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Let G be a magnetic space group, let T be the translation group, and let G = G/T be the magnetic
point group. Choose a section a : G — G. Let p, € O(d) be the d x d orthogonal matrix representing
the action of the point-group element g € G on real space. The map ¢ : G — +£1 specifies whether the
element is unitary or antiunitary. Note the relation

{pglagH{pnlan} = {llpgan + ay — agnH{pgnlagn}, pgan+ay—ag, €T. (1)

Consider a basis that is periodic in the Brillouin zone. The representation matrices U, (k) of the point
group G satisty

Ug(¢hphk)Uh(k)¢g - Z;r};efi%hpghk(pgawag*agh)Ugh(k,). (2)

Here, for a matrix X, I introduced

X (¢g = *1)-

The factor Z‘g“,tZ is the factor system coming from the internal degrees of freedom and is independent of k.
In what follows, assume that U, (k) is periodic in the Brillouin zone. The little group at k is written as

b0 — { X (¢g=1), (3)

Gr={9€G|3G eTst. pypk =k+ G}, (4)

where T is the set of reciprocal lattice vectors.
Restricting the group elements to the little group at k, Eq. (2) becomes

Uy(k)Un (k)% = 2 e poantas=amy,, (k), g, h € G, (5)
Thus {Ug(k)}gcq, is a projective representation of the little group Gy, with factor system

{Zil)l;;le—ib(pgah-l—ag—agh)}

g 9,h€G - (6)

Write the subgroup consisting of the unitary symmetry elements in Gy, as
G ={g€Gr|¢,=1}. (7)

We want to compute the irreducible decomposition of a representation {Uy(k)} gecy on a p-cell k in terms
of the irreducible representations {{Ug(k/)}geG%}a at an adjacent (p + 1)-cell k. Since k and k' are
different points and the factor systems in Eq. (2) are different, the representation {Ug(k)}gcco at k must
be adjusted so that its factor system agrees with the one at k’. This can be done by

Uy(k) = Uy(R)e ™5 g c . (8)

Therefore the irreducible-decomposition formula is
U(k) = P naU(K), (9)

Mo = g S USR] e U, (k))e K P € 7, (10)



By changing the factor system at the momentum point k, one can remove in advance the factor
e~ K'=k)-ag that appears in the irreducible decomposition. Change the factor system at k as follows:

Uy (k) = uy(k)e 2 ge Gy, (11)

Since this is a change of the factor system, antiunitary elements are also included. Notice that, in this
convention, neither u, (k) nor the factor e=***%s is periodic in the Brillouin zone. Thus U, (k+G) = U, (k),
but in general uy(k+G) # uq(k). The factor system obeyed by the projective representation {u,(k)}geq,
is obtained from

ug(k)efik.ag [uh(k)efik-ah]tbg — Z;I’lzefik.(pgah+ag7¢zgh)ugh(k)efikagh7 g,he Gh. (12)

Rearranging gives

ug(k)up (k) = z;rjflemgk'“"e_ik'p-q“hugh(k:), g, h € Gg. (13)

Since only the factor system has been changed, this factor system can also be used in the Wigner test.
In particular, when restricted to unitary group elements,

ug(k)up (k) = 22 e lan=roan)y . (k), g,h € Gy, (14)

Using the projective representation {’U/g(k)}gegg , the irreducible-decomposition formula becomes

1 o —ik’-ag\* —ik-a —i(k'—k)-a
na = gy O (g ()N ) o g (e o) R, (15)
’ gerl

The k-dependent factors cancel, yielding

no = e St [l ()]t g () (16)

0
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Next, consider how the representation {uy(k)}seq, at k is mapped to the representation at the
equivalent momentum point ¢,ppk + G. From the general theory,

k
z
tr [Uy (dnprk + G)] = tr [Uy(onprk)] = T St (Ui gn(R))?", g € Ggppor = hGrh ™" (17)
h,h=1gh
Here

Zgp = zig‘?he*i‘bghpghk'(pg“h*ag*“9’1), g,h €G. (18)

When g € Gy, p,k, We have ¢gp,0npnk = ¢pprk, and also pyay, + ay — agn, € T. Therefore note that

2y = e ok paantagan) g e Gy (19)

Substituting
tr [Ug(dnpnk + G)] = tr [ug(dnpnk + G)le PPkt Gras g e Gy 4, (20)
tr [Up-1gn (k)] = tr [up -1 gn (K)]e ™ =10n g € Gk (21)



one obtains
tr [ug(dnpnk + G)] (22)
— ei(tbhphk‘-‘rG)'age—i¢ghl)gnk'(pgah-‘rag—agh)eifﬁghiﬂghk'(phah—lgh-‘rah—agh)[tr [uhilgh(k)]e_ik'a’hflgh]qﬁh (23)

th

— #ei(ﬁﬁhi’hk+(})~a\qe—igﬁhphlv(pgah+ag—agh)eid);,,phk(ph,ah,lgh+ah7119,,/)[tr [uh*1 h(kz)]eiik'ahflgh]qﬁh
th g

h,h=1gh o
24

Zint . ] )

g’h G- - h k- v Lk' v v
=mo ¢ e ionprkepgan gionpnk gy fuy o4 (KO, g € Gypprke (25)
h,h=1gh
Thus the map of representations is given by
int
z ) )
tr [ug (pnprk + G)] = %el(}agel¢hph,k'(ah,7pgah)tr [ergh(k)]aﬁh7 9 € Gopprke- (26)
h,h=1gh

Equivalently, the following form is also useful:

Zint 3 . ,
tr [Uhgh—l(¢hphk + G)] — %tl’hezG-ahghAezqﬁh,phk-(ah—phghﬂah)tr [ug(k)]aﬁh, g € Gp. (27)
L9

A Examples of Factor Systems

A.1 Screw Axis

Consider an n-fold screw axis with k. € [0,27]. In the factor system of Uy(k.), if ¢ denotes the generator
of the point group Z,,, then

[Ug (k)" = e "=, (28)
On the other hand, in the factor system of u,4(k.),
(o (k2)]" = [Us (kz)e™/m]" = 1. (29)

If k&, = 0 and 27 are regarded as equivalent but distinct O-cells, then U,(0) = U,(27). However,
because the factor system changes, note that

Ug(0) = ug(2m)e™ 2", (30)

A.2 pmg
Consider the point k = (,0) of the wallpaper group pmg.
G = {e,my, my, ca}. (31)

Let ar,, = (1/2,0). At the momentum point (0, 0), the reflection M, and the glide reflection G, commute,
U, (0)Um, (0) = U, (0)ts,, (0). At k = (7,0), however,

U, (T, 0) sy, (,0) = ei(”’o)'((lﬂ’o)_m’(1/2’0))%2 (m,0) = —ue,(m,0), (32)
Um, (71—7 O)UMT (7Ta 0) = ei(mO).((O’O)imy(0’0))11‘62 (”Ta 0) = U, (7T7 0) (33)
Therefore they anticommute:

U, (T, 0) U, (7,0) = =t (7, 0)tm,, (7, 0). (34)
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