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I. RÉNYI ENTANGLEMENT ENTROPY FOR FERMIONS

Rényi entanglement entropy is defined by

SN :=
1

1−N
log tr [ρNI ]. (1.1)

Let us consider a fermionic reduced density matrix

ρI =

∫ ∏
i∈I

dᾱidαidβ̄idβie
−

∑
i∈I(ᾱiαi+β̄iβi)ρI({ᾱi}, {βi}) |{αi}⟩ ⟨{β̄i}| . (1.2)
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From a straightforward calculation we have

tr [ρNI ] =

∫ ∏
i∈I,n=1,...,N

dᾱn,idαn,iρI({−ᾱ1,i}, {α1,i}) · · · ρI({−ᾱN,i}, {αN,i})e
∑

i∈I(−ᾱ1,iαN,i+ᾱ2,iα1,i+···ᾱN,iαN−1,i).

(1.3)

Here, n = 1 . . . , N are the replica indices. For a pure state |ψ⟩, the reduced density matrix becomes

ρI({−ᾱi}i∈I , {αi}i∈I) =
∫ ∏

i/∈I

dᾱidαiψ({−ᾱi}i∈I , {−ᾱi}i/∈I)ψ∗({αi}i∈I , {αi}i/∈I)e−
∑

i/∈I ᾱiαi . (1.4)

Then,

tr [ρNI ] =

∫ ∏
i∈full,n=1,...,N

dᾱn,idαn,iψ({−ᾱ1,i})ψ∗({α1,i}) · · ·ψ({−ᾱN,i})ψ∗({αN,i}) (1.5)

e−
∑

i/∈I,n ᾱn,iαn,ie
∑

i∈I(−ᾱ1,iαN,i+ᾱ2,iα1,i+···ᾱN,iαN−1,i) (1.6)

=

∫ ∏
i∈full,n=1,...,N

dᾱn,idαn,iΨ({−ᾱn,i})Ψ∗({αn,i})e−
∑

i/∈I,n ᾱn,iαn,ie
∑

i∈I(−ᾱ1,iαN,i+ᾱ2,iα1,i+···ᾱN,iαN−1,i),

(1.7)

where we introduced the replica ground state

Ψ({−ᾱn,i}) := ψ({−ᾱ1,i})ψ({−ᾱ2,i}) · · ·ψ({−ᾱN,i}), (1.8)

Ψ∗({αn,i}) := ψ∗({αN,i})ψ∗({αN−1,i}) · · ·ψ∗({α1,i}). (1.9)

tr [ρNI ] can be expressed as the expectation value of the partial replica permutation operator TI on the replica ground
state |Ψ⟩. For a while, we ignore site indices. Let {fn} be complex fermions associated with the Grassmann variables
{αn}. We define the replica permutation operator T so that T satisfies

Tf1T
−1 = fN , T fnT

−1 = −fn−1 (n = 2, . . . N). (1.10)

Note that

TN ∼
{

1 (N : odd)
(−1)F (N : even)

(1.11)

up to a U(1) phase factor. By introducing real fermions {cRn , cLn} by

f†n =
cRn + icLn

2
, fn =

cRn − icLn
2

, (1.12)

the permutation operator T is given by

T = e
π
4 c

R
Nc

R
N−1e

π
4 c

R
N−1c

R
N−2 · · · eπ

4 c
R
2 c

R
1 · eπ

4 c
L
Nc

L
N−1e

π
4 c

L
N−1c

L
N−2 · · · eπ

4 c
L
2 c

L
1 (1.13)

= (1− f†N−1fN−1 − f†NfN − f†N−1fN + f†NfN−1 + 2f†N−1f
†
NfNfN−1) (1.14)

· · · (1− f†1f1 − f†2f2 − f†1f2 + f†2f1 + 2f†1f
†
2f2f1). (1.15)

T is normalized as

TN =

{
1 (N : odd)
(−1)F (N : even)

(1.16)
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(KS: I checked this for N = 2, 3, 4, 5 from a direct calculation.) Its matrix element is given by

⟨α|T |β⟩ (1.17)

=

∫ ∏
dγndδne

−
∑

n γnδn ⟨α| (1− f†N−1fN−1 − f†NfN − f†N−1fN + f†NfN−1 + 2f†N−1f
†
NfNfN−1) (1.18)

· · · |δ⟩ ⟨γ| (1− f†1f1 − f†2f2 − f†1f2 + f†2f1 + 2f†1f
†
2f2f1) |β⟩ (1.19)

=

∫ ∏
dγndδne

−
∑

n γnδn ⟨α| (1− f†N−1fN−1 − f†NfN − f†N−1fN + f†NfN−1 + 2f†N−1f
†
NfNfN−1) (1.20)

· · · |δ⟩ e−γ1β2+γ2β1+
∑N

n=3 γnβn (1.21)

= ⟨α| (1− f†N−1fN−1 − f†NfN − f†N−1fN + f†NfN−1 + 2f†N−1f
†
NfNfN−1) (1.22)

· · · (1− f†2f2 − f†3f3 − f†2f3 + f†3f2 + 2f†2f
†
3f3f2) |−β2, β1, β3, . . . , βN ⟩ (1.23)

= · · · (1.24)

= ⟨α| − β2,−β3, . . . ,−βN , β1⟩ (1.25)

= e−
∑N−1

n=1 αnβn+1+αNβ1 . (1.26)

We define the partial N -fold rotation TI on the interval I by

TI :=
∏
i∈I

e
π
4 c

R
N,ic

R
N−1,ie

π
4 c

R
N−1,ic

R
N−2,i · · · eπ

4 c
R
2,ic

R
1,i · eπ

4 c
L
N,ic

L
N−1,ie

π
4 c

L
N−1,ic

L
N−2,i · · · eπ

4 c
L
2,ic

L
1,i (1.27)

Then,

⟨Ψ|TI |Ψ⟩ = tr
[
TI |Ψ⟩ ⟨Ψ|

]
(1.28)

=

∫ ∏
dᾱn,idαn,ie

−
∑

n,i ᾱn,iαn,i ⟨−ᾱ|TI |Ψ⟩ ⟨Ψ|α⟩ (1.29)

