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2d class A

e The effective action.

e Calculation of the skyrmion charge in a lattice model.
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e Calculation of the second Chern number.

e Calculation of the Berry phase of the ground state under a 27 rotation.

1.1 Effective action

‘We have
QP (8?%) = 2. (1)

If Ais a Spin® field and @ = —izdz is the U(1) field defined by n = zfoz, [2] € CP!, then the theta
term is given by [4]

(o forerro2) - frreg) - frowm

The effective action of the corresponding (2 4 1)-dimensional invertible phase is

1 1
e ada + %/Ada. (3)

The first term is known as the Hopf term, and it means that the wave function acquires the phase (—1)
under a 27 rotation of a skyrmion [1]. The second term means that the skyrmion carries Spin® charge

one. As a comment, compared with princ(Sz), the first and second terms are not separately bordism
invariants.

e As a fact, for the CP' model one has identically f2 = 0.
e Unlike the case of BU(1), when a comes from CP?, the integral [ ada is a homotopy invariant.

e Since Q59(S?) = 0, [ada is not a bordism invariant. This is not in contradiction with the fact
that the Hopf map S® — S? is null-bordant, because it is realized as the boundary of CP%.

e Abanov argues that one way to derive the Hopf term [ ada is to first embed [2] € CP! into CPM
with M > 1. Then [ ada is no longer a homotopy invariant, and the term [ ada can be obtained
by varying the action [5].

1.2 Lattice model and numerical calculation

A naive lattice model is as follows. I write only the single-particle Hamiltonian:

H(kzvkyan) (4)

=sink, 7, + sinky 1y + n10,7, + ngoyT, + (ng — 2 + cosky + cosky)o,T, (5)
. OyTy, — AT, . O,T, + 1T, o O,T, — AT, o O,Ty 4+ 1T,

—ethe 222 T Z2 T 4 ethe 2 22 T ety 22 Z2 Ypethy 221 ¥ 22 Y+ nyopT, +nooy s + (n3 — 2

The real-space representation is

He - Lysey) = o, (7)
H(z+ Lyz,y) = %ﬂﬂ” (8)
My = Tia,y) = Q
H(z,y+ La,y) = %ﬂn’ (10)
H(z,y;2,y) = n102Ts + na2oyT, + (N3 — 2)0, 7. (11)
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Matrix elements that are not defined above are zero. A skyrmion configuration can be introduced as
follows'. For sites z € {1,...,L,} and y € {1,...,L,}, take

2

ni(x,y) = sin ( gj - 7T) cos (Zj - 72T> ) (12)
2

na(z,y) = sin (Zyy - 7r> cos? (Z - 72r> , (13)

n3(z,y) = 1 — 2cos? (Z — ;T) cos? <Z‘Z - 72r) . (14)

We compute whether the number of electrons in the ground state changes depending on whether a
skyrmion is present. Numerical calculations for the above model show that, with L, L, sites,

e without a skyrmion: 2L;L,;

e with a skyrmion: 2L,L, — 1.

1.3 Berry phase
Consider a parameter-dependent Hamiltonian A (t). Assume that after one period it is unitarily equivalent
to the original Hamiltonian?. Here we take

H(T) = H(0). (15)

Assume further that, for any value of the parameter, there is a finite energy gap between the ground
state and the first excited state of H(t). Assume also that the ground state is nondegenerate, and write
the instantaneous ground state of H(t) as |U(¢)):

H(t)[0(t)) = E(t) |2 (1)) . (16)
Then, in the adiabatic limit, the time evolution of the ground state over one period is
TetJo HOA |G (¢ = 0)) ~ e~ Mo EOdLeiy g4 = 0)) . (17)
Here € is the Berry phase,

e =TT (Wt + ot)| (1)) . (18)

t

We compute the Berry phase of the ground state when the skyrmion is rotated by 27. The Hamiltonian

H(t) =) ciHay(n(t))ey, (19)
z,y
) 27t . 2wt . 2wt n 27t (20)
n(t) = [ cos —ny1 — sin —noy, sin —n COS —"ng, N3 | .
T 1 T 2 T 1 T 2, 103

Here ni,ns,n3 are the skyrmion configuration given above. The ground state is the state in which the
negative-energy eigenstates are occupied. Write the eigenvectors of the single-particle Hamiltonian H ()
as u;(t):

H(t)Uj = €Uy, €1 S €2 S R (21)

1For example, [3] gives a short explanation.
2In general, the Berry phase can be defined as long as the Hamiltonian is unitarily equivalent after one period.



