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I. RENYI ENTANGLEMENT ENTROPY FOR FERMIONS
Rényi entanglement entropy is defined by

Sy = log tr [pY].

1-N

Let us consider a fermionic reduced density matrix

= / [ [ daidasaBiap;e Seer et 500 oy ({ai}, {B:3) 1{ei}) ({5}

el



From a straightforward calculation we have

tr[p7’] = / H dov, idog ipr({—a1 i}, {cai}) - pr({—an.i}, {OéN,i})ez:"“(7&1“‘“N’i+6‘2'ia1”'+'"E‘N-riaN*l’i).
i€l,n=1,...,N

(1.3)

Here, n =1..., N are the replica indices. For a pure state [¢), the reduced density matrix becomes

pr({—ai}tier,{aitier) :/Hd@idaiw({_@i}ieh{_@i}igzl)w*({ai}ieh{ai}igzl)e_ Digr e (1.4)
¢l

Then,

trlpy] = / I  denidanp{—ari)e ({ard) - v{—an Dy ({an.}) (1.5)
icfull,n=1,...,N
e zigz,n @n,ian,,ieziel(—541,iOéN,i“'EéQ,ial,i“"'“dN,iO‘N—1,i) (1.6)

_ H ddn,idan,iq}({_@n,i})qj*({an,i})ei Sigin an,ian,iezigj(_@l,iaN,i+612.'i0¢1,1'+"'5¢N,'i(¥N—1,i)7
iefull,n=1,...,N
(1.7)

where we introduced the replica ground state

V({—ani}) = v~ H)v({—azi}) - v({—ani}), (1.8)
U ({ani}) =" {ani DY {an-1i}) " ({a1i})- (1.9)

tr [pY] can be expressed as the expectation value of the partial replica permutation operator T; on the replica ground
state |¥). For a while, we ignore site indices. Let {f,} be complex fermions associated with the Grassmann variables
{an}. We define the replica permutation operator T' so that T satisfies

THT ' = fn, TfHT ' =—~fo1(n=2,...N). (1.10)
Note that
™ o { e (o (1.1)

up to a U(1) phase factor. By introducing real fermions {cZ, cZ} by

R ;L R _ ;.L
T:cn—i—zcn _ Cn Ty 112
fi =t fo= o, (112)
the permutation operator T is given by
T — e%cﬁcfl—le%(;571C1}372 .« e%cgcﬁ . e%cfvcﬁl—le%cfvflckf2 vee e%cgcf (1.13)
= (U= fheoifvor = fhfn = fhofn + fofvon 20 v v (1.14)
(U= LA = e = e+ B+ 20 2 ). (1.15)

T is normalized as

N _ { 1 (N : 0dd) (1.16)



(KS: T checked this for N = 2,3,4,5 from a direct calculation.) Its matrix element is given by

(alT'|B) (1.17)
=/Hd~y dope™ =m0 (al (L= iy fvon = fofn = flofn + Flofvoa + 275 il v ) (1.18)
nWln N—-1JN-1 NJN N—1JN NJN—-1 N—-1JNJNJN-1 .
18 (U= fLf = f3fe = S fo + L Fr+ 26 f S 1) 18) (1.19)
= / [1 dvmddne™2n 0" (al (1= £y fn1 = Ffn = FRoofn + Flefn—1 + 25 fh v fv-1) (1.20)
. |5> 6—7152+7231+Ef:7=3 YnBn (1.21)
= (al (L= fhoifvor = SN I = o fn + fefvo 20 N v ) (1.22)
(L= fifa = fifs = fifs + Sifo + 2f0 f faf2) | =B, B, Ba, ., B) (1.23)
— ... (1.24)
= <a|_ﬂ27_ﬁ3,"'a_61\hﬁl> (125)
= e~ n=t enBritanfi (1.26)
We define the partial N-fold rotation 77 on the interval I by
TI = H e%cﬁ,icg—l,ie%cﬁ—l,icg—z,i e e%cﬁ?ﬁﬁi . e%cﬁ,icf\l]—l,ie%clj\ll—l,icf\f—Zi . e%ch,in,i (127)
iel
Then,
([T W) = tr [Ty W) (9] (1.28)
= / [[ dan.idos, se= 2 Snicni (—a| Ty W) (¥]o) (1.29)
= / [ den.iden,idBr idBp ze™ B Snioinie™ R Brsls (—G|Tr|B) (B]0) (¥]ar) (1.30)
= / [T dénidom,idB idBr e Ens Frins ™ Do Busbins (1.31)
e~ Yonigl Eén,iﬂn,ieziel[zg;f Gn,ifnt1,i—@N,iB1,i] <B|\I/> <\If‘04> (1.32)
— [ T denidsenes oo e B S Brscnnsal (510) () (1.33)
- / T dGin scdo s Snigr Sricns eTisl=anians+ £l Gnsan-sil (G|) (¥]a) (1.34)
=tr[p}]. (1.35)
Here we used
/ H d@ndﬁn€7 Zn, anane* Zn B"nB'n 625;11 dnlgn#—l*@Nﬁl (136)
= /(52 — a1)dBy (B3 — az)dBs -+ (By — an—1)dBn_1(~B1 — an)dfye” 2 Prin (1.37)
= [ 8051+ a)dBa(a — )+ d (B — ar-a)e B P (133)
= ePran =, s Brons, (1.39)
It is useful to introduce a basis of fermions which diagonalizes the permutation operator T'. T is written as
0 -1
0 -1
THT™ = fL1UT]mn, Ur = (1.40)