=

∫ ∏
dᾱn,idαn,idβ̄n,idβn,ie

−
∑

n,i ᾱn,iαn,ie−
∑

n,i β̄n,iβn,i ⟨−ᾱ|TI |β⟩ ⟨β̄|Ψ⟩ ⟨Ψ|α⟩ (1.30)

=

∫ ∏
dᾱn,idαn,idβ̄n,idβn,ie

−
∑

n,i ᾱn,iαn,ie−
∑

n,i β̄n,iβn,i (1.31)

e−
∑

n,i/∈I ᾱn,iβn,ie
∑

i∈I [
∑N−1

n=1 ᾱn,iβn+1,i−ᾱN,iβ1,i] ⟨β̄|Ψ⟩ ⟨Ψ|α⟩ (1.32)

=

∫ ∏
dαn,idβ̄n,ie

∑
n,i/∈I β̄n,iαn,ie

∑
i∈I [β̄1,iαN,i−

∑N
n=2 β̄n,iαn−1,i] ⟨β̄|Ψ⟩ ⟨Ψ|α⟩ (1.33)

=

∫ ∏
dᾱn,idαn,ie

−
∑

n,i/∈I ᾱn,iαn,ie
∑

i∈I [−ᾱ1,iαN,i+
∑N

n=2 ᾱn,iαn−1,i] ⟨−ᾱ|Ψ⟩ ⟨Ψ|α⟩ (1.34)

= tr
[
ρNI

]
. (1.35)

Here we used ∫ ∏
n

dᾱndβne
−

∑
n ᾱnαne−

∑
n β̄nβne

∑N−1
n=1 ᾱnβn+1−ᾱNβ1 (1.36)

=

∫
(β2 − α1)dβ1(β3 − α2)dβ2 · · · (βN − αN−1)dβN−1(−β1 − αN )dβNe

−
∑

n β̄nβn (1.37)

=

∫
dβ1(β1 + αN )dβ2(β2 − α1) · · · dβN (βN − αN−1)e

−
∑

n β̄nβn (1.38)

= eβ̄1αN−
∑N

n=2 β̄nαn−1 . (1.39)

It is useful to introduce a basis of fermions which diagonalizes the permutation operator T . T is written as

Tf†nT
−1 = f†m[UT ]mn, UT =


0 −1

0 −1
· · ·

0 −1
1 0

 . (1.40)
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The matrix UT is diagonalized by

UT vk = −ωkvk, vk =
1√
N

(1, ωk, ω
2
k, · · · , ωN−1

k )T , ωk = e
πi
N (2k−1) (k = 1, . . . , N). (1.41)

We introduce new fermions ψ†
k(k = 1, . . . , N) by

ψ†
k :=

1√
N

(f†1 + ωkf
†
2 + ω2

kf
†
3 + · · ·+ ωN−1

k f†N ), (1.42)

Tψ†
kT

−1 = −ωkψ†
k. (1.43)

If the pure state |ψ⟩ has the particle number symmetry (Spinc structure), the Rényi entanglement entropy for the
subregion I factorizes into the N number of the partial U(1) rotations

tr [ρNI ] = ⟨Ψ|T |Ψ⟩ =
∏

k=−N−1
2 ,−N−1

2 +1,...,N−1
2

⟨ψ|Uk|I |ψ⟩ , (1.44)

where |ψ⟩ is the ground state of original single system and

Uk|I = exp
[
2πi

k

N

∑
i∈I

f†i fi

]
. (1.45)

II. PARTIAL TIME-REVERSAL TRANSFORMATION (CLASS AI)

There are three types of partial anti-unitary transformations: class AI, AII, and AIII. Here we consider class AI
time-reversal twisting. For a class AI TRS defined by

Θf†i Θ
−1 = f†j [UΘ]ji, UTΘ = UΘ, (2.1)

the partial time-reversal twisting on a subregion I1 is defined by

U I1Θ ρΘ1

I [U I1Θ ]† =

∫ ∏
i∈I

dγ̄idγidδ̄idδie
−

∑
i(γ̄iγi+δ̄iδi)ρI({γ̄i}, {δi}) |{iδ̄i[UΘ]ij}j∈I1 , {γi}i∈I2⟩ ⟨{i[U∗

Θ]ijγj}i∈I1 , {δ̄i}i∈I2 | ,

(2.2)

where U I1T is the unitary part of the time-reversal transformation on I1. Here, we consider the quantity

SΘ1

N := tr [(ρΘ1

I )N ] = tr [(U I1Θ ρΘ1

I [U I1Θ ]†)N ]. (2.3)

Since SΘ1

N does not depend on the choice of U I1Θ , we can simply set UΘ = 1:

U I1Θ ρΘ1

I [U I1Θ ]† =

∫ ∏
i∈I

dγ̄idγidδ̄idδie
−

∑
i(γ̄iγi+δ̄iδi)ρI({γ̄i}, {δi}) |{iδ̄i}i∈I1 , {γi}i∈I2⟩ ⟨{iγi}i∈I1 , {δ̄i}i∈I2 | . (2.4)

One can show that

SΘ1

N =

∫ ∏
i∈I1∪I2,n=1,...,N

dᾱn,idαn,ie
∑

i∈I1
(
∑N−1

n=1 ᾱn,iαn+1,i−ᾱN,iα1,i)e
∑

i∈I2
(
∑N−1

n=1 ᾱn+1,iαn,i−ᾱ1,iαN,i)
∏
n

ρ({−ᾱn,i}, {αn,i}).