Then
() = [T (c"u;())10) . (22)

;<0
As is well known, the overlap of single-particle Slater determinants is given by a determinant,
(W(t + 6t)|W(t)) = det[T(t + 0t) T ()] (23)
Here
U(t) = (ui(t),...,um(t)), €<m(t) <0, e€n(t)>0. (24)

Since we are now interested only in the U(1) phase, the eigenvectors u;(t) need not be normalized.

Numerically, one obtains the Berry phase ¥ = —1.

e Can one show that the trivial contribution coming from the ground-state energy does not contribute
to the effective action ﬁada?

1.4 Second Chern number

Regard the Hamiltonian as a Hamiltonian on 72 x $2 and compute the second Chern number chy of the
model. Parametrize n = (sin 6 cos ¢, sin 0 sin ¢, cos ). Then

H(ks, ky, 0, ¢) = sink, 1, +sinky 1, + sinf cos ¢ 0,7, + sinfsin g oy, + (cos — 2 + cos ky + cosky)o. 7.
(25)

Consider how to numerically compute the second Chern number for a Dirac model H = Zizl Ry

1\°1/i\? s s h
chy = (—2) 3 <2ﬂ_) /tr [hdhdhdhdh], h=sgnh= Tl (26)
Since
. h  dh  hdlh|
dh =d— = — — , 27
Al TRl TR 0
we get
i [h (dh B hd|h> (dh B hd|h> (dh B hd|h|> (dh B hd|h|>] (28)
LN I VAN 1 U AN U B (AN I Ul
1 1
= Wtr [h(dh)*] — Wtr [h(dh)*hd|h| + h(dh)*hd|h|dh + hdh hd|h|(dh)* 4+ hhd|h|(dh)®] (29)
1 1
= Wtr [h(dh)*] — Wtr [h(dh)*h — h(dh)*h dh + hdh h(dh)* — hh(dh)®] d|h| (30)
1
= —=tr [h(dh)"]. 1
et ()] (31)
Here d|h| is a c-number. Therefore, for a Dirac model, the second Chern number can be computed as
hy = L/it [h(dh)*] (32)
ey B ‘
For the Hamiltonian H (k,, ky, 0, ¢) above, the numerical calculation gives che = —1.

e Qi, Hughes, and Zhang [6] discuss the relation between the second Chern number and the charge
of localized states, so this should be checked.



2 2d class D

e In (2 + 1) dimensions, for the Hamiltonian
H = kyo,7p + kyoyTy + mi0,T, + MaTy + M3y, (33)

it is known that integrating out the fermion field gives a sigma model on S? for the mass term
m = (my, ma,m3) € S? [1]. In particular, [1] says that a Hopf term is obtained. This needs to be
checked by calculation.

e Combining this fact with the fact that the Hopf term is a spin Chern-Simons term, one should be
able to confirm that the skyrmion is a fermion by introducing a skyrmion of the mass term in a
suitable fermionic lattice model and measuring the fermion parity. In this note I record a concrete
lattice model and the numerical results.

e A similar object in (3 + 1) dimensions has also been calculated. In [2], a texture based on the Hopf
map m3(S5?) = Z is introduced in a three-dimensional fermionic lattice model, and it is argued that
this texture is again a fermion. On the other hand, I do not know whether the topological term of
the sigma model describing the fermionic nature of this three-dimensional texture is known.

2.1 Ground-state fermion parity of a free-fermion model

For a free-fermion model
H = %ZAijaiaj, {ai, a]‘} = 25@‘, CLZ-L = Qy;, AT = A, AT = —A, (34)
ij
the fermion parity of the ground state is given by the sign of the Pfaffian of the antisymmetric matrix A:

(GS|(—1)F|GS) = sign Pf[A]. (35)

Let us derive a formula for obtaining the antisymmetric matrix A from a given BdG Hamiltonian.
For the BAG Hamiltonian

. 1 hii Ay C;
S T ij ij J
=55 ehe) (3 51) () (36)
ij
1 1
= 5 Z(hijcjcj - hgclc;r) + 5 Z(AMCIC} + A;rjcicj), (37)
ij ij
introduce Majorana fermions ag;_1, as; by
Qi1 = ¢; + ij az; = —i(c; — Cj) (38)
Then
agi—1 + taz; § G241 —lag;
= ——— == = 39
c e (39)
We compute
hijCZCj — h;";clcj (40)
Qi1 — 1G2; A1 + 102, T @2i—1 + 1a2; G251 — 1G2;
= h;; — hi 41
J 2 2 t 2 2 (41)
1