The matrix Ur is diagonalized by

1 N-1 T (2k—
Urvg, = —wi v, vk:ﬁ(ka,wi,n- LWy )7, wp = e~ (k1) (k=1,...,N). (1.41)
We introduce new fermions 1/)1];(147 =1,...,N) by
1 _
Vi = (A ey H e £ el ), (1.42)
THIT™! = —wpe. (1.43)

If the pure state |1)) has the particle number symmetry (Spin® structure), the Rényi entanglement entropy for the
subregion I factorizes into the N number of the partial U(1) rotations

tr[p’] = (¥|T|¥) = 11 ([Ukl1]) (1.44)

N-—-1 N-—-1 N—-1
h=— ol Nolyg B

where [1) is the ground state of original single system and

Uklr = exp [2#2’% Zf:fi]. (1.45)

icl

II. PARTIAL TIME-REVERSAL TRANSFORMATION (CLASS AI)

There are three types of partial anti-unitary transformations: class AI, AIIl, and AIIl. Here we consider class Al
time-reversal twisting. For a class AT TRS defined by

ofle~" = fluel;:, Ug = U, (2.1)

the partial time-reversal twisting on a subregion I; is defined by

U pr US ]! :/Hd%d%‘d&d&e_Ziw”#g“si)pl({%}a{5i})Higz‘W@}ij}jeh»{%}ie12><{i[ué]iﬂj}ielu{5i}ielz\7

icl
(2.2)
where Uél is the unitary part of the time-reversal transformation on I;. Here, we consider the quantity
SNt =t [(pF )N = e (U 7 [USTH ™). (2:3)
Since Sﬁl does not depend on the choice of Ué)l, we can simply set Ug = 1:
Us T US) = /Hd%d%dgid&e_Zmﬂﬁgimpl({’%}, {6:}) {idi Yier,, {ViYier,) {ivitier,, {0iYien| - (2.4)

i€l
One can show that

N-145 . & . - X N-14 Ol i — Y1 s . _
9= T danadan oS (B st B, (1 drnsns-ans0m) T (i) fn).

i€l1Uls,n=1,....N n
(2.5)
For a pure state |¢),
SJ(?il = H da, sdoy, iez’?EIl o3y &"*io‘"ﬂvi7dN’iO‘1*i)eZiezg(ngf Qn1,in,i —O1LiAN:) o= 2lig 1 Uy Sy Gniom, i
in=1,...,.N
(2.6)
Y({—aiH)v({—az:}) - v({{—an: D" ({an}) - " ({azi )" ({aa,:}). 2.7



This can be written as an expectation value of the partial N-fold permutation operator on the replicated ground state
|¥). Noticing that

—1 _ _ —SN L anBn—
(@T7YB) = (—an, —as, ..., —an, o |B) = e*IN 2= onbns, (2.8)
we get
SO = (0| T M, | W) (2.9)
N — I, T2 .
with
R R R R R R L L L L L L
TFI = H e%cl,iCZ,ie%CZ,iCS,i - e%cN—l,iCN,i . e%cl,iczie%czic(”,i - e%cN—l,icN,i7 (2.10)
1
i€l
R R R R R R L L L L L L
T12 = H e%cN,icN—l,z‘e%cN—l,z‘cN—Q,i . 6%62,1‘01,1' . G%CN,icN—l,ie%cN—l,icN—zi . e%CZ,icl,i. (211)
i€ly

