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Let H be an n x n Hermitian matrix. For simplicity, first assume that the eigenvalues are nondegen-
erate. Order the eigenvalues of H as

B <---<E,. (1)

Clearly,
Er= min (lHo). (2)
E =Um>gl<v|H|v> (3)

The min-max theorem gives a similar variational characterization of the other eigenvalues.

Let V; be the eigenspace with eigenvalue E = F; (the ground state), and write V- for its orthogonal
complement (the space of excited states). Similarly, write V}, for the eigenspace with eigenvalue E = Ej,.
For the second eigenvalue (the first excited state), one has

Ey=  min  (v|Hv). (4)

veVit |jvl|=1

This can be rewritten as a variational problem over (n—1)-dimensional subspaces. Expanding an arbitrary
state v € V. [[v|| =1 as

v=avi+pPvy, vieV, vy eV, vl =]vL]]=1, (5)
one obtains
(v|Hv) = |al?By + /1~ |af? (vL|H|vL) . (6)

If this is minimized without restriction, v = vy is selected. If instead the minimization is carried out on
v € V-, one obtains E,. Depending on the choice of subspace V' € V', we have

By (V'nVi#{0})
min  (v|H|v) =< Ey (V'nvp ={0}&&V' N4 #£{0}) (7)
veVlo]=1 , i
> Fy (V C (‘/1 SV Vé) )

The third possibility, V' C (Vi @ V2)+, can be excluded if dim V' > n — 2. Hence

dimV'>n-1 = min  (v|H|v) < Es. (8)
veV’ |lv||=1

For V' = Vi* with dim V;* = n — 1, the equality condition is satisfied, and therefore

max min  (v|H|v) = Es. (9)
V/CV,dim V' >n—1veV7,[[v]|=1

Since equality is achieved with dim V' = n — 1, it is enough to restrict the search to dimV’ = n — 1,
giving

i Hv) = Bs. 10
V’CV,C%’iIrl‘I?)V(":n—l UGVI/I}‘lll;)luzl <U| |U> 2 ( )



Similarly, for the k-th eigenvalue Ey,

< !
min <U|H‘”U> _J= Ek (V/ N (Vi ©® D Vk) f {0})7 (11)
veV’,||v]|=1 > B (V C (Vl@"'@vk) )’
Note that
Vinie oW ={0 < VeWVio oV (12)

If dimV’ >n —k, then V' € (Vi @--- @ V})* cannot hold, and hence

max min  (v|H|v) = E}. (13)
V/CV,dim V' >n—k+1veV7,|[v]|=1

Here equality is achieved for V/ = (Vi@ @ V;_1)*. Since dim V' =dim(V1 @ --- @ V1)t =n—k+1,
we may restrict to that dimension and obtain

max min  (v|H|v) = E. (14)
V/CV,dim V' =n—k+1veV' [[v]|=1

If eigenvalue degeneracies are present, it suffices to take into account the dimensions of the eigenspaces.
Let

dk = dim Vk. (15)

Equation (11) still holds. The condition excluding V' C (V4 @ --- @ Vi)t is

k
dim V' >n—> " d;. (16)
i=1
Moreover, if
k—1
dirnV’>n—Zdizdim(V1EB"'EBVk—1)L7 (17)
i=1

then necessarily V' N (Vi @ --- @© V1) # {0}, and hence min, ey jjy|=1 (v|H|v) = Ex_1 < Ej. Thus we
may assume

k—1
dim V' <n—> " d. (18)
=1

Therefore

max min  (v|H|v) = Fj. (19)
VICVin=F T d;>dim Vi>n—Y"k_ | dj vEV,|v]|=1

For the range
k—1 k
n—=> di>dimV’'>n- d, (20)
i=1 i=1

one can find a subspace V' satisfying the equality condition
V' NV # {0} (21)

for any fixed dimension in this range. Thus

max min
V/CV,dim V/=dveV’,||v||=1

k k-1
(v|H|v) = Ej, d:n—de—i-l,...,n—Zdi. (22)
i=1 i=1



Consequently, if eigenvalues are listed with multiplicity as

ElSEQS"'SEn, (23)
then
Hlv) = By 24
VIV i = k+1uevrfn\1|nu 1< v|H|v) = Ej (24)
Applying the same argument to —H, and writing E}, = —E,,_j41, one obtains

Hlv) = Ej, 25
VIOV dim Vmn—k 41 uevr/nﬁnu 1< v Hlv) k (25)

that is,
max min  (v|Hv) = —Ep_gt1- (26)

V/'CV,dim V'=n—k+1veV’ ||v||=1

Replacing k by n — k + 1, we get

H . 27
V’cvrfilngv' kvevrpnfu 1< vl Hlv) = (27)
4 N
Min-max theorem. Let the eigenvalues of an n x n Hermitian matrix H be ordered as
Then
H
E, = max  min (v Hlv) (29)
dim V=n—k+1veV (v|v)
H
= min max (vl |v> (30)
dim V=k veV  (v|v)
- /
We also record the formulation in which the eigenvalues are ordered in the opposite direction.
\
Min-max theorem. Let the eigenvalues of an n x n Hermitian matrix H be ordered as
AL > A (31)
Then
H
A = max min (v Hlv) (32)
dimV=kveV (v|v)
H
= min maX< vl |v> (33)
dlmV n—k+1 veV <U|’U>
o _/

An analogous variational formula can also be derived for singular values. Let the singular values of
A € Maty, 1, (C) be ordered decreasingly as

0120222 Omin(m,n)- (34)

The squares of the singular values of A are precisely the eigenvalues of the Hermitian matrix ATA. Using
the elementary equivalence

JOIATAR) > W AT A & (o] AT Alo) > (] AT AR, (33)
we have
0r = max min (v|ATAlv) = max min  ||Av]|. (36)
dim V=kveV,||v||=1 dim V=kveV,||v||=1



Min-max theorem for singular values. Let the singular values of an n x m matrix A be ordered
as

o122 Omin(m,n)- (37)
Then
L= i A 38
Ok = Joax omin |[Av]| (38)
= min max ||Av]]. (39)
dim V=n—k+1veV,||v||=1
\