= - [(h” — hz;)agi,lagj,l + (Zh” + ihiTj)agi,lagj + (—ihij - ihg;-)agiagj,l + (h” — hg;—)aziagj] (42)

=~

[(—ihij + ihz})agi_lagj_1 + (h’LJ + hg;)agi_lagj + (—hij — hz;)aziagj_1 + (—’ihij + ihg;»)agia%] .
(43)
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Similarly,

AijCIC} + AIjCiCj (44)
Qi1 — 1G2; A1 — 103, a2;—1 + 1ag; ag;j_1 + iay;
= A J J AT. J J 4
! 2 2 T2 2 2 (45)
1 . . . .
= Z {(A” + Ajj)a2i71a2j71 + (—ZAZ'J' + ZAIj)a%,lagj + (—ZAij + lAIj)aQiagj,1 + (—Aij — A;rj)a%agj}
(46)
= 1 {(—ZAZ'J‘ — ZAjj)agi_lagj_l + (—Ai]‘ + A;fj)agi_lagj + (—Aij + Alj)a,giagj_l + (ZAij + ZA;[]»)CLQZ'GQJ} .
(47)
Therefore
A 114 . . . .
H = 51 |:(—Zhij + Zh;l; - ’LAij - ZAIj)agi,lagj,l (48)
j
+ (hij + hz; — Ai]‘ + Ajj)agi_lagj + (—hij - hzq; — Aij + A;rj)CLQiCLQj_l (49)
+ (—Zh” + th; + ZAZ] + iAIj)agiagj (50)
1i —ihy; 4+ ihL — Ay — Al Ry + BT — Ay + Al -
=351 (azi-1,a2;) ( hj__ hqz A--] N * 'h-]- ~th Aj ?JAT azj ). (5L
” —hij — h;; — ij T ij —1 ZJ—Hij—H ij T 1 ij 2j
Thus for given matrices h, A, one may take
g L (—ih+iht —iA—iAT h 4 hT - A4 AT (52)
T2\ —h—hT - A+ AT —ih+ihT +iA AT )
2.2 Model
In the Dirac model
H=kyry + kyTy +Mrt,, C=rmK, (53)

particle-hole symmetry implies M* = M. Also, since MT = M and M? = 1, M can be regarded as a
class-Al Hamiltonian. There are three possible mass terms:

M =myoy + maoypiy +mso.. (54)

The full Hamiltonian is an 8 x 8 model.

Write (mq,mg2,m3) = mn, with m > 0, n € S?, |n| = 1. According to [1], integrating out the
fermions produces an action corresponding to the Hopf term,

ik
Hopf[n] = i—ﬂ /ada. (55)
The precise meaning of the right-hand side should be understood as a spin Chern-Simons term. The
coefficient &k should be derived carefully, and I do not derive it here. The skyrmion should give (—1)*

both under a 27 rotation and under measurement of fermion parity.

A naive lattice model is

HBdG(ka:, ky, n) (56)
=sink, 7, + sinky 7y, + n10, T, + Nooypy T, + (N3 — 2+ cosky + cosky)o, T, (57)

o O,T, — 1T, . O0,T, + 1T, . O,T, — 1T, o O,T, +1T,
=222 22 T etk 22 22 Tt ethy 22 z2 Ype 22 Y 0, Ts 4 naoyyTs + (n3 — 2)0. 7.

(58)



The real-space representation is

Hpag (@ — 1, yia,y) = ===, (59)
Hpac(z + 1,y;2,y) = %—HH, (60)
Hpag(z,y — Lz,y) = %ﬂa (61)
Hpac(z,y + Lz,y) = %—Hﬁ—y, (62)
Hpac (2, y; ,Y) = n104Tz + N0y iy T + (ng — 2)0.7s. (63)

Matrix elements not defined above are zero. If, in 7 space, we define the normal Hamiltonian h and the
gap function A by

Hpac = (Ahf %T) ) (64)
then

A —1yizy) = 2, (65)
h(z+1,y;2,y) = % (66)
W,y - Lizy) = =, (67)
ha,y+ Liayy) = 5, (68)
h(z,y;z,y) = noy + neoypy + (ng — 2)o, (69)
ALy =, (70)
Alz+1,y;2,y) = %, (71)
Awy— i) = o (72)
Alz,y+ 1;2,y) = % (73)

Introduce a skyrmion configuration suitably. Take real space to be a torus T2. To construct a degree-one
continuous map T2 — S2, it is useful to refer to the smash product S*' A S* = S2. For example, [3] gives
a short explanation. For sites z € {1,...,L,} and y € {1,..., L}, one may take

2
ny(z,y) = sin ( ;,T: - 71') cos (Z‘Z - ;T) , (74)
2
na(r,y) = sin (25 — 7r> cos? (Z - g) ) (75)
T Ty
=1— 222 22 -2 ).
n3(x,y) 2 cos (ch 2) oS <L 2) (76)

e Numerically, when a skyrmion is introduced, the ground-state fermion parity indeed differs from
that of the ground state without a skyrmion. Thus one concludes that the skyrmion is a fermion.