If the pure state [¢)) has the particle number conservation symmetry (Spin® structure), (W|7'; YTy, | W) factorizes into
the N number of the partial U(1) rotations

SNt = 11 (WU 119) (2.12)
k= N-1 N-14g  N-1
2mik 2mik
Uk|1:eXP[*TZfiniJrTijfi}- (2.13)
i€l i€l

III. MAJORANA CHAIN
A. Jordan-Wigner transformation in (141)d

Introducing real fermions

. cff_’i + zcﬁl cR. —ick,
fla= i, B

we introduce spin 1/2 variables {0}, ;} by

R x

Cn,i = =70p10n,2 On,i—19n,i> 2
L _ T T z

Cn,z =0y lon,Z o'n,zfl n,i 3.3

The following relations hold:

t -0y,
g = — (3.5)

P, = HJZ,M (36)

o). — 10~ .
T T z - — _ Yng n,i
fn,i = "0p1"""On,i-1%,i5 Opni = 2 ’ (37)
Yy ;2
o, .+
. = z z + +o_ et
f"vl = =O0n1" """ Oni-19n Opni = 2 ) (38)
- L R __ x
ch,icn,i - _O'n7i7 (39)
- R L _ z z - R L _ z z
ch,icn,i—&-l = 700,i0ni+1s 1cn,Lcn,1 - Pﬂan,Lgn,l? (310)
- L R _ Y Y . L R __ Y Y
W iCryitl = 00 iOnitly Cn LCn1 = _Pno-n,Lo-n,l‘ (311)



1. Majorana chain

L L—1
= Z(f ihni +he) + I3 (=L faisr = fuifnir + hee) £I(=fL L fad = fapfad +hee) (3.12)

i=1 i=1
L L1
_ L R ‘R L R L
= g iCyiCni +J g iy iCriv1 T JiC, ety (3.13)
i=1 i=1
L L—1
=— E Opi—J g O iOniv1 = JiPnoy, o7 5. (3.14)
i1 i=1

J =1 is the critical point. We introduce new fermions w,i(k =1,...,N) by

L= —— (o f] w2+ Wl U, wy, = e ¥ k=1, (3.15)

TYIT! = —wpihy. (3.16)

é\

This inverse transformation is

fi= =@l +ap el + -+ oy el), (3.17)

1
VN
fn = TIN(W?_I% +wy M+ Wi ). (3.18)

an,ifn,iJrl an Yo Y it = Zﬂ)k,ﬂ/}kk,iﬂ' (3.19)
n k

nkl

IV. DIRAC FERMION (Spin®)

Model Hamiltonian
L—1

H(O) = = D [ firr +he] = “[fLfi + hc] (4.1)
i=1
(4.2)
A. Bosonization
e Spin® <> U(1) ?
e Dirac fermion < compactified boson ?
Critical Dirac fermion (Spin® structure):
L-1
H(O) = =Y [f fosr + hc) — e®[f] f1 + hoc] (4.3)
i=1
= o
=-3 [icichH chcHl] 5 —[ickeR —icltek) (4.4)
i=1
-1 eif
=5 D lololyy +oioi] + = Plojol + ojof] (4.5)
L-1 '
= Z[a?afﬂ +o; 0]+ e Plofo; +o07]. (4.6)

i=1



(0" =[la-27lt)=pP=]]or, (4.7)

i

2mik ik ik
Tr = exp { 7;\; Zf:fi] = exp {ﬂm - W]z[ Zof}, (4.8)
el el
_ 2mik ik ik -
Tl,li = exp [ Zfo’} exp [— — I+ N 2.0 }, (4.9)
iel
N—-1 N-— 1 N -1
k=——— —+1 . 4.10
2 2 T 9 (4.10)
efzm‘bfoffezwibf‘Lf _ 672m‘bf’r e~ mib+mibo” Ly omib—mibo” _ Ly cos(2mb) + o sin(27b)
2mibfl ibfT i A —mib+7ibo® _z  wib—mwibo® z : (411)
e 2mbINS fe2mibff — g2mib f e o*e = 0% cos(27b) — 0¥ sin(27h)
—mib+mibo™ + mwib—mibo® _ _—2mib _+
e e =e o
A { e—Trib+7riba U—ewzb Tibo® eQTribo.— (412)

