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o If p, is the matrix of a magnetic point-group action in real space, then the corresponding matrix
acting on momentum space is

Pg = (bg[pg_l]T-

Introducing a tilde everywhere is cumbersome, so I use the same symbol p, and let the meaning be
read from the context.

1 Magnetic Space Groups

e Type I is an ordinary space group. Type II is a space group times ZI. Type IV is generated by
a space group and a fractional magnetic translation, specified by a subscript such as P or C. The
remaining cases are Type III, where magnetic symmetries are indicated by primes. The explanation
on Wikipedia! is probably a useful reference.

e Use the BNS notation.
e The following is the table of fractional translations appearing in Type IV magnetic space groups.?

Symbol fractional

Ps (0,0,1/2)triclinic only
P, (1/2,0,0)

Pb (031/270)

P. (0,0,1/2)

Pa (0,1/2,1/2)
Pg (1/2,0, 1/2)
Pc (1/2,1/2,0)
P; (1/2,1/2,1/2)
A, (1/2,0,0)

Ay (0,1/2,0)

Agp (1/2,0,1/2)
By (0,1/2,0)

B, (1/2,0,0)

BA. (031/271/2)
Ce (0,0,1/2)

Ca (1/2,0,0)

Ca (0,1/2,1/2)
Fs (1/2,1/2,1/2)
Lo (1/2,00)

Iy, (0,1/2,0)

I, (0,0,1/2)

R: (0,0,1/2)

lhttps://en.wikipedia.org/wiki/Magnetic_space_group
2https://stokes.byu.edu/iso/magneticspacegroupshelp. php


https://en.wikipedia.org/wiki/Magnetic_space_group
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A magnetic layer group is a group whose symmetry transformations are of the form

(x,y,z) — (qz(x,y),qy(x,y),iz) + (tw,tyao)- (1)

Such groups can be searched mechanically from magnetic space groups. One must also remember that
the coordinate axes (z,y, z) may have to be rotated in the search. It is probably best to enter the names
of magnetic layer groups as data and then search for the corresponding magnetic space groups. The
conversion rules for names are as follows.

e With no rotation, only p+— P and ¢ — C.

e For (z,y,2) — (y, z,x), where the z axis of the magnetic layer group corresponds to the x axis of the
magnetic space group, (P, Da, Pbs PCs C, Ca) > (P, Py, Pey Pa, A, Ap), and for glides (a, b, ¢) — (b, ¢, a).

e For (z,y,z) — (z,2,y), where the z axis of the magnetic layer group corresponds to the y axis of
the magnetic space group, (p, pa, s, c) — (P, P., Py, Pg), and for glides (a, b, ¢) — (¢, a,b).

2 Treatment of Z2

2.1 The kernel of C

P zP ZP /P
lD’ lc’ lc (2)
P 74 7/ p

The object to compute is Ker C'. The matrix C' has the form

C:[gg]. (3)

Here A is an integer matrix, while B, D are Zy matrices. Choose lifts of the Zs matrices B, D to integer
matrices and denote them by B’, D’. Then write

o-[4 9] "

Let us check that the diagram is commutative. Writing a vector in Z” as (z,y’)”, the right square
commutes because

(z,y') 2% (z,y) & (Az, Bz + Dy), (5)
(z,y") <5 (Az, B'z + D'y') 2242 (Az, Bz + Dy). (6)

The left square commutes because
y 2 2y’ < opy " (7)
y 25 D'y 22Dy (8)

The elements of ZP that are mapped by C’ into the sublattice P are sent to zero by mod 2 o C.
Taking the quotient modulo 2 gives

Ker C = C'~1(P)/P. (9)



By the commutativity of the left square, note that P C C'~'(P). To compute C'~!(P), write a basis of
P as p1,...,pa,. The condition C’'(x,y) € P is that there exists n € Z% such that

dp
C'(z,y') = Z2ﬁiﬁz‘~ (10)
i=1

Q@@

3 Superconducting Gap Functions and Factor Systems

The gap function forms some representation of the magnetic point group. If it is not the trivial repre-
sentation, then part of the magnetic space-group symmetry of the normal state is broken, as long as the
electromagnetic degrees of freedom are not included. Nevertheless, the electronic U(1) symmetry can
restore the symmetry to some extent.

Let zzph be the factor system coming from the internal degrees of freedom in the normal state. I do
not restrict to electron systems here; z;ph may be a general U(1)-valued factor system. For ¢, € U(1),
g € P, suppose that the superconducting gap function A(k) satisfies

k —k\T _
&0aek) = { ey (o2 (1)

€607 = Eqn(20)2. (12)

The second equation follows from the projective symmetry algebra of the gap function. In an electron
system, £, is a one-dimensional representation of P. Let the BdG Hamiltonian be

o= (854

The normal-state block satisfies the magnetic point-group symmetry
U_;"h(k:) = h((bgqu)U;c (14)
3 By construction, the BAG Hamiltonian has PHS
pcH(k) = —H(=k)pc,  pc =K. (16)

Since this is an internal symmetry, the momentum label on p'é is omitted. The magnetic point-group
symmetry is

phH(k) = H(¢gpok)pf, o = (Uf ¢ (Uk)*) K=", geP (17)
gy -
Note the relation
py*pc = E&pcpk. (18)
3From the fermionic anticommutation relation, A;; = (1;%;) = —(1;4;) = —A;;, and hence the gap function satisfies
AR)T = —A(—k). (15)

This property is not used below. The same condition is also required by PHS.



Let us check the P symmetry. For ¢, = 1,

pEH (k) = (U;’c Ry > (Ah((l’z))T —hA((—klz)T)

(U,
B ( Ugh(k) UkA (k) )
- \&(, ; F) AR —&(U, ) h(—k)"

g

(Jomks, _Sasmmbge,

A(pgk) —&gh(—pgk)" (U, *
= H(pgk)pj-
For ¢4 = —1,
U h(k)* A(k)*
9= (7 gone) (87 55%)
- Ukh U;“A( )*
a <§ g k T _gg(Ug k)*h(_k)>

o(Ug
h( pgk WUy &Apgk) (U ") >
A(=pgk) TU”“ —&gh(pg )T( ’“)*

H pgk)P

(23)
(24)

(25)

(26)

The BAG Hamiltonian has the magnetic point-group symmetry P and the PHS C. Let us fix a factor
system for the full symmetry group P x Z§. First check whether the factor system of {ps}ge p is the

same as that of the normal-state block:

.Drk _ k
pghphkph _ (Ug(b’ P gg(Ug—Wp"k)*)TKlﬁ (Uh Eh(Uh_k)*>T
_ (Zg»thh ) Kt
&o€” (g nUgt)"
k _
=2k, (Ugh ggh(Ug—hk)*) K = Zg hPgh-
Here I used
£,607 (2 - h) _ fgfhg( 2¢thqhk (Pgah+a97aqh))

