdivision Operator

The cup product and the de Rham map do not commute, but one expects an expression resembling a
discrete approximation to an integral.

wP e QP(X), 07 € QI(X) (5.7)
and estimate
R(wP A 09) — RwP U RO? (5.8)
R(wP AN (T) = / wP NOT = / T (WP AN OT) = / T*WwP NT*09. (5.9)
T Irta Jpr+a
(Rw” U ROT)(T) = > (=1)’ RwP(A 7 T)ROY(B,T) (5.10)

JC{L,en} | =p

- Y /A L /B L (5.11)

JC{1,...,n},|J|=p

- > (—1)J/ T*oﬂ’/ T, (5.12)
AJ,]p+q BjIr+a

JC{1,....n},|J|=p
Thus the comparison reduces to a comparison for differential forms on the unit cube /P79, That is, for
w, 0 € QF(IPT) (5.13)

we need to estimate

/ wP AT — > (71)"/ wp/ 61 (5.14)
Jpr+a AJ,[p+q BjIr+a

JC{1,...,n}, | J|=p

For example, in the case p = ¢ = 1, write

w = wy(z,y)dz + wy(z,y)dy, (5.15)
0 =0,(x,y)dx + 6, (z,y)dy (5.16)
. Then
R AOGD) = [ rle, )yt 0) a0 0,y (.17)
On the other hand,
(Rw! U ROY)(id) = /[0 1]X2(wx(z, 0)0,(1,y) — wy(0,y)0,(z,1))dzdy. (5.18)
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Thus the cup product of differential forms may be viewed as an expression approximating the integral by
endpoint values. Naively, the subdivision operator should improve the accuracy of this approximation.

Writing this out in the case p = ¢ =1,

A*(Rw' U ROY)(id)

- / (s (2, 0)8, (12, 9) — w, (0, )6 (z, 1/2))dzdy
[0,1/2]x[0,1/2]

+ / (a2, 0)8, (1, ) — wy(1/2, )0 (x, 1/2))dzdy
[1/2,1]x[0,1/2]

4 / (s (1, 1/2)0,(1/2, ) — wy (0,9)0(z, 1)) daxdy
[0,1/2]x[1/2,1]

+/ (s (1, 1/2)8, (1, ) — wy (1/2, )0, 1)) dardy.
[1/2,1] X[1/2,1]

Therefore one expects, at least naively, that

lim (A*)"(Rw U RA) = R(w A 6)

n—oo
holds [3]. 7
Using the limiting formula (5.24) and the chain homotopy for the subdivision operator,

1— A =0y +19d

define

E: QP (X)®0%X) - P 1(X)
by

E(w,0) == = Y _(A*)"¢*(Rw U R),

n=0
that is,
E(w,0)(ce Ci(X)) :=— Z(Rw U RO)(YpA™¢)
n=0

as in [3].

(5.19)
(5.20)

(5.21)
(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

e One needs to check whether the infinite sum in (5.28) converges. [3] states: “A straightforward
estimate shows that the right hand side of (1.8) is dominated by a geometric series and hence

convergences.”

"In [3], it is stated that cubical singular chain complexes are used for the limiting formula (5.24), and (5.24) itself is
attributed to [4]. However, I could not determine whether [4] depends on some property of cubical singular chain complexes
rather than the usual simplicial singular chain complex. At first glance, [4] itself also appears to use a construction based

on the simplicial singular chain complex.
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Now, noting that R and A are natural chain maps and that v is natural,

SE(w,0)(c) = E(w,0)(dc) (5.29)
- io(A*)"w*(Rw U RO)(8c) (5.30)
- - f:(Rw U RO)(pA™dc) (5.31)
=0
=_ i(m U RO)(pdA" ) (5.32)
= i(RM URO)((1 — A — d)Alc) (5.33)
=0
=— i(m U RO)((A™ — A" Y)e) + i(Rw U RO) (A" c) (5.34)
=0 =0
=~ lim (RwURA)((1 - AN !)e) + io 8(Rw U RO) (A" c) (5.35)