B. Toeplitz determinant

Let |¢) be a occupied state
IT £ (4.13)
‘k)‘<kp

of complex fermions f; with momentum k € 2}2”,71 €7, —a/m < k < w/a with a the lattice constant. In the present
section, we do not assume any forms of the dispersion ¢ of the complex fermions. What we want to compute is the
following expectation value of the sequence of the partial U(1) transformation

(v

The above expectation value can be estimated by use of the Fisher-Hartwig theorem.! The matrix element of the
sequence for momentum basis

exp [m‘bl ST fifevomiby Y fifa } ‘w> . (4.14)

zel z€l2

= \/EZ |) e2minz/L (4.15)

is given approximated as

A <n exp [2m’b1 S©Fife +2miby S fifa 4o } ‘m> (4.16)
zely x€ls
27r7,b I’ c I. ) 7i(n7m)27'—z
i Z { othervvlse ¢ " (4.17)
1 27 e2mib; (9 c Ij) —i(n—m)0 a
~ % p d@{ 1 otherwise e fOI‘ E < 1. (418)

Here, we used the same notations I; for the intervals in S ! = [0,27]. The generating function of the Toeplitz matrix

Lk Lk
Tield) = (n-m), ——5 - <nm< . (4.19)

is given by

o0 ={ " S (4.20)

otherwise



The expectation value (4.14) is given by the determinant of the Toeplitz matrix
(4.14) ~ det Ty, . [¢] (4.21)

Notice that the Toeplitz matrix (4.19) is equivalent to

Tipld]l = (Pn—m), 0<n,m< % (4.22)

We can immediately apply the Fisher-Hartwig theorem, which is reviewed in Appendix A, to (4.14).

C. Single interval

Here we consider the partial e?™® transformation and the Rényi entanglement entropy on an interval [0,/]. The
data of generating function of the Toeplitz matrix is

. 2ml
ev(e ") = ethb’ 0=60p <6, = %, ag=a1 =0, p[yg=-bp0 =0 (423)

There is ambiguity in Sy and 1 which arises from

Bivr Bi+ni, Y ni=0. (4.24)

B; should be chosen to minimize

> (Re B)*. (4.25)

?

If there are multiple minimized points {3;}, all the minimized points {3;} contribute the determinant of the Toeplitz
matrix in an equal footing.

1. Partial €™ transformation, b # 1/2.

For b # 1/2, A is fixed to be |3| < 1/2, thus we assume —1/2 < b < 1/2. The partial ¢2™® transformation is given
by

2(b) := (] TosezcSele ) (4.20)
TN1-20° Lkp\—20° .
>~ [2 sin (f)] : (?F) - e2kr [G(1 4 B)G(1 — b))2, (4.27)

where G(z) is the Barnes G-function

G(1+2) = 2n) 2 exp - M) : [(1+ f)%é—j. (4.28)

The logarithm of the partial e>™* transformation is
log Z(b) = log (i[> Zoseze fife|y)) (4.29)
>~ 9 log [Lﬁﬁ - 2sin (%)] 4 2ikp b+ 210g[G(1 + D)G(1 — b)]. (4.30)

The pure imaginary part is a trivial contribution from the fermi sea. In fact, this can be removed by the redefinition
the U(1) charge operator as

Z/(b) 1= (e ZosrsiUef g (4.31)



with v the filling number par a site. In the present case, v is given by

- NF - 2]{5}?/(27‘(/[1) kFa

=—=——"" 4.32
L/a L/a T’ (4.32)
where N is the total fermion number of the fermi sea. Then,
kFa Y4
_9mi = _ b A Y] .

miby Yy 2mib=— - — = =2ibkrL, (4.33)

0<w<t

which cancels the pure imaginary part of log Z(b).