:é'gé'hy( oh )* _7;¢ghpghk'(pgah+ag—agh)

— {ghz 'L¢ghpghk (pqalﬁ”aq agh)

= gghzg,h'

For elements of the form Cg = gC € P x ZS, g € P, define

PEy = Py pc = Egpapy.-

K

Then
Py PR 0E = pg P py R oo = 2y pg pe = Z; hPCon:
perrk pk = poonnk poplt = ponprke Lo ke
=&, %Zg hpgh pc = §h Zg7hpcgh7
Py o = 0y pepy Fpo = pgrrrRE ok = €, 28 -
Thus

k o~k

2g,Ch = Zg.h»
g,

ZCg, gh gh’

k _ 9k
Egon =6 "2,

1—op

2

(27)

(28)

(29)



3.1 Class C

Consider the factor system for class C PHS,

Writing

the symmetry CH;C™! = —H_y, gives
-1\ (ax bk>* ( 1) ( c —bf) (a_k b_k>
A . 14
(1 ) (bz Cr -1 -b;  ap bik c—k (44)

he A
Hk<A’; h;), hl=hy, A =AL (45)
k —k

Therefore

Impose the magnetic space-group symmetry on hy,
ughzg [u’;}fl = hgk, gk == Pgpgk, (46)

and impose on Ay the same symmetry condition as in class D:

& A(gh) = up AR [T, 68 = Eqn(zih)* (47)
Then
u’; he  Ap %o ([ hge Ay u’;
(" e ) (31 ) = ) (7 qun) @
so the symmetry is restored. Set
i ("0 ) K o=k (49)
fg[“g ] Y

Let us compute the algebra including C. The expression for p’g“ is the same as in class D, so the only
change is the algebra with PHS. Define

Pty =Py pc = Epcpl. (50)
Then
pg " e = py " i e = 2, o pe = 2 Pegns (51)
ek ok = oy peplk = oy e ok pe = €, 2 F b gns (52)
Ptk ok, = ol popyFpc = —phhe ok = —€, %02k 0. (53)
Thus
k —k
%9,Ch = %g.h> (54)
—bg —k
Egn =6 Zghs (55)
k -9y _k
Z0g.ch = 8 "Zgn- (56)



4 Superconductors

e Add Z§ = {e,C} to the magnetic point group.

e Compute the factor system of G x Z§. For g,h € G,

Zgon = Zgh (57)
ZCq, =&, b9, g,ha (58)
ZCg.,Ch =&, . §h~ (59)
e The map of representations is given by
onlpTIk _ PhghLh ks 0
hgh-1 = — W[Xg] ) g € Gj. (60)

e For each orbit and each irreducible representation of the unitary subgroup at the representative
point, prepare a unit vector

bpao="{(..s1,...). (61)
Then impose restrictions on the set of these unit vectors.

e Compute the Wigner tests and obtain the 19 AZ classes:

G = Go + Grr + Gru + Gehiral- (62)
1
A ren > zaax(d?), (63)
geGTR
1
W= @ Z Z!LgX(gz)v (64)
g€Gpu
)* —2—x(c"1ge). (65)
\G0| Z
g€Go tge

Note that ¢ 'gc € Gy. The correspondence table is

wT w¢ W'  AZ  Classification wvector

nfa n/a nja A Z (.., 1,..0)

nfa nfa 1  AIIl 0 (...,0,...)

n/fa nfa 0 Ar Z (o1, =100
1 n/a nja Al Z (...,1,...)

-1 n/a nja Al 27 (..,2,...)

0 n/a nfa Arp Z (.1, 1,.00)
nfa 1 nja D Zs (..,1,...)

nfa -1 nja C 0 (...,0,...)

nfa 0 njfa Ac 7 (o1, =100
0 0 0 Apc Z (sl e =1, =1,
0O 0 1 AIlly 0 (..00,...,0,...)
1 0 0 Al Z (islyene—1,.0)
1 1 1 BDI Zs (.1,

o 1 0 Dy Zs (oo l1,.0)
1 1 1 DIII 0 (.o0)0,..0)

1 0 0 Allg 27 (20 =2,.)
-1 -1 1 cII 0 (...,0,...)

0 -1 0 Cp 0 (e 0,y 0,.)
1 -1 1 I 0 (...,0,...)



e When the Wigner test is zero, search for the paired irreducible representation. This search requires
representative elements a € Grr and b € Gpgy:

|G | Z Xa (9 7X[5(a*1ga)*. (66)

9€Go Za,a— lga

e AHSS computation. Let the orbit of p-cells be Dp and take the first cell as representative, DP :=
Da’1 To compute the contribution from a p—cell orblt b to a (p + 1)-cell orbit a, suppose that
one of the p-cells adjacent to DEF! is k(DY) with h € G x Z§. Let s(h(DY) — DPT!) € {£1}
denote whether the orientations agree or disagree. Then there is a contribution from D} to D2+,
Decompose the irreducible representation 3 on D} into irreducible representations on Dr+L The
contribution to o on DPT1 is

s(h(D}) — DP) x ¢(h) x (h(B), ) € Z. (67)

Here c(h) € {£1} specifies whether the operation is of PH type. One way to implement c(h) is
to multiply the irreducible character of h(8) by —1 in advance. This gives the bare differential 67
before AZ symmetries are imposed:

oY . cP — Pt (68)

Let CP be the lattice generated by irreducible representations. The basis vectors of BV and E|°

are the vectors in the above AZ table. Denote a set of basis vectors for EP° by b§p ),

define a sublattice of the lattice generated by irreducible representations:

These vectors

EP? =TmbP. (69)

The target of d(l)’0 is obtained by applying 6{ to basis vectors of E? 0 For instance, if the AZ class
of a basis vector b(®) is Ap, then

b = (... 1,1,..)7. (70)
If 5(1) has the form
0 1 0
then
0 =(...,1,1,...)T ect. (72)

Expanding this vector in the basis of E11 -0 gives the differential
a9 EYY — B (73)
To expand it, solve
21b{Y @bl 4= 600 (74)
If the basis vectors bgl) are orthogonal,* this can be solved easily:

(6, 506"

. 75
o050 (%)

xij =

4Does orthogonality remain if equivariant momentum points are added to Cp? If there are points with reduced symmetry,
orthogonality is not preserved. Indeed, adding a generic point to the O-cells gives the representation rank and the vectors
are not orthogonal.



One should check that x;; € Z. Setting [d(l)’o]ij = x;; gives an integer matrix.

Since any homomorphism Z; — Z is trivial, set x;; — 0 when bz(»l) is Z-classified and b;o) is
Zo-classified.

Next treat Zo compatibility relations. If bgl) has Zg classification, add to d5"° the vector whose ith
component is two,

(...,2,..)T. (76)
Call this matrix P. This gives the lift
0 = (d°, P). (77)

Take the kernel of d?’o. If Nullspace is used, the result is a set of integer vectors with minimal
component +1.