(2.5)

For a pure state |ψ⟩,

SΘ1

N =

∫ ∏
i,n=1,...,N

dᾱn,idαn,ie
∑

i∈I1
(
∑N−1

n=1 ᾱn,iαn+1,i−ᾱN,iα1,i)e
∑

i∈I2
(
∑N−1

n=1 ᾱn+1,iαn,i−ᾱ1,iαN,i)e−
∑

i/∈I1∪I2

∑N
n=1 ᾱn,iαn,i

(2.6)

ψ({−ᾱ1,i})ψ({−ᾱ2,i}) · · ·ψ({−ᾱN,i})ψ∗({αN,i}) · · ·ψ∗({α2,i})ψ∗({α1,i}). (2.7)
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This can be written as an expectation value of the partial N -fold permutation operator on the replicated ground state
|Ψ⟩. Noticing that

⟨α|T−1|β⟩ = ⟨−α2,−α3, . . . ,−αN , α1|β⟩ = eα1βN−
∑N

n=2 αnβn−1 , (2.8)

we get

SΘ1

N = ⟨Ψ|T−1
I1
TI2 |Ψ⟩ (2.9)

with

T−1
I1

=
∏
i∈I1

e
π
4 c

R
1,ic

R
2,ie

π
4 c

R
2,ic

R
3,i · · · eπ

4 c
R
N−1,ic

R
N,i · eπ

4 c
L
1,ic

L
2,ie

π
4 c

L
2,ic

L
3,i · · · eπ

4 c
L
N−1,ic

L
N,i , (2.10)

TI2 =
∏
i∈I2

e
π
4 c

R
N,ic

R
N−1,ie

π
4 c

R
N−1,ic

R
N−2,i · · · eπ

4 c
R
2,ic

R
1,i · eπ

4 c
L
N,ic

L
N−1,ie

π
4 c

L
N−1,ic

L
N−2,i · · · eπ

4 c
L
2,ic

L
1,i . (2.11)

If the pure state |ψ⟩ has the particle number conservation symmetry (Spinc structure), ⟨Ψ|T−1
I1
TI2 |Ψ⟩ factorizes into

the N number of the partial U(1) rotations

SΘ1

N =
∏

k=−N−1
2 ,−N−1

2 +1,...,N−1
2

⟨ψ|Uk|I |ψ⟩ , (2.12)

Uk|I = exp
[
− 2πik

N

∑
i∈I1

f†i fi +
2πik

N

∑
i∈I2

f†i fi

]
. (2.13)

III. MAJORANA CHAIN

A. Jordan-Wigner transformation in (1+1)d

Introducing real fermions

f†n,i =
cRn,i + icLn,i

2
, fn,i =

cRn,i − icLn,i
2

, (3.1)

we introduce spin 1/2 variables {σµn,i} by

cRn,i = −σxn,1σxn,2 · · ·σxn,i−1σ
y
n,i, (3.2)

cLn,i = σxn,1σ
x
n,2 · · ·σxn,i−1σ

z
n,i. (3.3)

The following relations hold:

(−1)F =
∏
n,i

(−icLn,icRn,i) =
∏
n,i

σxn,i, (3.4)

f†n,ifn,i =
1− σxn,i

2
, (3.5)

Pn =
∏
i

σxn,i, (3.6)

f†n,i = −σxn,1 · · ·σxn,i−1σ
−
n,i, σ−

n,i =
σyn,i − iσzn,i

2
, (3.7)

fn,i = −σxn,1 · · ·σxn,i−1σ
+
n,i, σ+

n,i =
σyn,i + iσzn,i

2
, (3.8)

icLn,ic
R
n,i = −σxn,i, (3.9)

icRn,ic
L
n,i+1 = −σzn,iσzn,i+1, icRn,Lc

L
n,1 = Pnσ

z
n,Lσ

z
n,1, (3.10)

icLn,ic
R
n,i+1 = σyn,iσ

y
n,i+1, icLn,Lc

R
n,1 = −Pnσyn,Lσ

y
n,1. (3.11)
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1. Majorana chain

Hn =

L∑
i=1

(f†n,ifn,i + h.c.) + J

L−1∑
i=1

(−f†n,ifn,i+1 − fn,ifn,i+1 + h.c.)± J(−f†n,Lfn,1 − fn,Lfn,1 + h.c.) (3.12)

=

L∑
i=1

icLn,ic
R
n,i + J

L−1∑
i=1

icRn,ic
L
n,i+1 ± JicRn,Lc

L
1,1 (3.13)

= −
L∑
i=1

σxn,i − J

L−1∑
i=1

σzn,iσ
z
n,i+1 ± JiPnσ

z
n,Lσ

z
n,1. (3.14)

J = 1 is the critical point. We introduce new fermions ψ†
k(k = 1, . . . , N) by

ψ†
k :=

1√
N

(f†1 + ωkf
†
2 + ω2

kf
†
3 + · · ·+ ωN−1

k f†N ), ωk = e
πi
N (2k−1), (3.15)

Tψ†
kT

−1 = −ωkψ†
k. (3.16)

This inverse transformation is

f†n =
1√
N

(ω̄n−1
1 ψ†

1 + ω̄n−1
2 ψ†

2 + · · ·+ ω̄n−1
N ψ†

N ), (3.17)

fn =
1√
N

(ωn−1
1 ψ1 + ωn−1

2 ψ2 + · · ·+ ωn−1
N ψN ). (3.18)

∑
n

fn,ifn,i+1 =
1

N

∑
n,k,l

ωn−1
k ωn−1

l ψk,iψl,i+1 =
∑
k

ψk,iψ1−k,i+1. (3.19)

IV. DIRAC FERMION (Spinc)

Model Hamiltonian

H(θ) = −
L−1∑
i=1

[f†i fi+1 + h.c.]− eiθ[f†Lf1 + h.c.] (4.1)

(4.2)

A. Bosonization

• Spinc ↔ U(1) ?

• Dirac fermion ↔ compactified boson ?