2. Partial (—1)¥ transformation
Let us consider the partial fermion parity flip on a single interval I = [0, ¢

Z((-D)F) = (lem ozt ey (4.34)

We have two minima b = +1/2, both of which contribute Z((—1)¥). This is something like zero modes in the
partition function. We have that

Z Z(b) (4.35)
b=41/2
= 2cos(kpl) - [2 sin (%)] I (%)71/2 [G(1/2)G(3/2)]2. (4.36)

3. Rényi entanglement entropy

The Rényi entanglement entropy is

1
Sn=1—0 > InZ(b=k/n) (4.37)
k=—271 .., 251
(n—1)/2

n+1 Lk R ¢4 2

= T log [TF - 2sin (f)} +— S loglG(L+ k/n)G(L — k/n)) (4.38)
k=—(n—1)/2

_n+1 Lkgp .oy mh 4

=~ log [—W - 2sin (f)} + T nf(n)7 (4.39)

where f(n) is given as

n2 — ogn,
fno) = =2 1(5—1 gA) +11§n + > [(/no)logT(k/no) = (k/no)1og T (1~ k/n,)| (4.40)
o ) 1
2 o (. (ne—1)/2
f(ne):%m(%flogfl) 1g24n/2 + > [k/ne log T'(k/ne) — (kz/ne)logI‘(lfk/ne)} (4.41)
¢ € k=1/2

for odd (even) integers n, (n.). A is the Glaisher—Kinkelin constant. Note that the Rényi entanglement entropy S,
satisfies

Sy () = Su(L — 0). (4.42)
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D. Smooth kink adding operator

Let us consider the expectation value of the operator adding a one kink by

O = (ple*™ 2= /L ). (4.43)
The corresponding generating function of the Toeplitz matrix is
() = e, (4.44)
The Toeplitz determinant is zero since O is nothing but the momentum shift
Ofl07" = fiton/L- (4.45)
Thus, there is no overlap
(Y|Olp) = 0. (4.46)

E. Smooth function without winding

next, let us consider the expectation value of the operator parametrized by a smooth function V : S — C* without
winding number.

O[V] = (e VCme/DfeLe|y) (4.47)
The generating function of the Toeplitz matrix is
() =V O, (4.48)
This has no singularity. The Toeplitz determinant is given as
1 27
WIOWI) = exp [ S HiV] = exp [ § - aovio)-ionv (o) (1.49)
k T Jo
with V, the Fourier component of V' (),
1 2 10
L= — dov (6)e . 4.
Vi A V(9)e (4.50)

V. (241)D CHERN INSULATOR

As an application of the formula, we estimate the entanglement entropy associated with a disc region for the Chern
insulator with a single right-mover chiral mode. We employ the bulk-boundary correspondence: the reduced density
matrix pp of a disc region is given by the thermal state of the physical edge excitations

eiéH
pp=——F—, (5.1)

tre= vt

27v 1
H=— I e g— 2
meZ+L
where the edge excitations are written by the bulk fermions as
L(b - —7i i — [T dr'm(r’

AHEE) ~ (e ¢/2 1/41/4(7"7 o) + e/t 2/4@(7«? ¢))e Jrdrtm(r') (5.3)

27
and L = |0D|. The partial U, p = e=2mib3cp Yivs transformation induces the Uy action on the edge CFT. We get
[e—zmee—gH]

Sy Q= > Ahwm:. (5.4)

7rLEZ+%

(YU, pltp) ~
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This is the partition function of the free Dirac fermions. We have

Z1y l(ﬁ) Z1_y l(&)
(U pl) ~ s = 2L (5.5)
233D 2109
For b # 1/2, the numerator is approximated by the unique vacuum state as
iL 2L 1 5 1 1 1
—) ~ —— (=" — — ——<b< 2.
Z: %(5) exp{ (30 24)}, (—5<b<3) (5.6)
Thus,
2nL 1 1 1
(W|UspI1) ~ exp | = == 507, (—5 <b<3). (5.7)
£ 2 2
The Rényi entanglement entropy is
1 2nL 1/ k
~— - == 5.8
SN~ TN NZI:M{ ¢ 2<N” (58)
p=—No1 L N-
_ N+1 27l
= . 5.9
24N € (5:9)
The Von Neumann Entanglement entropy is
. 1 2xL
VI. (3+1)D TOPOLOGICAL INSULATOR
Let us consider the three-ball entanglement entropy of the (3 + 1)d insulator
H= Z 1/)k [ W)t + U700 k} V. (6.1)
The partial U(1) transformation is approximated as
tr e—27riaQe—%H
<w|Ua,D|w> ~ [ _tqy ] ) (62)
re v
_v t t
H= = Z Z [2an,an,m + 2nX*’ﬂ,mX7n,m:|ﬂ (6.3)
ne€Z,n>0 m=— (n,,)
Q = Z Z [Xn;an,m - X—n,mXT—n,m}a (64)
n€Zn>0m=—(n—1%),...,n—1
where R is the radius of the three-ball D. A direct calculation shows
Hooil(l +6727riaqn)2n(1 +e27riaqn)2n _2¢/R
U, ~ =2B= =e 6.5
R VR ) (0:2)
. —27mia : Tia - 1
~ exp [f 2(2¢/R)~?{Liz(—e ™) + Liz(—e®™)} — 3(26/R)2¢(3) — 3 log | cos(m)@. (6.6)
The Rényi entanglement entropy is
1
Sy S [ 2R L (e TN 4 Lig (e N)} - 3(26/R)2¢(3) — 3 log | cos(amk/N)|
R g
(6.7)
_ 1 — RQL- i/N 2mik/Ny _ S3C(3) R L ioes (W (k+ 1))] (6.8)
_1Nk_0[_€2 iz(e e ) — 1 5—2 3 logsin ( 3 .
3 . 1+N+N?R* 1
= - —_—— — —log2. 6.9
1683 ez 3loe (6.9)
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The Von Neumann Entanglement entropy is