Is using Nullspace dangerous?

Eliminating the auxiliary degrees of freedom then gives BS.

AT computation. We want to compute
Im [AT — E}°). (78)

It would be easier if one could ignore PHS when generating AI, but probably this is not correct.
The Wigner test must also be applied to Al

The computation is analogous to that of d[f’o : E(l)’0 — Ell’o. First use the unitary subgroup to
construct Cay; then use the Wigner test to construct sublattice vectors a; of Car, obtaining Al
Compute the bare differential

dar: Car — C. (79)
This is obtained by decomposing induced representations at the target point. The homomorphism

dar : AT — EY° (80)
is computed in the same way as d(l)’oz

07 6aa)”) 81
Tij = (b(o) b(o)) : (81)

This gives the integer matrix dar. Again, since Zo — Z is trivial, set ;; — 0 if bgo) is Z-classified
and a; is Zo-classified. Then [da1]ij = xj-

Suppose BS and AT have been obtained. To compute BS/AI, apply the third isomorphism theorem.

For every Zs-classified basis vector b§0), add the basis vector (...,2,...). Denote the resulting
objects by BSy and Aly. Then

BS/AI = BS;/AI. (82)

One way to compute the right-hand side is to construct a basis of BS; using Smith normal form
and then expand Ay in that basis. Let b} be a basis of BS constructed with Smith normal form.
It need not be orthogonal. If

Al = Span({a}}), (83)
then one has to solve



e Now consider how to construct d° : EPY — EPT0 from the bare differential 67 : C, — Cpy 1.

Unfortunately, the formula for z;; above can fail. Consider A¢c — D:

a fB
b =(....1,-1,...)7, (85)
bl = (i1, )T (86)

If both irreducible representations «, 8 decompose to « with multiplicity one, the bare matrix has
the form

O=1... 11 -..1]. (87)

Then

S0 = (...,0,...)7, (88)

which is not the correct result. In this case the correct answer is obtained by taking one of «, 3,
namely

(v, @) (89)
rather than
(v, @) = (7, B). (90)

Thus, when the target is Z,, computing 6?b§-0) can give the wrong result.

It would be better to enumerate all possibilities. Let 3 be a representation on a 0-cell and a a
representation on a 1-cell.

For Z — Z:
b<”\b“” | A Ap Al AIT Ap Ac Arc Al Allo
(a,8) (a.B)— (o, TB) (,8) 2(a.8) (,f)+ (a.TB) (a,8)— (,CB) (e, B) + (a,TB) — (a,CB) — (o, TCP) (a,8) — (a,CB)  2(a, B) —2(r, CPB)
Ar nfa  (a,B)— (,TB) nja n/a n/a n/a (o, 8) + (a,TB) — (a, CB) — (a, TCP) (o, 8) — ((y CB) 2, B8) = 2(a,CB)
Al n/a n/a (,8)  2(a,8) (,8)+ r‘v Tp) n/a (o, 8) + (a,TB) — (a, CB) — (a0, TCP) (o, 8) = (a,CB)  2(ev, B) — 2(er, CB)
All n/a nja %(ub’) (o, 8) %[( ,B) + (a,T8)) n/a %[(u B)+ (o, TB) — (o, CB) — (a, TCP)) 2[ a, ) (u Cﬁ)] (o, B) — (a,CB)
Ap n/a n/a (,8)  (a.B) (a.B)+ (a, Tﬁ) n/a (o, 8) + (a,TB) — (a, CB) — (a0, TCP) (o, f
Ac nja nja nja nja nja (a,8) = (a,CB) (@, B) + (a, TJ) (a,CB) — (a TCB) (o,
Arc n/a n/a n/a n/a n/a n/a (o, B) + (a,T8) = (a, CB) — (a, TCP) (o, f
Ale n/a n/a n/a n/a nja n/a (a, B) + (ax, T?) (a,CB) — (o, TCB) ((\.:
Alle n/a nja n/a n/a nja n/a %[(a B)+ (o, TB) — (o, CB) — (a, TCP)) [a

The truth of the following statement should be clarified:

— If 8, T are distinct irreducible representations of GE and «, T« are distinct irreducible repre-
sentations of G % then one of (, 8) and (o, T) is zero.

There are two points to note. (i) If Gk+5k C GTR, then T can be chosen commonly; the same

applies to C and T. (ii) (o, T8) = (Ta, 6), and similarly for C' and T'. With these observations,
one can show the formula

(b(-l) 50b(0))

For ZQ — ZQI
o"\o” | D BDI Dy
D (., 8) (a,8) (a,B)+ (a,TB)
BDI | nj/a (a,8) (o,fB)+ (a,TB)
DT n/a (aaﬂ) (Oé,ﬂ) +(OL,Tﬂ)
Thus the formula
(®", 696\
Zo— Lo 70 ;(f)) € Zs (92)



also holds in this case.

The problematic case is Z — Zo:

o | A A AT AL Ay Ac Arc Ale  Allp
D |n/a nfa njfa nfa nja (a,B) (,B)+(.TB) (a,B8) 2(a,pB)(=0)
BDI |n/a n/a n/a n/a n/a nja (o,B)+ (o, TB) (a,8) 2(a,B)(=0)
Dr  |nfa nfa nfa nfa nja nfa (a,B)+(a,T) (,f) 2(a,B)(=0)

This agrees with the formula obtained after forgetting C'. Hence

1 7(0
(B, 89647

7 — Lo : _
(b, bM)

€ Zs. (93)

Here 55-0) is the vector obtained by keeping only the positive components.

5 One-Dimensional Representations of Magnetic Point Groups

For a magnetic point group (G, ¢), how should one construct one-dimensional representations mechan-
ically? If the factor system is trivial, one may construct irreducible characters and extract only the
one-dimensional representations, but there may be a better direct procedure. For a one-dimensional
representation of the unitary subgroup G, compute the Wigner test

1 2
W= G > &((ag)?). (94)

g€Go

Note that £(g) € {1} is not a necessary condition for W = 1. If W = 1, extend the representation to
the full group G. There is a choice; here take

£(ag) =¢&(9), g€ Go. (95)

6 BZ-Periodic Representations of Magnetic Space Groups for
Atomic Insulators

First illustrate the goal with a simple example.

