
Overlap Integrals of Fermionic Wave Functions

Ken Shiozaki

May 31, 2026

Let c†j , cj , j = 1, . . . , N , be creation and annihilation operators of complex fermions satisfying the
canonical anticommutation relations

{ci, c†j} = δij , {ci, cj} = {c†i , c
†
j} = 0. (1)

1 M-Particle States

For N ×M matrices A and B, define the M -particle states |A⟩ and |B⟩ by

|A⟩ =

(∑
i

Ai1c
†
i

)(∑
i

Ai2c
†
i

)
· · ·

(∑
i

AiMc†i

)
|0⟩ , (2)

|B⟩ =

(∑
i

Bi1c
†
i

)(∑
i

Bi2c
†
i

)
· · ·

(∑
i

BiMc†i

)
|0⟩ . (3)

In the following computation, it is not necessary to impose canonical anticommutation relations on the
operators “a†j”=

∑
i Aijc

†
i . We want to compute the inner product ⟨A|B⟩. Expanding it gives

⟨A|B⟩ =
∑

i1,...,iM

∑
j1,...,jM

A∗
i11 · · ·A

∗
iMMBj11 · · ·BjMM ⟨0|ciM · · · ci1c

†
j1
· · · c†jM |0⟩ (4)

=
∑

i1,...,iM

∑
P

sgn (P )A∗
i11 · · ·A

∗
iMMBP (i1)1 · · ·BP (iM )M . (5)

Here P is a permutation of {i1, . . . , iM}, and only terms in which i1, . . . , iM are all distinct contribute.
Notice that

BP (i1)1 · · ·BP (iM )M = BiP (1)1 · · ·BiP (M)M . (6)

After reordering the factors, this becomes

BiP (1)1 · · ·BiP (M)M = Bi1P (1) · · ·BiMP (M). (7)

Therefore

⟨A|B⟩ =
∑
P

sgn (P )
∑

i1,...,iM

A∗
i11 · · ·A

∗
iMMBi1P (1) · · ·BiMP (M) (8)

=
∑
P

sgn (P )[A†B]1P (1) · · · [A†B]MP (M) (9)

= det[A†B]. (10)
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2 BCS Ground States

For N ×N antisymmetric matrices AT = −A and BT = −B, define

|A⟩ = exp

1

2

∑
ij

Aijc
†
i c

†
j

 |0⟩ , (11)

|B⟩ = exp

1

2

∑
ij

Bijc
†
i c

†
j

 |0⟩ . (12)

The overlap ⟨A|B⟩ is given by [1]

⟨A|B⟩ = (−1)N(N+1)/2Pf

(
B −1
1 −A∗

)
. (13)

Introduce fermionic coherent states |z⟩,

ci |z⟩ = zi |z⟩ , ⟨z| c†i = z∗i ⟨z| , i = 1, . . . , N. (14)

The variables zi, z
∗
i , i = 1, . . . , N , are 2N independent Grassmann numbers. Explicitly,

|z⟩ = e−
∑

i zic
†
i |0⟩ =

∏
i

(1− zic
†
i ) |0⟩ , (15)

⟨z| = ⟨0| e−
∑

i ciz
∗
i = ⟨0|

∏
i

(1− ciz
∗
i ). (16)

One should keep track of anticommutation relations such as {ci, zj} = 0. We use the completeness
relation ∫ ∏

i

dz∗i dzi e
−

∑
i z

∗
i zi |z⟩ ⟨z| = 1, (17)

and also note that

⟨0|z⟩ = ⟨0|0⟩ = 1. (18)

Then the overlap integral is

⟨A|B⟩ =
∫ ∏

i

dz∗i dzi e
−

∑
i z

∗
i zi ⟨A|z⟩ ⟨z|B⟩ (19)

=

∫ ∏
i

dz∗i dzi e
−

∑
i z

∗
i zie

1
2

∑
ij A∗

ijzjzie
1
2

∑
ij Bijz

∗
i z

∗
j . (20)

To perform the integral, introduce the antisymmetric matrix

M =

(
B −1
1 −A∗

)
(21)

and the vector of Grassmann variables η = (z∗1 , . . . , z
∗
N , z1, . . . , zN ). Then

⟨A|B⟩ = sN

∫
(dη2N · · · dη1) exp

∑
i<j

Mijηiηj

 . (22)
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The sign coming from reordering the integration variables is

sN = (−1)N(N−1)/2(−1)N = (−1)N(N+1)/2. (23)

For the Grassmann integral part, using [ηiηj , ηkηl] = 0, we have

∫
(dη2N · · · dη1) exp

∑
i<j

Mijηiηj

 =

∫
(dη2N · · · dη1)

∏
i<j

(1 +Mijηiηj). (24)

Only the terms proportional to η1 · · · η2N contribute. Let F2N be the subset of S2N consisting of permu-
tations satisfying

F2N = {σ ∈ S2N | σ(2i− 1) < σ(2i), σ(1) < σ(3) < · · · < σ(2N − 1)}. (25)

Then ∫
(dη2N · · · dη1)

∏
i<j

(1 +Mijηiηj) =
∑

σ∈F2N

sgnσMσ(1)σ(2) · · ·Mσ(2N−1)σ(2N), (26)

which is precisely PfM . This proves the formula above.
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