Critical Dirac fermion (Spinc structure):

H(θ) = −
L−1∑
i=1

[f†i fi+1 + h.c.]− eiθ[f†Lf1 + h.c.] (4.3)

= −1

2

L−1∑
i=1

[icLi c
R
i+1 − icRi c

L
i+1]−

eiθ

2
[icLLc

R
1 − icRLc

L
1 ] (4.4)

= −1

2

L−1∑
i=1

[σyi σ
y
i+1 + σzi σ

z
i+1] +

eiθ

2
P [σyLσ

y
1 + σzLσ

z
1 ] (4.5)

= −
L−1∑
i=1

[σ+
i σ

−
i+1 + σ−

i σ
+
i+1] + eiθP [σ+

Lσ
−
1 + σ−

Lσ
+
1 ]. (4.6)
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(−1)F =
∏
i

(1− 2f†i fi) = P =
∏
i

σxi , (4.7)

TI,k = exp
[2πik
N

∑
i∈I

f†i fi

]
= exp

[πik
N

|I| − πik

N

∑
i∈I

σxi

]
, (4.8)

T−1
I,k = exp

[
− 2πik

N

∑
i∈I

f†i fi

]
= exp

[
− πik

N
|I|+ πik

N

∑
i∈I

σxi

]
, (4.9)

k = −N − 1

2
,−N − 1

2
+ 1, . . . ,

N − 1

2
. (4.10)

{
e−2πibf†ff†e2πibf

†f = e−2πibf†

e−2πibf†ffe2πibf
†f = e2πibf

↔
{
e−πib+πibσ

x

σyeπib−πibσ
x

= σy cos(2πb) + σz sin(2πb)
e−πib+πibσ

x

σzeπib−πibσ
x

= σz cos(2πb)− σy sin(2πb)
(4.11)

↔
{
e−πib+πibσ

x

σ+eπib−πibσ
x

= e−2πibσ+

e−πib+πibσ
x

σ−eπib−πibσ
x

= e2πibσ− (4.12)

B. Toeplitz determinant

Let |ψ⟩ be a occupied state

|ψ⟩ =
∏

|k|<kF

f†k |0⟩ (4.13)

of complex fermions fk with momentum k ∈ 2πn
L , n ∈ Z, −a/π < k < π/a with a the lattice constant. In the present

section, we do not assume any forms of the dispersion ϵk of the complex fermions. What we want to compute is the
following expectation value of the sequence of the partial U(1) transformation〈

ψ

∣∣∣∣∣ exp [2πib1 ∑
x∈I1

f†xfx + 2πib2
∑
x∈I2

f†xfx + · · ·
] ∣∣∣∣∣ψ

〉
. (4.14)

The above expectation value can be estimated by use of the Fisher-Hartwig theorem.1 The matrix element of the
sequence for momentum basis

|n⟩ =
√
a

L

∑
x

|x⟩ e2πinx/L (4.15)

is given approximated as

ϕn−m =

〈
n

∣∣∣∣∣ exp [2πib1 ∑
x∈I1

f†xfx + 2πib2
∑
x∈I2

f†xfx + · · ·
] ∣∣∣∣∣m

〉
(4.16)

=
a

L

∑
x

{
e2πibj (x ∈ Ij)
1 otherwise

}
e−i(n−m) 2πx

L (4.17)

∼ 1

2π

∮ 2π

0

dθ

{
e2πibj (θ ∈ Ij)
1 otherwise

}
e−i(n−m)θ for

a

L
≪ 1. (4.18)

Here, we used the same notations Ij for the intervals in S1 = [0, 2π]. The generating function of the Toeplitz matrix

TkF [ϕ] = (ϕn−m), −LkF
2π

< n,m <
LkF
2π

. (4.19)

is given by

ϕ(θ) =

{
e2πibj (θ ∈ Ij)
1 otherwise

(4.20)
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The expectation value (4.14) is given by the determinant of the Toeplitz matrix

(4.14) ∼ detTkF [ϕ] (4.21)

Notice that the Toeplitz matrix (4.19) is equivalent to

TkF [ϕ] = (ϕn−m), 0 < n,m <
LkF
π

. (4.22)

We can immediately apply the Fisher-Hartwig theorem, which is reviewed in Appendix A, to (4.14).

C. Single interval

Here we consider the partial e2πib transformation and the Rényi entanglement entropy on an interval [0, ℓ]. The
data of generating function of the Toeplitz matrix is

eV (eiθ) = eiθ1b, 0 = θ0 < θ1 =
2πℓ

L
, α0 = α1 = 0, β0 = −b, β1 = b. (4.23)

There is ambiguity in β0 and β1 which arises from

βi 7→ βi + ni,
∑
i

ni = 0. (4.24)

βi should be chosen to minimize ∑
i

(Re βi)
2. (4.25)

If there are multiple minimized points {βi}, all the minimized points {βi} contribute the determinant of the Toeplitz
matrix in an equal footing.

1. Partial e2πib transformation, b ̸= 1/2.

For b ̸= 1/2, β is fixed to be |β| < 1/2, thus we assume −1/2 < b < 1/2. The partial e2πib transformation is given
by

Z(b) := ⟨ψ|e2πib
∑

0≤x≤ℓ f
†
xfx |ψ⟩ (4.26)

∼=
[
2 sin

(πℓ
L

)]−2b2

·
(LkF

π

)−2b2

· e2ikF ℓb · [G(1 + b)G(1− b)]2, (4.27)

where G(z) is the Barnes G-function

G(1 + z) = (2π)z/2 exp
(
− z + (1 + γ)z2

2

) ∞∏
r=1

[(
1 +

z

r

)r
e

z2

2r −z
]
. (4.28)

The logarithm of the partial e2πib transformation is

logZ(b) = log ⟨ψ|e2πib
∑

0≤x≤ℓ f
†
xfx |ψ⟩ (4.29)

∼= −2b2 log
[LkF
π

· 2 sin
(πℓ
L

)]
+ 2ikF ℓb+ 2 log[G(1 + b)G(1− b)]. (4.30)

The pure imaginary part is a trivial contribution from the fermi sea. In fact, this can be removed by the redefinition
the U(1) charge operator as

Z ′(b) := ⟨ψ|e2πib
∑

0≤x≤ℓ(f
†
xfx−ν)|ψ⟩ , (4.31)
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with ν the filling number par a site. In the present case, ν is given by

ν =
NF
L/a

=
2kF /(2π/L)

L/a
=
kFa

π
, (4.32)

where NF is the total fermion number of the fermi sea. Then,

−2πibν
∑

0≤x≤ℓ

= −2πib
kFa

π
· ℓ
a
= −2ibkF ℓ, (4.33)

which cancels the pure imaginary part of logZ(b).