6.1 Inversion

The space group is G = Z x Zs. Denote the generators of Z and Zs by t, and i, respectively. Note that
tyi =it '. For the position 1/2, the stabilizer is

G1/2 = {e,tzz} C G. (96)

Construct the induced representation of G from the irreducible representations of Gy, = Zy. There are
two irreducible representations of Gy 5:

Gil1/2,£) = [1/2,2) (£1). (97)
The coset decomposition is

G =[] tG2 =TIt ety (98)

nez nez

10



Introduce the formal basis corresponding to the orbit ¢7Gy /o by
In41/2,+) == #1]1/2,+). (99)

This gives the basis of the induced representation. The concrete representation matrices are

teln+1/2,4) = |(n+1)+1/2,+), (100)
Pl 1/2,%) = 30 [1/2,£) = it8 [1/2,+) = 157 [1/2, ) (101)
i 12, 4) = L [1/2,4) (1) = [(—n— 1) 4+ 1/2,4) (£1).  (102)

Passing to momentum space, define

|k, £) o= In+1/2,£) ™™ (103)
nez

This basis is BZ-periodic, and one checks

B ko) = [k, ) e, ik, ) = |k, ) (e~ ). (104)

6.2 General Theory

e Remark: the construction can be computed mechanically as a representation of the space group
itself.

Follow PVW. Let G be a space group, T the translation group, and tr a translation element. Define
the stabilizer of x by

G, ={h € G| h(z) :=ppx+ty =2} (105)

Choose a position z in the unit cell and denote the other positions in the unit cell by {z,}s=1,2,.. With
21 = z. The representatives have no lattice-vector ambiguity: for instance, 1/2 and —1/2 are different
choices. Choose g, € G so that g1 = e and g,(x) = 2,. Then {g,}5—1,... |y, | is a full set of representatives

of Wy, =(G/G2)/T.

Construct the induced representation of G from a representation of G,. Let |i) be a basis of the
representation u;, of G,:

h|7) = [) [ul(h))iz, Wi |i) = zp B |i) h,h' € G,. (106)

First induce to the subgroup preserving the lattice obtained by translating x. Introduce the formal basis

0% i) =1tr i), tr€T. (107)
Then
fR' |¢;.¢,R> = |¢;,i,R+R'> ) (108)
h |¢;,j,R> = |¢;,i,th> [u;(h)]u (109)
Here we used
glr = {pg|t9}{1|tR} = {pg|tpgR + tg} = {1|tpgR}{pg|tg} = 1lp,RY- (110)

For the other degrees of freedom x,, define

|¢;mi7R> = tARgJ |'L> = gafp;alR ‘Z> = ga |¢;,i,p§;R> ) o=1,..., ‘Wx|a treT. (111)

11



The order of ¢ and §, is chosen so that

tr |95, i0) = 98, i e r) (112)

holds.

For a general space-group element g € G, the set {g,} is a complete set of representatives of G =
HtReT o=1,0, [ Wa tr95G.. Thus one can uniquely write g9, = trgoh with h € G, and tg € T. Since

99-(7) = g(z5),  trgorh(z) =20 + R, (113)

we have R = g(z5) — 2o/. In particular, pyp,, = pgy_,pn. The action on the basis is

R 29,90 1
910, ir) = ﬁtg(zg)—za/ 9% v pyr) [ (G0 )]s (114)
9575 '5/10_
where
hggg = g;/ltwﬂ/—g(wg)ggo € gac (115)

Introduce momentum-space states

|¢;G,i,k> = Z \¢£U,i,R> et (116)

treT

This definition is periodic under reciprocal-lattice shifts of k. Since

tr DL, in) = 0%, ik) e R (117)
we obtain
~ r —1 (g(xo)—x 5 29,95 T s
9195, i) = TR ) P G0 ) [ (B v (118)
ga’vhf’/’(,
Equivalently,
r —ik'(g(xe)—x 41 29,95 T
Ur(9))orik oik :5;0,79(%)%',;}91@6 k- (g(ze)—2z, )%[Uw(h(gfgg)]i% (119)
ga’vhg/ﬁ
Here 07, ,, is the delta function for degrees of freedom inside a unit cell:
y . 1 (.’171 = T2 + EIR)7
Orsan = { 0 (otherwise). (120)

Focus on one momentum point k. Define
G = {9 € G | pgk =k +7G}, (121)

where G is a reciprocal-lattice vector. Then T is a subgroup of Gi. Restricting the above representation
to Gi and taking diagonal components gives

[Wal

T —ik-(g(xs)—2 29,95 T
Xz,k(g) = Z 6lxmg(axg)e k(g(@) U)LXx(hg,a)v g€ gk' (122)

o=1 Zg<77hg,o

This expression does not depend on the choice of z,. Under z, — x, + R,

e~k (9(@e)=w0) |y o—ik-(9(zo)+PgRo—Ts—Ro) _ o—ik-(9(zo)=20) (123)

12



where pok = k was used. Since g, was defined by g,(z) = z,, one can choose any element of T'g, =
{trgs | tr € T} and set z, = g,(x). Thus the expression depends only on the orbit T'g,. Moreover,
under g, — g,h with h € G,, general theory gives

2g,90h — 29,95
e S, b, 2
goh,n""hg o 9o ,No,o

Therefore one need not choose a representative inside ¢g,G,. This point may fail in the presence of
magnetic symmetries. Finally the character depends only on the orbit T'9,G, = {trg,h | tr € T,h € G, }.
Choosing a complete set {h} of representatives of G/T, it can be written as

T —ik- z)—h(xz Zg,h r(1—
Xak(9) = = Z 6;1(I),(gh)(x)e Flgm) @) =n(z)) 5 Xz (h 1th(9c)—(gh)(ac)gh)7 g € Gk.

1
G| gt Zhsh ™ )~ (gh) (2) P

(125)

6.3 Summary

Practically, the character can be computed as follows.

1) Choose a spatial position . Complete Wyckoff-position data can be obtained in text form from
https://stokes.byu.edu/iso/magneticspacegroups.php.

2) Choose a section G/T — G. Equivalently, for each point-group element n € G/T, choose a fractional
translation t,,. Text data for t,, are also available from the website above. The corresponding space-
group element is written in Seitz notation as {py,|t,}.

3) Compute the point-group subgroup fixing x:

(G/T)e :={9 € G/T | pux +t, = x+ "R} (126)

4) Let 2y 0/, n,n' € G/T, be the factor system of the point group. Compute the irreducible characters
of the subgroup (G/T)., for instance from the regular representation. Denote them by Y% (g €

(G/T)z)-

5) For momentum k, compute the point-group subgroup fixing k:
(G/T)x ={n € G/T | pok =k+3G}. (127)
6) For the section n — {py|t,}, the character is

Xk (1 € (G/T)k) (128)

1 —ik- x)— xT Zn,m r —
B 7‘(g/T) | E 5m_1nme(g/T)me k-({pn[tn H{pm[tm (@) —{Pm|tm } (z)) . 71 Xz(m lnm) (129)
x meg /T m,m~—Inm
1 . z
- 5m* nm eflk'(pn(pmm+tM)+tn7(pmz+tM))# r mflnm . 130
@D, 2, P e/, Tt 2 (130

meg/T

For readability, rewrite the same formula using G:
1) Choose a spatial position z.