2.3 Another model

A model with two S textures can produce a fermion localized at the intersection of the two textures as
follows: (i) introduce an z-direction texture in a two-dimensional superconducting system and create a



one-dimensional superconductor extended in the y direction, and (ii) introduce a y-direction texture in
the one-dimensional superconducting system to produce a fermion. This is not a skyrmion, but I record
the calculation as a check of the numerical method.

2.3.1 Model 1

The model is a (p, + ipy) ® (P — ipy) superconductor with a texture in the mass term and a texture in
the phase of the gap function:

- (cos¢ — 2+ cosky + cosky)o, +singo, e (sink, — isink,) (77)
B e (sink, + isink,) —(cos ¢ — 2+ cosky + cosky)og —singo, )’
Thus
h = (cos ¢ — 2+ cos kg + cosky)o, +singo., (78)
A = e (sink, —isink,), (79)
and the real-space representation is
1
h(foyvxay) :h(x+1,y,x,y) = 501, (80)
1
h(z,y = L;2,y) = h(z,y + L;2,y) = 504, (81)
h(z,y;2,y) = (cos ¢ — 2)o, +sindo, (82)
i if
Alz,y;z+1,y) = —Alz + 1 y;2,y) = Z; ; (83)
_if
Az, y;z,y +1) = Az, y + Liz,y) = (84)
Taking
2 2
o=, 0="2 (85)

Lq;? Ly?

one expects to obtain a ground state whose fermion parity changes.

e Numerically, however, the result is not very clean. The ratio of fermion parities depends on the
system size and on the presence or absence of the 6/¢ textures.

2.3.2 1D Kitaev chain

cos ky, e sin k, _ 2wz
H= (e‘w sink, —cos kx) » 0= L, (86)

e This gives a clean result in which the fermion parity changes depending on whether the texture is
present.

3 Onch(VeW)=ch(V)+ ch(IW)

The second-order part in the curvature of the Chern-character identity

ch(Vae W) =ch(V)+ ch(W) (87)



is
tr Fo gy = tr Y + tr By, (88)
but one should note that the direct-sum decomposition V' @& W is global.

Let us see what happens when the direct-sum decomposition is not global. As an example, consider
the occupied states of the following 4 x 4 Hamiltonian:

5
H= Zhi% {Vi,vj} = 2035, hih; = 1. (89)

i=1
Since H? = 1, the projection onto the occupied states with energy eigenvalue —1 is

1-H
P (90)

Using the formula tr F™ = tr P(dP)*" for the Berry curvature of the occupied states, we get
1 1
tr F? = —o5tr [H(dH)*] = o3 Cigktms b dhy dhy dliy,. (91)

Here I used tr [7;7;V&Y1Ym] = —4€ijkim. For example, if the base space is 5% and we take h = id : §* — 54,
then 3 [, tr (iF/2m)? = £1.

There are two occupied states. Let us write them explicitly. Put (v1,7v2,73,74,75) = (07Ts, Ty, T2).
Using spherical coordinates on S*, write h = (sin 6 cos ¢ m, sin § sin ¢, cos ), n? = 13. A direct calculation
gives

H = e—zn-a"rz¢/2e—in-o"ry0/2Tzeln-a‘ry@/2ezn-0"rz¢/2. (92)

Locally, the occupied states are

U = ¢ im0/ 2pminon6/25, <(1)) .
—n - osin g (94)
Mo qog 5/, '

Choose a basis of the o degrees of freedom satisfying n - o |n,+) = £|n,+). The following discussion
does not require a concrete expression, but one may take, for example,

e Wncosfn —ginle
(b)) = (L GRE) (95)
o

where (6,,, ) are the spherical coordinates of n. The occupied states of H are

.0 o 6
_ 7 S bl _ _ Sln bl
o=, @ (o) ) =ln), e (2] (96)
A direct calculation gives
Fy = (dir|dyn) = —fo + fr,  Fo = (dip2|dip2) = f5 — fr, (97)
F12:2f0f7‘7 F22:_2faf7" (98)
Here f, = id(cos® 97") d¢y, and f, = id(cos> ) d¢. Thus
F2 4+ F} =0, (99)

and tr F? = F? 4+ F} does not hold. In this example, the cross terms between [t1) and |¢2) should
contribute to tr F'2.