. 9 R* 1
Here we used
N-1 3
Li, (2™ %Ny = N1=Li, (zV), Lis(=1) = —7¢(3), (6.11)
k=0
N-1 . 1
> log sin (N(k n 5)) — (N —1)log2. (6.12)

Appendix A: Toeplitz determinant and Fisher-Hartwig theorem

The symbols of Fisher-Hartwig (FH) class have the following form*

f(z) = VDX b [ |2 — 2P g., 5, ()27, 2=, 0<0<2m, (A1)
§=0
for some m =0,1,2,..., where
zj:eiej, i=0,1,....m, 0=0y<6; < <0, <2, (A2)
i, .
_ _femPi 0<arg 2 < by,
i) = o) = { T 9 (43)

1
Reaj>—§, B;eC, j=0,1,...,m, (A4)

and V(%) is a sufficiently smooth function on S'. Note that V() has no winding number.
Let {n;}j=o,.,m be a set of integers with > . n; = 0, and let f(z;[3) denote the Fisher-Hartwig (FH) symbol
obtained by replacing §; with Bj = f; +n; and eV by (I[, 207)eV =¥ T 25mi% Then, f(z,B) gives another FH

i %
representation for f(z),

f(z) = f(z:B), Bj:ﬁj+nj7 anZO- (A5)
J
Given 3, we call
Op ={B; = Bj +nj, »_n; =0} (A6)
J
the orbit of 8. We consider the discrete minimization problem
Fp =mingcq Z(Re B)2. (A7)
J
Let
Mg ={B €08 Y (Re B;)* = Fg}. (A8)
J

We say Mg is non-degenerate if o; = Bj # —1,-2,... for all j and all B € Ms.
Theorem Suppose Mg is non-degenerate. Then, as n — oo,

Du(f)= 3 [Ra(£(B)(1+0(1))], (A9)

BGMﬁ
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Note that this is the sum of minima, not the product.

1 27

Ru(f) = B(e” a0, 0 oo, Bons 00, Or) -0 SO (1 0(1)), Vo= | V(e)db, (A1)
0
E(evaa07"'7am7ﬁ07"'a6m790a-~-a9m> (All)
') H [b_,_(zj)*"‘frﬂj b_(zj)*aj*ﬁj] (A12)
7=0
o 2(B; Br—ovjor) 2k ;B —ar B m ]. =+ Oéj + ﬂ]) (]_ —+ aj — Bj)
H “Zj Zk‘ (z e”) } H 1 + Qaj) ' (A13)
0<j<k<m 7=0
by(z) = Xz i (2) = eZaTa Vet (A14)
E(e) = eXi= FViVor -y — Fourier coefficient of V (e'), (A15)
G(z) = Barnes G- functlon (A16)
o122 e (2T ZN T 2k 2
G(1+2) = (21)* % exp ( > ) kl;[l [(1 +2)Fen ] (A7)
InG(1+2)=-1 (2)—Z7 i[l 1+ 2/r) +—2—} (A18)
n z) = 5 log(2m 2 rlog(l+ z/r 5 7
Z (1 +V S Lk
_Z_ e Al
5 i 22 , (A19)
For a; =0,
E(e” {a; = 0},{8;},{0;}) (A20)
=B [T bGP o-(z) %] I |z —=l% - TTl60 + 86 - 5))]. (A21)
j=0 0<j<k<m j=0
Here we used G(1) = 1. Moreover, if ¢”(?) is constant, we have that
E(e" =const., {a; = 0}, {8;}.{0;)) =[] o — =l Tl +8)60 - 5))), (A22)
0<j<k<m =0
That is to say,
Ru(f)= I |z —al% TGO+ 8GO = B;)] - 2P0 (1 4+ 0(1)) (A23)
0<j<k<m 3=0
= JI [2-2cos(8; —60)]"™  TLIGQ + 8)G(1 — B;)] - n=s (=P emVo(1 4 o(1)). (A24)
0<j<k<m §=0
1. Zk:*%il 77777 an lnG(l—i-k‘/n)
Let
f(n) = > InG(1 + k/n) (A25)
k=—nzt ., 251
R [ VR = 1\" 1) 1
N 24n +;[24m“ +T10g[ nr "\"7 2 +2 n”’ (A26)
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where
(@) =ala+1)--(a+n) = (:)”) (A27)
Some examples (by Mathematica):
f(1) =0, (A28)
oy (s ()-ox ()
F®) = o (—96 log(A) + 8 + log(3) + 12 log (r (%)) ~12log (F (%))) : (A30)
R S S ) T R S
£5) = % <log(5) —12 <24log(A) — 2+ log (E %) —2log (r (%)) +2log (F (g) )) : (A32)
£(6) = ﬁ [ — 8761og(A) + 73 — log(3) + 36 log (r G)) — 36log (r G)) +12log (r (%)) (A33)