2) For each point-group element g € G, choose a fractional translation ¢, and write the corresponding
space-group element as {py|ty}.
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3) Compute
Gy :={g9€G|pyx+t,=z+7R}. (131)
4) Let z4p, g,h € G, be the point-group factor system. Compute the irreducible characters of G,
denoted by x7(g € Gy).

5) For momentum k, compute

Gr={9€G|pk=k+7G}. (132)

6) For the section g — {py|ts}, the character is

1 .
X;,k‘(g € Gy)=— Z 6h_1gheaze—zk‘(Pg(Phx-&-t;t)ﬂ-tg—(Phw-i-tn))Zgi’hxg(h—lgh)' (133)

‘Gx| heG Zh,h=1gh

7 Al to E1

Let {k;}i=12,. be the set of representative points of the O-cell orbits in a momentum-space AU. Then
consider

G, /T. (134)

8 Magnetic Space Groups: Momentum-Space AHSS

First decide whether one should use the AU among the 84 momentum-space AUs with time reversal
included or without time reversal. The conclusion is that the time-reversal-aware AU should be used,
because a time-reversal-invariant momentum point may fail to be a 0-cell of the AU if time reversal is
not included. For example, in the wallpaper group p3, the M point is a TRIM but is not contained in a
0-cell of the p3 AU.

Determine the 84 AUs.

The factor system is

k= 0 e anlpgn) R gttty —tan) oyt t o, € BL. (135)

e For each representative point k of a p-cell orbit, compute the little group
Gr ={9 € G| ¢gpgk = k} (136)
and the factor system

g = Zgpe C P g h € Gy, (137)

Compute irreducible characters of the unitary subgroup G¢ and choose one representative ay €
G/ G%. For each irreducible representation uy,, compute the Wigner test

1 § @
Wia = |G0‘ Z_f]Ca,gan((ga)Q) € {Oa la _1} (138)
k 0
geGY,
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e To map a representation from a representative point to another point in the orbit, use

k
énlpn _ Zhgh—
Ui MUk = 2 hUR = : A (139)
h.g
so that
énpT] "k nghfl,h k1dn 0
Xhgn 1 = X" g€k (140)
h.,g

e To parallel-transport a representation at k to k -+ dk, note that the non-BZ-periodic expression is
U({pgltg}) = e 0slos) "kt (141)
Thus

o T—15,
X/gf+6k — e~ 1Pglpg ] Ok tQX’g‘”" g€ Gg N Gngrék. (142)

e For a basis vector ug, with Wy, = 0, use the orthogonality relation

o 244 -
0% = (agust, uf) = Z [ 2 yx(a-ga)| ¥2(g) (143)
gec? Fa,a'ga
Zaa a
e Z . 20y (a" ga)x(g) € {0, 1} (144)
k GGO g,a

to find the partner basis vector u;g with O,(:ﬁ =1, and remove it from the basis set.

e Compute compatibility relations as follows. Since Gjysr C G, aptsx can be used as a representa-
tive of Gi/GY. For an irreducible representation 3 of GY 45k the decomposition according to the
AZ class of 8 is

A (*, B)
Wg=1 (x,8)
Wg=-1 5(x0)
Wg =0 (%, 8).

According to the AZ class of an irreducible representation of GY,
A * =

We=1 *=q
Wo=-1 sx=aa«

W, = * = a @ aga.
Putting these together,
‘A Wz =1 Wg = —1 Wz =0
A (a, B) n/a n/a n/a
Wa =1 (a’ ) (avﬂ) %(Ox,ﬁ) (avﬁ)
Wy =-112(c,B) 2(a, B) (o, B) 2(a, B)
W, =0 (a@aka,ﬂ) (a @ ara, B) %[(a@aka,ﬂ)] (a @ ara, B)

Here (a, ) is the ordinary compatibility calculation. The term (a @ axc, 8) enters automatically
by adding the compatibility relation

Uk — uk,aw = 0 (145)
to the basis of G. The decomposition computed from aj 513 gives the same compatibility relation:
(@@ aga, B) = (@ ® akrorar, B) = (ak+or © o, aki5k ). (146)

Thus all conditions should be computable from irreducible representations of GJ. A correction is
needed only when W, = —1 and Wz = —1: in d;, multiply columns with W3, = —1 by 2, and
multiply entries corresponding to Wyys, 3 = —1 by 1/2.
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In summary, ES 0 can be computed as follows.

e Determine the 84 AUs.
e For representative points of 0- and 1-cell orbits, compute the irreducible characters of GY.

e For each irreducible character, compute the Wigner test. Define the diagonal matrix A®) for p-cells
by

@ _ 2 Wia=-1
Akaﬁka B { 1 otherwise. (147)

e For O-cells with Wy, = 0, define an additional compatibility matrix O whose rows are of the form

(cooy 1,0, =100, (148)
e Let dV be the differential matrix for GY. Then E9? is the kernel of
[A(l)]fld(l)!OA(O)
. 149
G (149)
This matrix contains 1/2, so some care is required for integer-coefficient computations. For com-
putations over R, such as dimensions, it can be used as it stands.
e Let (g € GY) be an irreducible representation at a site z. We want the induced representa-

tion at momentum k. Let g; € G be magnetic point-group elements that move x to the distinct
Wyckoff positions in a unit cell. The elements g; may include antiunitary operations. The induced
representation is

z

. yA .
Xol9 € ) = 30,15, PP T T pus o)) =08 (g7 ggi) . (150)
i 9i:9; 99i

By general theory, this expression is invariant under g; — g;h with h € G2, where G% C G, is the
unitary subgroup. Therefore, whether g; is unitary or antiunitary, there is no need to choose g;
from ¢;GY. Equivalently,

r 1 —1k- x — T z h r —
Xx,k(g € Gg) = WZ Z 6h*19h€GI€ k-(pg(pra+tn)+ty—(pn +th))97Xx(h 1gh)¢h'

i heg:GO Zh,h=tgh
(151)
This is suspicious when z is a magnetic symmetry. Here G is the magnetic point group.
However, this formula double counts precisely when = € G, \G? and the Wigner test
z g
1
W, = @ Z zgw,ng;((gx)Z) =1 (152)
*hgeqy
holds. Therefore one divides by two only in this case, and the correct expression is
. 1 : . z . Lwr=1
7 _ B —ik-(pg (pra+tn)+ty—(Prr+ts)) 9,h rip—1_1\én 2 x
X“”k(g € Gi) |G| hez(;ah ohect Zh,h—1gh Xa(h"gh)™ { 1 (otherwise).
(153)

e Signs of cell connectivity. First describe how the sign of the differential is fixed, and then how it
may be implemented.

Let a label a p-cell orbit and ¢ label a cell in the orbit. All cells decompose as

HHHDSW (154)
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For each orbit, take ¢ = 1 as the representative cell and write D? = Dg,r For the subgroup
Gpr C G preserving DY, the p-cell orbit is

]_[ DY . = (G/Gps) x DP. (155)

If a p-cell is written as DP = (vgv; - - - vp), where the v; are coordinates, then the group action is
g(Dp) = (ngO Pgv1 - 'pgvp)- (156)

In slogan form, the orientations are chosen G-equivariantly.