2. Partial (−1)F transformation

Let us consider the partial fermion parity flip on a single interval I = [0, ℓ]

Z((−1)FI ) = ⟨ψ|eπi
∑

0≤x≤ℓ f
†
xfx |ψ⟩ . (4.34)

We have two minima b = ±1/2, both of which contribute Z((−1)FI ). This is something like zero modes in the
partition function. We have that

Z((−1)FI ) =
∑

b=±1/2

Z(b) (4.35)

= 2 cos(kF ℓ) ·
[
2 sin

(πℓ
L

)]−1/2

·
(LkF

π

)−1/2

· [G(1/2)G(3/2)]2. (4.36)

3. Rényi entanglement entropy

The Rényi entanglement entropy is

Sn =
1

1− n

∑
k=−n−1

2 ,...,n−1
2

lnZ(b = k/n) (4.37)

=
n+ 1

6n
log

[LkF
π

· 2 sin
(πℓ
L

)]
+

2

1− n

(n−1)/2∑
k=−(n−1)/2

log[G(1 + k/n)G(1− k/n)] (4.38)

=
n+ 1

6n
log

[LkF
π

· 2 sin
(πℓ
L

)]
+

4

1− n
f(n), (4.39)

where f(n) is given as

f(no) =
n2o − 1

no

( 1

12
− logA

)
+

log no
12no

+

(no−1)/2∑
k=1

[
(k/no) log Γ(k/no)− (k/no) log Γ(1− k/no)

]
(4.40)

f(ne) =
n2e + 1/2

ne

( 1

12
− logA

)
− log(ne/2)

24ne
+

(ne−1)/2∑
k=1/2

[
(k/ne) log Γ(k/ne)− (k/ne) log Γ(1− k/ne)

]
(4.41)

for odd (even) integers no (ne). A is the Glaisher–Kinkelin constant. Note that the Rényi entanglement entropy Sn
satisfies

Sn(ℓ) = Sn(L− ℓ). (4.42)
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D. Smooth kink adding operator

Let us consider the expectation value of the operator adding a one kink by

O = ⟨ψ|e2πi
∑

x x/L|ψ⟩ . (4.43)

The corresponding generating function of the Toeplitz matrix is

ψ(θ) = eiθ. (4.44)

The Toeplitz determinant is zero since O is nothing but the momentum shift

Of†kO
−1 = fk+2π/L. (4.45)

Thus, there is no overlap

⟨ψ|O|ψ⟩ = 0. (4.46)

E. Smooth function without winding

next, let us consider the expectation value of the operator parametrized by a smooth function V : S1 → C× without
winding number.

O[V ] = ⟨ψ|e
∑

x V (2πx/L)f†
xfx |ψ⟩ . (4.47)

The generating function of the Toeplitz matrix is

ψ(θ) = eV (θ). (4.48)

This has no singularity. The Toeplitz determinant is given as

⟨ψ|O[V ]|ψ⟩ = exp
[∑

k

kVkV−k

]
= exp

[ 1

2π

∮ 2π

0

dθV (θ)(−i∂θ)V (θ)
]

(4.49)

with Vk the Fourier component of V (θ),

Vk =
1

2π

∮ 2π

0

dθV (θ)e−ikθ. (4.50)

V. (2+1)D CHERN INSULATOR

As an application of the formula, we estimate the entanglement entropy associated with a disc region for the Chern
insulator with a single right-mover chiral mode. We employ the bulk-boundary correspondence: the reduced density
matrix ρD of a disc region is given by the thermal state of the physical edge excitations

ρD =
e−

ξ
vH

tr e−
ξ
vH

, (5.1)

H =
2πv

L

∑
m∈Z+ 1

2

m : γ†mγ : − 1

24
, (5.2)

where the edge excitations are written by the bulk fermions as

γ†(
Lϕ

2π
) ∼

(
e−ϕ/2−πi/4ψ†

1(r, ϕ) + eϕ/2+πi/4ψ†
2(r, ϕ)

)
e−

∫ r dr′m(r′), (5.3)

and L = |∂D|. The partial Ub,D = e−2πib
∑

x∈D ψ†
xψx transformation induces the Ub action on the edge CFT. We get

⟨ψ|Ub,D|ψ⟩ ∼
tr
[
e−2πibQ̃e−

ξ
vH

]
tr e−

ξ
vH

, Q̃ =
∑

m∈Z+ 1
2

: γ†mγm : . (5.4)
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This is the partition function of the free Dirac fermions. We have

⟨ψ|Ub,D|ψ⟩ ∼
Z 1

2 ,b+
1
2
( iξL )

Z 1
2 ,

1
2
( iξL )

=
Z 1

2−b,
1
2
( iLξ )

Z 1
2 ,

1
2
( iLξ )

. (5.5)

For b ̸= 1/2, the numerator is approximated by the unique vacuum state as

Z 1
2−b,

1
2
(
iL

ξ
) ∼ exp

[
− 2πL

ξ

(1
2
b2 − 1

24

)]
, (−1

2
< b <

1

2
). (5.6)

Thus,

⟨ψ|Ub,D|ψ⟩ ∼ exp
[
− 2πL

ξ
· 1
2
b2
]
, (−1

2
< b <

1

2
). (5.7)

The Rényi entanglement entropy is

SN ∼ 1

1−N

∑
k=−N−1

2 ,...,N−1
2

[
− 2πL

ξ
· 1
2

( k
N

)2]
(5.8)

=
N + 1

24N
· 2πL
ξ
. (5.9)

The Von Neumann Entanglement entropy is

S = lim
N→1

SN =
1

12
· 2πL
ξ
. (5.10)

VI. (3+1)D TOPOLOGICAL INSULATOR

Let us consider the three-ball entanglement entropy of the (3 + 1)d insulator

H =
∑
k

ψ†
k

[
(
k2

2m
− µ)τz + vτxσ · k

]
ψk. (6.1)

The partial U(1) transformation is approximated as

⟨ψ|Ua,D|ψ⟩ ∼
tr
[
e−2πiaQe−

ξ
vH

]
tr e−

ξ
vH

, (6.2)

H =
v

R

∑
n∈Z,n>0

∑
m=−(n− 1

2 ),...,n−
1
2

[
2nχ†

n,mχn,m + 2nχ−n,mχ
†
−n,m

]
, (6.3)