+60log (F (%)) — 60log (F (112)) - 121(;g (F (%)) ] (A34)
0= o <log(7) ~12 <4810g(A) ~ 4t log (E ES) ~2log (r (;)) ~ 3log (F (%)) +3log (r (;)) +2log (r (i))))

(A35)
These suggests the following general expressions
n2—1 log Ny (no—1)/2
Flno) = 7 (E “lo A) n kz [ k/no) log T'(k/no) — (k/n,)log D(1 — k/no)} (A36)
ne/2
_n2+1/2 log(ne/2) k — —-1/2 k—1/2 k—1/2
Flne) = Ne (12 logA) 24n, + kz:: [ ( e ) B Ne logF<1 B Ne )] (A37)
n? 4 1/2 log(ne/2) (e 0/
= — —log A ° e)logT e) — e)log'(1 — e)l- A
P (5 o a) - e kzm [(k/n JlogD(k/n.) — (k/n.) log D(1 — k/n)] (A38)

where n,(n.) represents an odd (even) integer, and A is the Glaisher—Kinkelin constant A = 1.28243. Recall that
¢'(=1,0) = 1/12 — In A.

Appendix B: Backup

I[G(1+2)G(1 - 2)] = (147)2" =) <(2k++11) 22k 2, (B1)
k=1
InG(1+2z2)= 2(12_ ?) + gln27r +zInT(z) — /Z dxInT'(z), (B2)
0
G(1+2)=T(2)G(z), GQ1)=1. (B3)
Some useful formulae:?
InG(1+2z)=zInl(z)+¢'(-1) = ¢'(-1,2) (B4)

=2(¢’(0,2) = ¢'(0)) + ¢'(=1) = ¢'(1, 2), (B5)
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Here, (s, a) is the Hurwitz zeta function which is defined by the analytic continuation of

1
C(s,a)f;::om, Re s > 1,Re a > 0. (B6)
C(t,2) = C(1,2) (B7)
b - dt b Y
1Ay N zlnx o1
¢'(-1) =< 170)—2/0 dwie%f—l 12 —Ind, (0)= 21n(27r), (B8)
22 22 an~1(z/z) xln(z? + 2 )
(-1,2) = —1nz—Z—§lnz—|—2z dx ] / dx a1 Re z > 0. (B9)
Here, A is the Glaisher—Kinkelin constant A = 1.28243. We will use
q—1 8
S C(s.a+p/a) = ¢°C(s,qa), SoC(s.a) = =s(s + 1,a). (B10)
p=0
The former one is shown as
e’} e’} qg—1 oo 1 qg—1
—_ - - —— =q° . B11
((s,qa) nz::O qa+n nz::o a—|—n/q =q pz::OnZ::O Y rETr q T;C(s,aer/Q) (B11)
At integer s = n,
Bn+1( )
_ = B12
((-n,a) = - 22410 (B12)
The following may be useful
InG(l+2z)=zInl(1+2)—zlnz+¢'(-1) - ¢'(-1,2), (B13)
a. ('(—1,2)
d d o n—1 k&
— k/n)=— — — B14
dsls—-1 n,; nil((sa /) dsls——1 kZ_OC(S7 2n - n) (B14)
d s n—1
T dsles” C(S’i 2 ) (B15)
1 n—1 , n—1
fﬁ{ln(n)C(—l,fT>+C(fl,f . )} (B16)
Here,
n—1\ [ —(n?-1)/8+((-1) (n: odd)
((~1-"57)= { —(n2 + 20— 4)/8+C(=1,1/2) (n: even) (BI7)
One can use
BopIn2 (221 —1)¢'(-2k + 1)
¢'(1—2k,1/2) = — 24% _ ! 2%7(1 : (B18)
o __Bgln2_C’(—1) 1 1
¢'(-1,1/2) = 1 5 1 A 24(1+1112) (B19)
1
()= 5 C(11/2)= 5. (B20)