For the differential from p-cells to (p + 1)-cells, take a boundary p-cell of the representative (p+ 1)-
cell DP+ = (vg---vp41) to be ng = gDy = (pgvy - - - pgvy,). Since this is part of the boundary of
Dbt define s ; € {£1} by

Sb](pgvo ) € d(vg 'Up+1) = (v - 'Up+1) — (vova - - 'Up+1) + oo+ (=1)P (v - 'Up)~ (157)

This sign s ; is the sign in the differential.

For a numerical construction, take the body-centered cubic lattice I as an example. A minimal unit
BZ/0y, can be chosen with

11 111

Vo = (O7an)a U1 = (0a170>7 V2 = (57570)7 U3 = (§7§a§) (158)

Choose the sets of 0-, 1-, 2-, and 3-cells as
{(vo), (v1), (v2), (vs)}, (159)
{(vov1), (vov2), (vovs), (viv2), (v1vs), (V2v3)}, (160)
{(vov1v2), (vov1v3), (Vov2v3), (V1vav3)}, (161)
{(vovyvavs)}. (162)

For example, store a cell such as

(vov1v2) = (1 — u — v)vg + uvy + VU2 (163)

as a parameterized p-cell. Then move all cells by the point group Oy; for example

H {pg(vov1v2), pg(vov1V3), Pg(VoV2V3), Dg(V1V2V3)}. (164)
geO

This set contains duplicate cells, so remove overlaps. The result is a cell decomposition of the first
BZ of the body-centered cubic lattice:

Cp=J[{(o--vp)},  p=0,1,2,3. (165)
The boundary map 0 can be constructed mechanically. For example, for Co — Cq,
6(110’()11)2) = (’U1’02) — (U()UQ) + (’Uovl). (166)

The three 1-cells can be found by

u—1—u, v—>u

(1 —u—v)vg + uvy + vuy (1 — uw)vy + uvy = (v1v2), (167)

420, vou, (1 — u)vg + uvy = (vov2), (168)
Lo w20, (1 = u)vg + uvy = (vouy). (169)

This gives the chain complex {C,,0}.
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For a subgroup G C Oy, one wants a G-equivariant cell decomposition and differential. Split the
p-cells into G-orbits:

¢y = [1(On/Gpy) x D, (170)

a

where D? is a representative cell of the orbit a and Gp» C G is the subgroup preserving the cell.
Search for the boundary of the representative (p + 1)-cell D?T = (vg - - v,41) using the boundary
map of the chain complex. If one boundary p-cell is

g(Df) = (ng6 e 'ng;)v (171)

where D} is the representative of the p-cell orbit b, then record the corresponding sign and repre-
sentation map.

@aa@
e The little group of a p-cell may be computed from the little group of one point inside the p-cell.

e For computing superconducting symmetry indicators, use the following third isomorphism theorem.
Let G be a group and let K, H be normal subgroups of G with K C H C G. Then H/K is a normal
subgroup of G/K, and

(G/K)/(H/K) = G/H. (172)

Use it as follows. Let {BS} and {AI} be the band structures and atomic insulators of the normal
state. Let {BS}gc and {Al}sc be the corresponding objects in the superconducting state. If K
is the combination that is identified in the superconducting state, then

{BStsc ={BS}/K,  {Al}sc={AIl}/K. (173)
Therefore the third isomorphism theorem gives

{BS}sc/{Al}tsc = {BS}/{AI}. (174)

The right-hand side can be computed by Smith normal form.
This formula is strange, because no information about superconductivity enters. Should {AI} be
replaced by the atomic superconductor {AS}? Probably yes.

e The construction of the 84 AUs contains bugs. It is probably better to use the minimal decompo-
sition of each Bravais lattice and then construct the orbits for each of the 84 AUs.

8.1 Backup
PVW writes:
“As explained in the main text, when an irrep uf is paired with a different irrep uf under TR, we

simply add to C an additional compatibility relation nf = ng ; when uf is paired with itself, we demand

ng to be an even integer, which can be achieved by redefining 7% = nf}/2 and a corresponding rewriting
of C in terms of n.”

Again, among the 84 momentum-space AUs, one should use the AU with time reversal included.
Otherwise a TRIM may not appear as a 0-cell of the AU; for instance, the M point is a TRIM in the
wallpaper group p3, but it is not a 0-cell of the p3 AU.

AHSS:
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1) For the representative point k of a p-cell orbit in the AU, compute

Gr={9 € G| ogpsk =k} (175)
and
Zgn = Zgpe” FPal T Tl) g h e Gy, (176)

2) Compute irreducible characters of the unitary subgroup GY and build the basis for the representative
points of 0-cell orbits:

ugh g, gt ugz ). (177)

Taking the kernel of the homomorphism imposing restrictions on this basis gives Eg 0 The k; label
orbits, and these orbits already include magnetic symmetries. Thus, for a magnetic symmetry a,
if —p,k # k, the two points —p,k and k are in the same orbit; there is no need to impose the
magnetic symmetry between different k; again.

3) Choose a representative aj, € Gy /GY.

4) Compute the permutation matrix describing to which basis vector aju$ is mapped:

o Zg,0 "

0" = i) = 3 | il a0y | o) (179
9eq? a,a”lga
o Y g o) € 0.1, (179
gegy 9

Arrange these blocks into

Ok,
0= Oy, ) (180)

Add this matrix to the compatibility conditions.

5) For every basis vector uf, compute

ng ‘GO| Z Zga gan((ga’) )6 {O 1 } (181)
geG?
Collect these values as
(Wi, Wiz ). (182)
6) Compute the differential matrix d; for GY. This differential does not yet take the W = —1

condition into account, and should be corrected.

The correspondence between Wigner tests and decompositions of irreducible representations is sum-
marized as follows. Note first that G5 C Gy and G(,i 1sr C G%. Let a be an irreducible representation
of GY and j an irreducible representation of GY ok

Al = A (algo,,,»P)
AIT= A 2algy..0)
Ar A ((@®Ta)la., A
AT = Al (alag.,,»B)
AII AL 2(algy . B)
Ap = Al ((a®Ta)lgy, . B)
A=Al (algy,,, . B)
AIT 5 AIT - 2(ofey . f)
Ar = AIT (@@ Ta)lay_,,.B)
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A Mapped Representations

The representation obtained by mapping a representation Dy of G by g; is

gior _ %99 pe ba;
9€9:Gg; Y T 4 ) [Dg{lggi] '
9i,9; 99i
In particular, the character is
; -1 29,9 —1 )
X9 € g:Gy; ') = —HE—[x"(g; ' 99)]" "
9«;797:_1991‘