= —(RwU Rf)(c) + lim (ANTHRw U RO)(c) + i(é}m U RO + (—1)“I Rw UG RO) (O A" c)

n=0
(5.36)
= —(RwURO)(c) + R(w A 0)(c) + Y (Rdw U RO + (—1)“| Rw U Rd0) (9 A" c) (5.37)
n=0
= —(RwURH)(c) + R(w A 0)(c) — E(dw,0)(c) — (—1)“| E(w, db)(c). (5.38)
Thus
R(w A 0) — RwU RO = §E(w,0) + E(dw, ) + (1) E(w, db), (5.39)
or equivalently,
RwAf)— RwURH=0E(w®b)+ FEdwe0) (5.40)
5.1.1 On the Convergence of the Infinite Sum (5.24)
To examine convergence of (5.24), consider the case w,f € Q(X).
E(w,0)(T: I — X)=—Y (RwURO)(HA"T) (5.41)
n=0

= - i [Rw(Agp A"T)RO(B1A™T) — Rw(A1p A"T)RO(Bayp A™T)). (5.42)

n=0
The explicit form of ¢ from (2.45) is
W(T) =Y Ge(T) = Go(T) + Gi(T), (5.43)
ec&;
V(T) (1, 22) = T(no(w1,22)) + T(n1 (w1, 22)). (5.44)
Thus for a general 0 : [ — X,
(Rw U RO)(vo) = (Rw U RA)(Goo + G10) (5.45)
= RW(AQGOO')RG(B]GOU) — Rw(AlGQO')Re(BQG()O') (546)
+ Rw(A3G10)RO(B1G10) — Rw(A1G10)RO(B2G10). (5.47)
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Here note that
A1Goo :x— o(no(0,2)) =0o
B1Gio:z—o(m(l,z)) =0
ByGio:x—o(mp(z,1) =0
so only the first term remains:
(Rw U RO)(¢o) = Rw(A2Goo)RI(B1Go)
= Rw(z — a(no(,0)))RO(x — o(no(1, x)))

—

= Ru(z a(g))RG(a: = ols

Here we use that a cochain obtained from the de Rham map is independent of the parametrization of
T :I' — X. Therefore (Rw U Rf)(¢po) is the product of the line integral of w along the first half of the
path o(z € [0,1/2]) and the line integral of 6 along the second half o(z € [1/2,1]). We estimate this from

above. Write the maximum of a one-form and the length of a path as

= a.
Huso veT, X, |'um },);Eo([o,l]) (@)l

(7, a,b) / || ||dt
l

|(Rw U RQ)WU)\ < Nw,a’ﬂ@,ago,[071/2]60,[1/2,1] < Mw,aﬂ@,a(§)2~

and so on. Then

Here

le = Lo 0,1] = Lo0,1/2] + Lo 1/2,1]
and we used the arithmetic—geometric mean inequality

by
Co0,1/2100,1/2,1] < (5)2
. Since the subdivision operator A only subdivides the domain of integration, similarly

2" —1
[(Rw U RO) (YA 0)| < e, o 46,0 Z EO_)[ 2p+1]€o_ [2p£1 2p+2)

¢ 2n+1 ) ont1 lon+1on+1
p=

2™ -1
1 2
< 72@ 0 )
S Mw,aua,a4 07[23& ’223?11] + 22511 5512]
p=0
2" -1
12” ! Y4 Y4 ’
= Hoatnag? D g (Cor ey 2eet) + bt 222,

2" —1
1 1
< fwoho.0 42" (Z g (o, 2o 2ty + 6o 20 ;51%10)

p=0
1 2
= Hw,o o 14
Jhooti6.072 <2n )
1 —n
— NW,JHG,G‘ZQ (&7)2'

Here we used the inequality for the convex function = — 2,
Zapa” = Z“Pf” Z%—l

. Therefore the infinite sum (5.41) is absolutely convergent for fixed 7.

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

The convergence for general w € QP and 6 € Q? should also be discussed, but we leave it for later.
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