Q =
∑

n∈Z,n>0

∑
m=−(n− 1

2 ),...,n−
1
2

[
χ†
n,mχn,m − χ−n,mχ

†
−n,m

]
, (6.4)

where R is the radius of the three-ball D. A direct calculation shows

⟨ψ|Ua,D|ψ⟩ ∼
∏∞
n=1(1 + e−2πiaqn)2n(1 + e2πiaqn)2n∏∞

n=1(1 + qn)2n(1 + qn)2n
(q = e−2ξ/R) (6.5)

∼ exp
[
− 2(2ξ/R)−2

{
Li3(−e−2πia) + Li3(−e2πia)

}
− 3(2ξ/R)−2ζ(3)− 1

3
log | cos(πa)|

]
. (6.6)

The Rényi entanglement entropy is

SN ∼ 1

1−N

∑
k=−N−1

2 ,...,N−1
2

[
− 2(2ξ/R)−2

{
Li3(−e−2πik/N ) + Li3(−e2πik/N )

}
− 3(2ξ/R)−2ζ(3)− 1

3
log | cos(πk/N)|

]
(6.7)

=
1

1−N

N−1∑
k=0

[
− R2

ξ2
Li3(e

πi/Ne2πik/N )− 3ζ(3)

4

R2

ξ2
− 1

3
log sin

( π
N

(
k +

1

2

))]
(6.8)

=
3

4
ζ(3)

1 +N +N2

N2

R2

ξ2
− 1

3
log 2. (6.9)
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The Von Neumann Entanglement entropy is

S = lim
N→1

SN =
9

4
ζ(3)

R2

ξ2
− 1

3
log 2. (6.10)

Here we used

N−1∑
k=0

Lis(ze
2πik/N ) = N1−sLis(z

N ), Li3(−1) = −3

4
ζ(3), (6.11)

N−1∑
k=0

log sin
( π
N

(
k +

1

2

))
= −(N − 1) log 2. (6.12)

Appendix A: Toeplitz determinant and Fisher-Hartwig theorem

The symbols of Fisher-Hartwig (FH) class have the following form1

f(z) = eV (z)z
∑m

j=0 βj

m∏
j=0

|z − zj |2αjgzj ,βj
(z)z

−βj

j , z = eiθ, 0 ≤ θ ≤ 2π, (A1)

for some m = 0, 1, 2, . . . , where

zj = eiθj , j = 0, 1, . . . ,m, 0 = θ0 < θ1 < · · · < θm < 2π, (A2)

gzj ,βj
(z) = gβj

(z) =

{
eiπβj , 0 ≤ arg z < θj ,
e−iπβj , θj ≤ arg z < 2π,

(A3)

Re αj > −1

2
, βj ∈ C, j = 0, 1, . . . ,m, (A4)

and V (eiθ) is a sufficiently smooth function on S1. Note that eV (eiθ) has no winding number.

Let {nj}j=0,...,m be a set of integers with
∑
j nj = 0, and let f(z; β̂) denote the Fisher-Hartwig (FH) symbol

obtained by replacing βj with β̂j = βj + nj and eV (z) by (
∏
j z

nj

j )eV = eV+i
∑

j njθj . Then, f(z; β̂) gives another FH

representation for f(z),

f(z) = f(z; β̂), β̂j = βj + nj ,
∑
j

nj = 0. (A5)

Given β, we call

Oβ = {β̂j = βj + nj ,
∑
j

nj = 0} (A6)

the orbit of β. We consider the discrete minimization problem

Fβ = minβ̂∈Oβ

∑
j

(Re β̂j)
2. (A7)

Let

Mβ = {β̂ ∈ Oβ |
∑
j

(Re β̂j)
2 = Fβ}. (A8)

We say Mβ is non-degenerate if αj ± β̂j ̸= −1,−2, . . . for all j and all β̂ ∈ Mβ .
Theorem Suppose Mβ is non-degenerate. Then, as n→ ∞,

Dn(f) =
∑
β̂∈Mβ

[
Rn

(
f(β̂)

)
(1 + o(1))

]
, (A9)
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Note that this is the sum of minima, not the product.

Rn(f) = E(eV , α0, . . . , αm, β0, . . . , βm, θ0, . . . , θm) · n
∑

j(α
2
j−β

2
j )enV0(1 + o(1)), V0 =

1

2π

∫ 2π

0

V (eiθ)dθ, (A10)

E(eV , α0, . . . , αm, β0, . . . , βm, θ0, . . . , θm) (A11)

= E(eV )

m∏
j=0

[
b+(zj)

−αj+βj b−(zj)
−αj−βj

]
(A12)

·
∏

0≤j<k≤m

[
|zj − zk|2(βjβk−αjαk)

( zk
zjeiπ

)αjβk−αkβj
]
·
m∏
j=0

G(1 + αj + βj)G(1 + αj − βj)

G(1 + 2αj)
. (A13)

b+(z) = e
∑∞

k=1 Vkz
k

, b−(z) = e
∑−∞

k=−1 Vkz
k

, (A14)

E(eV ) = e
∑∞

k=1 kVkV−k , Vk = Fourier coefficient of V (eiθ), (A15)

G(z) = Barnes G-function, (A16)

G(1 + z) = (2π)z/2 exp
(
− z + (1 + γ)z2

2

) ∞∏
k=1

[(
1 +

z

k

)k
e

z2

2k−z
]
. (A17)

lnG(1 + z) =
z

2
log(2π)− z + (1 + γ)z2

2
+

∞∑
r=1

[
r log(1 + z/r) +

z2

2r
− z

]
(A18)

=
z

2
− z + (1 + γ)z2

2
+

∞∑
k=2

(−1)k
ζ(k)

k + 1
zk+1, (A19)

For αj = 0,

E(eV , {αj = 0}, {βj}, {θj}) (A20)

= E(eV )

m∏
j=0

[
b+(zj)

βj b−(zj)
−βj

]
·

∏
0≤j<k≤m

|zj − zk|2βjβk ·
m∏
j=0

[G(1 + βj)G(1− βj)]. (A21)

Here we used G(1) = 1. Moreover, if eV (z) is constant, we have that

E(eV = const., {αj = 0}, {βj}, {θj}) =
∏

0≤j<k≤m

|zj − zk|2βjβk ·
m∏
j=0

[G(1 + βj)G(1− βj)], (A22)