Under the replacement g; — g;h with h € G,

i
Zg.0:h% _
9:9ih " =19 ggin

%9,9ih -1, — ) —
2 (h™ g T ggih) e = o—x(g; '99:)

z 1,1 i
ih,h=1g; ih z 1,1 Z Z
gih, 9; 99i gih,h=1g  'ggih g; 1gg“h

Using the 2-cocycle conditions

z¢‘(“’ z 1
h,h=1g ' ggih"9i:9; 99ih 1
- bl
Fgihh=1g7 gg;n”gish
¢’g,~
AR z -1
9197 '991,h" 919 99:h
- b
zggi’hzgugi_lggi
Zgi,h%g,9ih _ 1
- b
299i,h%g,gi
one obtains
Dg;
Za.a:hZ. o
991 nn=197 " ggih
¢Qi
Zgihﬁ‘lg{lggihzg;lgg,;,h
2g,9ih%gi,h _ __*g,gihZgi,h  _ Zg,gi
o ¢9i - z - '
_ ihZg o= Loa: Z -1
2 g::9; 199ihzg;lggi,h 99::"%gi,9; " 99 9i:9; 99i

Thus the result is independent of the choice of g;.

B Inverse Transpose

Let a; be lattice vectors and b; reciprocal lattice vectors:

a; - bj = 2’/T5ij.

(183)

(184)

(185)

(186)

(187)

(188)

(189)

(190)

(191)

Point-group matrices are defined in real space. Magnetic space-group data give the point-group matrix

in the basis of lattice vectors, i.e.
pa; = Z a;pij-
i
What is the corresponding matrix acting on momentum space? Since

E-p'R=[p Y1"k-R,

the action on momentum space is by the inverse transpose. In formula form,

pb; =Y bilp~ i
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C Induced Representation and Frobenius Reciprocity

Let G be a finite group and H a subgroup of G. Let z,;, be a factor system of a unitary representation
of GG defined by

Gh = zgngh, g, h €G. (195)

Given a representation of H, the induced representation of G is defined as follows. Let {ga}a—1,...,|a/H]
be a full set of representatives in G of the left cosets in G/H. Thus, for each g € G and each g;, there is
an h; € H and a j(i) € {1,...,|G/H|} such that gg; = g;(;)h:. Let |i) be a basis of the representation of
H:

hlj) = li) [D(M)]ij,  h e H. (196)

Introduce the formal basis g; |i). Then

39: 1) = 24, gig/\gz‘ 17) = 24.9:95 ()i 1) (197)
Z R N .
= 29 giyhi |j) = i) |9) [D(hi)]ij- (198)
Zg]( ),hw 95(3) i

1

This defines the induced representation. Restricting g to a subgroup g;Hg; - C G, one obtains the

block-diagonal action

An g 29.9i A s - —
39ilj) = 297_‘1191, i) [D(g; " 99:))ij, g€giHg " (199)
9i,9; 99i

In particular, the character ¢(g) of the induced representation is

G/ H]
Z 00— 28 x(hy) (200)
;i) hi
|G/H|
= Z i@ 00y (g7 gg0), (201)
QH(] lg!]'i

where x(h € H) is the character of the representation of H. The final expression is independent of the
representative set {g;}. Under g; — g;h with h € H,

Zg.9:h o 29,9ih%h h=1g71gg;h _
28— x(h" gy 'ggih) = x(9; " 99:)- (202)
Zgih,h=1g tggih Zgih,h=1g; tggih%g; Lggi,h
Using the 2-cocycle condition three times,
z —1g -1 _ 2 -1
h,h 9; 9gih”gi, 9; ggih — 17 (203)
g h,h=1g- ' ggih Zgih
i9; 0% gi,9; ih
“gi9; '99i.h%9i,97 99 —1, (204)
99i:h%g,,97" 9g:
Zg, hZq.0:
gi,h*g,9:h — 1, (205)
299i,h%g,9:
we obtain
2g,9ih -1, -1 29,9i -1
— x(h™'g; " ggih) = —*—x(9; ' 99:)- (206)
gih,h=1g;  gg:h 9:,9; ' 99s
Thus the Frobenius formula for projective representations is
Z . _1gzeHZ x(z ™ tgx), (207)

1
z€G/H ww =l gw
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where z runs over representatives of G/H. Since each term is representative-independent,

1 Zg.2 N
) = > X(z 7 gz).

z -1
zeG, z—lgzen ~ T 9%

Introducing a projective class function x(g) equal to x(g) on H and zero outside H, this is

Zg,x
(g) Xz gz).
|H| Z

tgx

Let ¢(g € G) be the character of a representation of G. Frobenius reciprocity gives

|G|Z¢ |G||H|ZZ¢ —0T (a2 gx)

geG geG zeqG Fr,x~lge
|G|| 7 e g S g0)
geG xeG
|G|| |ZD
geG xeG
= 1 H| > dla(h
heH
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D Backup: General Theory

For simplicity, take an ordinary space group. Let the space group be G and the point group be G. Fix
fractional translations ¢,. A general space-group element can be written as {py|t, + R} with R € BL.

By general theory,
Ry = pgtn +ty —tgn € BL.
For a spatial position x, the little group is
Go={{pylty + R} €G [ pgz +t, + R=2} CG.
Compute it as follows. First compute
G, ={geqG| e Postty=)bi — 1§ — 1,2,3} C G,
where b; are reciprocal lattice vectors. For g € G, define
Ry :=x—pgx—1t, € BL.
These translations satisfy
Ryn = pgRp + Ry, g,h € Gy,

which is equivalent to

{pglty + Ry} {pnltn + Rn} = {pgnlten + Ryn}, g, h € Gy.

Thus G, = G,.
Choose a representation of G, with basis |i):

{pglty + Ro}13) = [0) [Dglis, 9 € Ga

(214)

(215)

(216)

(217)

(218)

(219)

(220)

The factor system is determined from that of the point group, zgn, g,h € G. We now construct the

induced representation to G.

First inspect the representation induced to the subgroup preserving the lattice x + BL:

Govnr == {{pglty + R} | g € G, R€ BL} CG.

