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Consider a two-dimensional free-fermion system with translation symmetry, and write its Hamiltonian
as H(k) with k = (kg, ky). By linear-response theory, the Hall coefficient in a system with a Fermi surface
is given by the integral of the Berry curvature over the negative-energy states:
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Here n labels the bands. By Stokes’ theorem, the fractional part can be written as the Berry phase on
the Fermi loop [1]:
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For an efficient way to compute the fractional part, see for instance Ref. [2].
For an insulator, the method of Ref. [3] is well known for numerical computations of the quantized
Hall coefficient. With a mild extension, one can also treat the case where Fermi loops are present.
Approximate the Brillouin zone by a lattice. At a momentum point k, write a frame of negative-energy
states as

U = (ulk,...,umkk) EMatmkxN((C), U;Uk = 1mk' (3)

Here one should note that the number my of bands with E, (k) < 0 depends on the momentum point
k. For a triangle 012 in the Brillouin zone (a quadrilateral would also work), the following matrix is well
defined even when the numbers of bands mg, m1, ms are different:

Wors = UJUsUSULU{ Uy € Matyywmg, rank(Woiz) = min(mg, my,ms) =: moya. (4)
Thus the eigenvalues of W12 take the form
Spec(Wo12) = (21, - -+ Zmgray 05 -« - ). (5)
Define the generalized Berry flux by
Foiz = Arg(z1 -+ Zimgr,)- (6)
Equivalently, if P, = UkU,i denotes the orthogonal projection at k, then Fj;5 can also be computed as

the argument of the product of the nonzero eigenvalues of PPy Fy.
The Hall coefficient, including its integer part, is given by the sum of these generalized Berry fluxes:
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It is clear that this formula agrees with Ref. [3] in the insulating case. In the metallic case, since only
the Berry flux of the occupied bands contributes, it gives the Berry phase on the Fermi loop modulo 1.
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