That is to say,

Rn(f) =
∏

0≤j<k≤m

|zj − zk|2βjβk ·
m∏
j=0

[G(1 + βj)G(1− βj)] · n
∑

j(α
2
j−β

2
j )enV0(1 + o(1)) (A23)

=
∏

0≤j<k≤m

[
2− 2 cos(θj − θk)

]βjβk ·
m∏
j=0

[G(1 + βj)G(1− βj)] · n
∑

j(α
2
j−β

2
j )enV0(1 + o(1)). (A24)

1.
∑

k=−n−1
2

,...,n−1
2

lnG(1 + k/n)

Let

f(n) :=
∑

k=−n−1
2 ,...,n−1

2

lnG(1 + k/n) (A25)

= − (1 + γ)(n2 − 1)

24n
+

∞∑
r=1

[n2 − 1

24nr
+ r log

[( 1

nr

)n(
n

(
r − 1

2

)
+

1

2

)
n

]]
, (A26)
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where

(a)n = a(a+ 1) · · · (a+ n) =
Γ(a+ n)

Γ(a)
. (A27)

Some examples (by Mathematica):

f(1) = 0, (A28)

f(2) =
1

16

(
−36 log(A) + 3 + 4 log

(
Γ

(
1

4

))
− 4 log

(
Γ

(
3

4

)))
, (A29)

f(3) =
1

36

(
−96 log(A) + 8 + log(3) + 12 log

(
Γ

(
1

3

))
− 12 log

(
Γ

(
2

3

)))
, (A30)

f(4) =
1

96

(
−396 log(A) + 33− log(2) + 12 log

(
Γ

(
1

8

))
+ 36 log

(
Γ

(
3

8

))
− 36 log

(
Γ

(
5

8

))
− 12 log

(
Γ

(
7

8

)))
, (A31)

f(5) =
1

60

(
log(5)− 12

(
24 log(A)− 2 + log

(
Γ
(
4
5

)
Γ
(
1
5

))− 2 log

(
Γ

(
2

5

))
+ 2 log

(
Γ

(
3

5

))))
, (A32)

f(6) =
1

144

[
− 876 log(A) + 73− log(3) + 36 log

(
Γ

(
1

4

))
− 36 log

(
Γ

(
3

4

))
+ 12 log

(
Γ

(
1

12

))
(A33)

+ 60 log

(
Γ

(
5

12

))
− 60 log

(
Γ

(
7

12

))
− 12 log

(
Γ

(
11

12

))]
, (A34)

f(7) =
1

84

(
log(7)− 12

(
48 log(A)− 4 + log

(
Γ
(
6
7

)
Γ
(
1
7

))− 2 log

(
Γ

(
2

7

))
− 3 log

(
Γ

(
3

7

))
+ 3 log

(
Γ

(
4

7

))
+ 2 log

(
Γ

(
5

7

))))
.

(A35)

These suggests the following general expressions

f(no) =
n2o − 1

no

( 1

12
− logA

)
+

log no
12no

+

(no−1)/2∑
k=1

[
(k/no) log Γ(k/no)− (k/no) log Γ(1− k/no)

]
(A36)

f(ne) =
n2e + 1/2

ne

( 1

12
− logA

)
− log(ne/2)

24ne
+

ne/2∑
k=1

[k − 1/2

ne
log Γ

(k − 1/2

ne

)
− k − 1/2

ne
log Γ

(
1− k − 1/2

ne

)]
(A37)

=
n2e + 1/2

ne

( 1

12
− logA

)
− log(ne/2)

24ne
+

(ne−1)/2∑
k=1/2

[
(k/ne) log Γ(k/ne)− (k/ne) log Γ(1− k/ne)

]
. (A38)

where no(ne) represents an odd (even) integer, and A is the Glaisher–Kinkelin constant A ∼= 1.28243. Recall that
ζ ′(−1, 0) = 1/12− lnA.

Appendix B: Backup

ln[G(1 + z)G(1− z)] = (1 + γ)z2 −
∞∑
k=1

ζ(2k + 1)

k + 1
z2k+2. (B1)

lnG(1 + z) =
z(1− z)

2
+
z

2
ln 2π + z ln Γ(z)−

∫ z

0

dx ln Γ(x), (B2)

G(1 + z) = Γ(z)G(z), G(1) = 1. (B3)

Some useful formulae:2

lnG(1 + z) = z ln Γ(z) + ζ ′(−1)− ζ ′(−1, z) (B4)

= z(ζ ′(0, z)− ζ ′(0)) + ζ ′(−1)− ζ ′(−1, z), (B5)
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Here, ζ(s, a) is the Hurwitz zeta function which is defined by the analytic continuation of

ζ(s, a) =

∞∑
n=0

1

(n+ a)s
, Re s > 1,Re a > 0. (B6)

ζ ′(t, z) =
d

dt
ζ(t, z), (B7)

ζ ′(−1) = ζ ′(−1, 0) = 2

∫ ∞

0

dx
x lnx

e2πx − 1
=

1

12
− lnA, ζ ′(0) = −1

2
ln(2π), (B8)

ζ ′(−1, z) =
z2

2
ln z − z2

4
− z

2
ln z + 2z

∫ ∞

0

dx
tan−1(x/z)

e2πx − 1
+

∫ ∞

0

dx
x ln(x2 + z2)

e2πx − 1
, Re z > 0. (B9)

Here, A is the Glaisher–Kinkelin constant A ∼= 1.28243. We will use

q−1∑
p=0

ζ(s, a+ p/q) = qsζ(s, qa),
∂

∂a
ζ(s, a) = −sζ(s+ 1, a). (B10)

The former one is shown as

ζ(s, qa) =

∞∑
n=0

1

(qa+ n)s
= q−s

∞∑
n=0

1

(a+ n/q)s
= q−s

q−1∑
p=0

∞∑
n′=0

1

(a+ p/q + n′)s
= q−s

q−1∑
p=0

ζ(s, a+ p/q). (B11)

At integer s = n,

ζ(−n, a) = −Bn+1(a)

n+ 1
. (B12)