Introduce
R :=[UR}i),  |ki):= > |Ri)e™™.
ReBL
Then
{polte} IR,5) = DR — Ry, i) [Dylis,
and

{pglte} Ik, 5) = Dok, i) [Dg]ijeiﬁgkbRgv Dg = [pg_l}T-
Thus the representation matrix is

U,(k) = ePshRap, = e~ Bokpovtto—olp = g @,

(221)

(222)

(223)

(224)

(225)

To induce all the way to G, choose representatives g, of G/G, with g1 = e. The convenient formal

basis is

IR, a,i) i= {1[RHpgu |ty } i) = {py. tg. + RY|i) .
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This satisfies

(1R} |R.a,i) = |R + R ,a,i), (227)
and define
kya,i) = > |R,a,i)e* " (228)
ReBL

For g € G, write gga = gy(a)h With h € G. Then

. )
tod | Rya,5) = 24.9.2 _ 229
{pglts} IR, a,j) 99929, 0).954 99 (229)
* g R+ Ry, — Ryb(a%gb’(i)gga - pngRg;(;)gga,b(a), Q) [Dg;(i,)gga]ij' (230)
In momentum space,
S L
tetlk,a,j) = 2442~ _ pok,b(a),i 231
{pglty}t 1k, a, j) 9999, 095, 99 |Pgk, b(a), i) (231)
_iﬁgk'(ngga_Rg —1 —Papqy B -1 )
b(a) 9p(a)99a (a) 9y(a)99a B .
X e [ g5k, 990 Jis- (232)
Therefore
—ipghk-(Rg,go —R —1 _Pgb(a)R -1 )
Uk = Z_l B e 9b(a) 9p(q)99e @99 D ] 233
[ g]b(a)a 9:9a gb(a)’gb(i)gga Iy(a)99a ( )
For the character, only the block-diagonal terms with b(a) = a contribute:
|G/Gql Boke (R " R )
k __ —1 —Wpgk-Iig,gq — —1 “Pggft -1
tr Ug = Z 69;199a€GzZg’g"'zga,g;lggae 9a:9a  99a ga 990X 1o (234)
a=1
By general theory, the factor
-1
Zg.9.%  _ —1 235
99a 9as9a 1ggan°‘ 99a ( )

does not depend on the choice of representative g,. A similar relation should hold for the translation
factor. Since

Ry n =pgtn —tgn +1q4 (236)
satisfies the 2-cocycle condition
(dR)g.nk = PgRh ik — Rgn o + Rgnie — Rgn =0, (237)
one can try to imitate the proof. The calculation leaves an extra term:

PoahBp1g1 99,0 = Poa By g, + Pogu Bh — Do, B (238)

E Backup: Representations of Magnetic Space Groups for Atomic
Insulators

A Wyckoff position a consists of several sites inside a unit cell; choose a representative site z. Let G be a
magnetic space group and G its magnetic point group, and choose a section G — G, written {p,|t,} for
g € G. Let ¢4 € {£1} be the homomorphism specifying whether g is unitary or antiunitary. Define

G, ={9 € G| pyz+ty, =z mod a lattice vector}. (239)
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The representation of the magnetic space group for the Wyckoff position a is obtained by inducing from

Gy.

Let z, 5, be the factor system of the magnetic point group G, and set G° = Ker ¢, G = G, N Ker ¢.
For an irreducible character x eqo of G2, the induced character on GV is

1 Za.h
’lngGo = |G0| Z = 5h71gh€G2Xh’1gh' (240)
zl peqo Zh,h=1gh
It is not necessary to compute the other sites of the Wyckoff position. If gy, b = 1,...,|G°/GY|, are
representatives of G/GY, the coset decomposition
G =[G (241)
b

corresponds to the degree of freedom b. The subgroup fixing b is g,GY 9y ' G°. The character of the

x
corresponding magnetic space-group representation at momentum k is

Vpego = € P 9o, (242)
The factor system becomes
wghkd)lli _ Zg’he_ipghk'(tg"l'pgth_tgh)/lpgh. (243)
This agrees with the BZ-periodic factor system.
Ezample: half lattice translation. Let G = Zs = {e,0}, p, = id, t, = 1/2, and z = 1. Then G, = {e}

and the only representation is y. = 1. Therefore 1, = 2, ¥, = 0, and also ¥ = 2, ¢* = 0. The factor
system sends (o, o) to e~ "R(1/241/2=0) — g=ik

e Since w;f is built by induction, it does not contain the information about the localized atomic
position. For example, in the wallpaper group p4, the origin and (1/2,1/2) have the same little group
and hence give the same wg, although they are different space-group representations. Something is
wrong here.

The representation W; is not BZ-periodic. To make it periodic, apply a unitary transformation that
moves all degrees of freedom in the Wyckoff position a to z. The positions of the other degrees of freedom
in a related by unitary symmetries are

Ty = pg, & +tg, (mod a lattice vector), b=1,...,|G°/GY. (244)
These positions should not depend on the choice of representatives. The translation unitary is
ViE = Spee”he, (245)

If D} = e~"skts D is the representation with character ¢}, then the transformed BZ-periodic represen-
tation is

D’; _ [Vpgk]—lDI;Vk’ [D];]bc _ e—z‘pgk~(pgmc+tg—xb)[Dige}bc, (246)
Thus the BZ-periodic character is

1/~1k = E efipyk'(pﬂbﬂyfmb)%(;
g
b Zgb,glflggb

(247)

95 199,€G9 X g7 ggy"

The condition g € g, G gb_1 is exactly the condition that g fixes the degree of freedom, i.e. pgay+ts—xp €

x

BL. Indeed, defining

Ag,h = pgth + tg — tgh € BL, (248)
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one finds
Pgh +1g = Tb = Pg,ag-14, + Agg, — Agb,gb’lggb € BL. (249)
Thus the k-dependent part is BZ-periodic. Numerically, for a given x one may use

DgTy +tg — Tp = Pgg, T + Dgtg, +1g — Dg, T — tg,- (250)

It would be preferable not to choose representatives g, € g,G2 if possible.

E.1 Irreducible Characters at a k Point

At momentum k, the irreducible character is
Yk = emPaktoy) | (251)

g9

The point-group action changes the momentum, so at the zone boundary one has to decide whether a
reciprocal-lattice correction is needed. For a point-group representation matrix D, determined by an
atomic insulator, the space-group representation is

Uy =e wsktop,. (252)

In this notation k is not BZ-periodic, so k and k + G give different representation matrices. Since the
point-group action changes k,

nghkU}]f — nghefipghk'(pgth‘i’tg7tgh)U§h. (253)

Although U;“ is not BZ-periodic, the factor system is BZ-periodic because pgty 4ty — tgn € BL. Define
the little group at momentum k by

GY :={g € G° | p;k = k mod a reciprocal lattice vector}. (254)

The representation matrices at k are then obtained from the above formula.
F Reconsidering Momentum-Space AHSS

If the momentum-space AHSS can be run using non-BZ-periodic expressions, unnecessary work can be
avoided.

26



	Magnetic Space Groups
	Treatment of Z2
	The kernel of C

	Superconducting Gap Functions and Factor Systems
	Class C

	Superconductors
	One-Dimensional Representations of Magnetic Point Groups
	BZ-Periodic Representations of Magnetic Space Groups for Atomic Insulators
	Inversion
	General Theory
	Summary

	AI to E1
	Magnetic Space Groups: Momentum-Space AHSS
	Backup

	Mapped Representations
	Inverse Transpose
	Induced Representation and Frobenius Reciprocity
	Backup: General Theory
	Backup: Representations of Magnetic Space Groups for Atomic Insulators
	Irreducible Characters at a k Point

	Reconsidering Momentum-Space AHSS