b. 2¢'(0,2)

d

ds

d = n—1 k n—1 k
- Z l(k/n)C(s’k/n)_dsSaoI;)( 2n +ﬁ>§(3,— 2n Jrﬁ)

s—0

The first part is given by

n- 1d n—1 k n—1 n—1 1
— —)=- = —1)(n—-2
on dsHokZC(’ m n) on C(’ 2 ) (D =2)
The second part is
n—1
d k n—1 k
Bl 2o (=5 )
c.  Approach from z**+?
2k+2 —2k—2 L-n l-n
fln, k) = (r/n) =n ¢ —2k—2, 5 — (¢ —2k—2, 5 +nl).
re—nsl | nel
d
F(LE) =1, —f(n, k)‘ = 2k +1)C(—2k — 1) = Bapro.
n n—1
A lessen is that 2262 ig replaced by the Bernoulli numbers Bajyo.
1 > 2k+1 2k+2] C(2k+1)
. B .
r=—"5= .
This does not converge...
d. zInT'(1+2)
® e 14 2t
InT'(1 = — ————dt
0T +2) = et [t
0 —zt —t _ 1
_ / e ze + Zdt.
0 (e —1)
Then,
et —ze Tt — 142
> /)] — |
" ) t(e 1) z—k/n
k=—t5=,. 05
et [ t 2t 2t
= =2 =Dertt+ (2 —Derntt+2n>—1)e/" - (n?2=1)en
g L0 ) e ) e )

(n41)t 3(n+1)t (n+3)t

+(n*—1)e'—n*+6(n—1)e 2= —6(n—1) 2= —6(n+1)e 2 +6(n—|—1)e i +1}

=: f(t,n).
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(B21)

(B22)

(B23)

(B24)

(B25)

(B26)

(B27)

(B28)

(B29)

(B30)

(B31)
(B32)



We have

e~ (e?"(6t — 8sinh(t) + 4 cosh(t) —

d
ft1) =0, —ftn)| 6(et — 1)°t

| [t

dt ~ —0.0857148.

n~>1:|

> InG(1+k/n) = { WG+ k/n) = P T(1 - k/n)

_ n—1 n—1
k=—25=, 5

Notice that

n—1

Z C(s,z 4+ k/n) =n°C(s,nz),

k=0

C(s,—q) = (—q)* +((s,1—q),
((s,q) = =5

we have for odd n

n—1 (n—1)/2
> InG(1+k/n)=Y WmGA+k/n)— Y  WI(l-k/n)
k=— n—1 . n—1 k=0 k=1

n—1

P G+ 1/2n) + k/n) — 02 In (1 - 1/(2n) —

i (k/n)InT(k/n) +n¢ (1) = > {'(~1,k/n) —
k=0

k=0

s——1 ds

= [nS(C(S) Inn + c’(s))}
1—Inn—12InA

12n
1/12—In A lnin
n 12n°

£ [”21 (s, k/m)]
k=0

s——1

* shiozaki@illinois.edu

(n:
k/n) (n:

> InT(1-k/n).
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(B33)

(B34)

odd)
even)

(B35)

(B36)

(B37)
(B38)

(B39)

(B40)

(B41)
(B42)
(B43)

(B44)

! P. Deift, A. Its, and I. Krasovsky, Communications on Pure and Applied Mathematics 66, 1360 (2012), arXiv:1207.4990.

2 V. S. Adamchik, arXiv preprint math/0308086, 18 (2003), arXiv:0308086 [math].
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