The following may be useful

lnG(1 + z) = z ln Γ(1 + z)− z ln z + ζ ′(−1)− ζ ′(−1, z), (B13)

a. ζ′(−1, z)

d

ds

∣∣∣
s→−1

∑
k=−n−1

2 ,...,n−1
2

ζ(s, k/n) =
d

ds

∣∣∣
s→−1

n−1∑
k=0

ζ
(
s,−n− 1

2n
+
k

n

)
(B14)

=
d

ds

∣∣∣
s→−1

nsζ
(
s,−n− 1

2

)
(B15)

=
1

n

[
ln(n)ζ

(
− 1,−n− 1

2

)
+ ζ ′

(
− 1,−n− 1

2

)]
. (B16)

Here,

ζ
(
− 1,−n− 1

2

)
=

{
−(n2 − 1)/8 + ζ(−1) (n : odd)
−(n2 + 2n− 4)/8 + ζ(−1, 1/2) (n : even)

(B17)

One can use

ζ ′(1− 2k, 1/2) = −B2k ln 2

4kk
− (22k−1 − 1)ζ ′(−2k + 1)

22k−1
, (B18)

ζ ′(−1, 1/2) = −B2 ln 2

4
− ζ ′(−1)

2
=

1

2
lnA− 1

24
(1 + ln 2), (B19)

ζ(−1) = − 1

12
, ζ(−1, 1/2) =

1

24
. (B20)
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b. zζ′(0, z)

d

ds

∣∣∣
s→0

∑
k=−n−1

2 ,...,n−1
2

(k/n)ζ(s, k/n) =
d

ds

∣∣∣
s→0

n−1∑
k=0

(
− n− 1

2n
+
k

n

)
ζ
(
s,−n− 1

2n
+
k

n

)
. (B21)

The first part is given by

−n− 1

2n

d

ds

∣∣∣
s→0

n−1∑
k=0

ζ
(
s,−n− 1

2n
+
k

n

)
= −n− 1

2n
ζ
(
0,
n− 1

2

)
=

1

4n
(n− 1)(n− 2). (B22)

The second part is

d

ds

∣∣∣
s→0

n−1∑
k=1

k

n
ζ
(
s,−n− 1

2n
+
k

n

)
(B23)

c. Approach from z2k+2

f(n, k) :=
∑

r=−n−1
2 ,...,n−1

2

(r/n)2k+2 = n−2k−2

(
ζ

(
−2k − 2,

1− n

2

)
− ζ

(
−2k − 2,

1− n

2
+ n

))
. (B24)

f(1, k) = 1,
d

dn
f(n, k)

∣∣∣
n→1

= −2(k + 1)ζ(−2k − 1) = B2k+2. (B25)

A lessen is that z2k+2 is replaced by the Bernoulli numbers B2k+2.[ 1

n− 1
·

∑
r=−n−1

2 ,...,n−1
2

∞∑
k=1

ζ(2k + 1)

k + 1
(r/n)2k+2

]∣∣∣
n→1

=

∞∑
k=1

ζ(2k + 1)

k + 1
B2k+2. (B26)

This does not converge...

d. z ln Γ(1 + z)

ln Γ(1 + z) = −γz +
∫ ∞

0

e−zt − 1 + zt

t(et − 1)
dt (B27)

=

∫ ∞

0

e−zt − ze−t − 1 + z

t(et − 1)
dt. (B28)

Then, ∑
k=−n−1

2 ,...,n−1
2

(k/n)
[e−zt − ze−t − 1 + z

t(et − 1)

]
z→k/n

(B29)

=
e−t

12n (et − 1) t
(
et/n − 1

)2 ·
[
− 2

(
n2 − 1

)
e

t
n+t +

(
n2 − 1

)
e

2t
n +t + 2

(
n2 − 1

)
et/n −

(
n2 − 1

)
e

2t
n (B30)

+
(
n2 − 1

)
et − n2 + 6(n− 1)e

(n+1)t
2n − 6(n− 1)e

3(n+1)t
2n − 6(n+ 1)e

(n+3)t
2n + 6(n+ 1)e

3nt+t
2n + 1

]
(B31)

=: f(t, n). (B32)
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We have

f(t, 1) = 0,
d

dn
f(t, n)

∣∣∣
n→1

=
e−t

(
e2t(6t− 8 sinh(t) + 4 cosh(t)− 3)− 1

)
6 (et − 1)

3
t

, (B33)∫ ∞

0

[ d
dn
f(t, n)

∣∣∣
n→1

]
dt ∼ −0.0857148. (B34)

e. −z ln z

f. ζ′(−1)− ζ′(−1, z)

∑
k=−n−1

2 ,...,n−1
2

lnG(1 + k/n) =

{ ∑n−1
k=0 lnG(1 + k/n)−

∑(n−1)/2
k=1 ln Γ(1− k/n) (n : odd)∑n−1

k=0 lnG(1 + 1/(2n) + k/n)−
∑n/2−1
k=0 ln Γ(1− 1/(2n)− k/n) (n : even)

(B35)

Notice that

n−1∑
k=0

ζ(s, z + k/n) = nsζ(s, nz), (B36)

ζ(s,−q) = (−q)−s + ζ(s, 1− q), (B37)

ζ ′(s, q) = −sq−s−1 (B38)

we have for odd n

∑
k=−n−1

2 ,...,n−1
2

lnG(1 + k/n) =

n−1∑
k=0

lnG(1 + k/n)−
(n−1)/2∑
k=1

ln Γ(1− k/n) (B39)

=

n−1∑
k=0

(k/n) ln Γ(k/n) + nζ ′(−1)−
n−1∑
k=0

ζ ′(−1, k/n)−
(n−1)/2∑
k=1

ln Γ(1− k/n). (B40)

d

ds

[ n−1∑
k=0

ζ(s, k/n)
]∣∣∣
s→−1

=
d

ds

[
nsζ(s)

]∣∣∣
s→−1

(B41)

=
[
ns(ζ(s) lnn+ ζ ′(s))

]∣∣∣
s→−1

(B42)

=
1− lnn− 12 lnA

12n
(B43)

=
1/12− lnA

n
− lnn

12n
. (B44)
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