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For a map
q: M2n+1 — U(n),

the (2n 4 1)-dimensional winding number is defined by
(=D)"n! (i nH/ t712n+1
Way, =—" "= tr[q'dg)*"t
2n1ld] = 57y \ 5n o r[q'dq]
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Since ¢'dq = —dq'q, note that

Wont1lg'] = —Wany1[q).

1 Additivity

Let
U,V : M1 — U(n)
and set
¢q=UVT.

Since

¢'dg =V UTdU — Viav)vT,
we have

tr[qtdg*" ™t = tr [X — Y]*" T,
where

X =U'dUu, Y =Vv'av.
We use identities such as

X2 = —dX7 Y2 - _dY,
XdX =dXX, YdY =dYY,
dX? =0, dy?=0.

For 2n 4+ 1 = 1, we immediately obtain

WL UVT] = W1 [U] — WL [V].



For 2n + 1 = 3, since
tr[(X — V)3 = tr [X® — Y3 +3d(XY))], (14)
we also get
W3lUVT] = Ws[U] = Ws[V]. (15)
Let M5 be a two-dimensional space cobordant to a point, and let
q:Xs—U(n) (16)
be an extension of ¢ : My — U(n). Writing the WZW term as

1 ,
Z = tr[§Tdq]® € R/27Z 1
WZWla) = g [ i € Rj2az, a7)
one obtains the Polyakov—Wiegmann formula
1
WZWL[UVT] = WZW,[U] — WZW,[V] + 57 / tr [UTdU VTdV]. (18)
Mo

The generalization to the case where My is not cobordant to a point must be treated carefully. For
example, related discussions can be found in [IJ.

For 2n+1 =25,
tr[(X — V)] =tr [X° - Y® - 5X*Y +5X3Y? + 5X*Y XY + 5XY* (19)
—5X%Y3 - 5XYXY?. (20)
Using
A(XY3) =dXY3 - XdYY? = —-X?Y? + XY*, (21)
d(X3Y) =dXX?Y — X3dY = - XY + X?Y?, (22)
AXYXY)=dXYXY — XdYXY 4+ XYdXY — XY XdY (23)
= - XYXY + XY2XY - XY X?Y + XY XY? ~p 22XV XY 4+ 2XY XY?, (24)
we obtain
tr[(X —Y)°] = tr [X°)] —tr [Y?] + 5dtr | X3Y + XY3 — %XYXY . (25)
This gives
Ws[UVT] = Ws[U] = W5[V], (26)
and

WZW,[UV] = WZW, U] — WZW,[V]

(-1)%2 (i 3/ R T -
@) \27) " [(Utav)*viav + Utdu(vidv) (27)
—;UTdUVTdVUTdUVTdV} . (28)
2 When g € O(n)
Let ¢ : M3z — O(n). We would like to show
Wslq] € 2Z. (29)
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