352 A S2,




4 Note: computing the integral of the CS3 form on S® as the
boundary of CP?

4.1 Construction of CP} — CP!

We want to construct a map f : CPZ — CP!. For the handle decomposition of CP?2, see for example
App. C of [7]. A p-handle in dimension d means the pair (DP x D?,9DP x D7). The submanifold
ODP x D1 = SP~1 x DY is called the attaching region. The manifold CP? decomposes as

D*=CP? c CP} c CP~ (100)

A characteristic feature of CP? is that when the 2-handle is attached to the 0-handle, the circle S' has
framing +1.

The space CP# and the 4-handle D* are described using homogeneous coordinates [21, 2z, 23] on CP?,
with |21|2 + |22]? + |23]2 = 1, as follows. Choose a real number r with 0 < r < 1. For r < |z3| < 1,
(21/23, 22/23) can be chosen as local coordinates on CP2. Since

|21/ 23] + |22/ 23]% = 1_23||223|2, < 1_252?"2 1;27*27 (101)
the set
{[21, 22, 23] € CP? | r < |23] < 1} (102)
is a 4-disk D*, namely the 4-handle. On the other hand,
CP} = {[21,22,23] € CP* | 0 < |z3| <7} (103)
gives CPZ. The attaching region is
{21, 22, 23] € CP? | |zs| =1} = {(21,22) € C* | |21 + | 22> = 1 —1?} = &5 (104)

We want to construct a continuous map f : CP2 — CP!. It suffices to define f so that, when
restricted to the boundary |z3] = 7, it becomes the Hopf fibration

st 53 Locpt. (105)
Using homogeneous coordinates on CPZ, define

z21 22

= ;
V1=lzs? /1 -z

f:CP? - CPY, |[z1,20, 23 (106)

4.2 Calculation of [, wdw

Since H?(S®,Z) = 0, a U(1) field on S? is simply given as a 1-form. For any 1-form w on S®, one can
compute |, gs wdw. Here, as an example, we compute it for a 1-form w used in the definition of the Hopf
invariant, for which the nontrivial value |, gs wdw =1 is known.

First define w following Bott and Tu. Let a € Q% (S5?) be the volume form on the unit-radius S?,
normalized by fS2 a = 1. The pullback f*a under the Hopf map f : S® — S? satisfies f*a = dw for

10



some 1-form w € QL (S?), because H31(S%) = 0. Equation (17.23.3) of Bott-Tu gives the following
expression for « in terms of homogeneous coordinates [wy, ws] on CPL:

) (wgdwl — wldwg)(uigduil - ﬂ)ldﬂjg)

= — . 107
‘o (rl? + [wsP)? 1on
Using |w1]? + |we|? = 1 and
d’wl’lf)l + wld”lf)l + dIUQTI)Q + U)Qd'lI)Q = O, (108)
we find
(wzdwl — ’wld’LUQ)(lI)QdQI)l - ﬂ)ldﬂ)g) (109)
= |w2|2dw1dw1 — waoW dw1dWe — wiWadwadiwy + |w1|2dw2dw2 (110)
= |w2|2dw1dﬁ11 -+ wldwl(dwlwl + wldwl + d’(UQ”LZJQ) (111)
+ ﬂjngUQ(dwlwl + dwaws + ’wgdﬂ)g) + \wl\Zdwgdwg (112)
= dwidwy + dwadiws. (113)
Thus
a= i(dwldwl + dwadin) = —éd(uﬁldwl + Wodws) = —id(uﬁdw), (114)
where w = (wy,w2)T. The volume form on CP! is therefore the exterior derivative of the 1-form
—5=w'dw. This 1-form is only locally defined on CP*.
Now compute the pullback f*a to CPZ by setting
Z1 z9
. S R— (115)
V1= |z)? V1= |z)?
Let z = (21,2)T and p = \/1 — |23]2. Note that 2z = |21]? + |22]?> = p?. Then
dw'dw = d(p~tzNd(p~'2) (116)
= (dp~ 2" + p~tdzN)(dp~tz 4 p~ld2) (117)
=p ldp~t2tdz — prdpTtdzt 2 + p2d2tdz (118)
=p ldp~t2Tdz — p~ldp~ (2pdp — 2Tdz) + p~2dzTdz (119)
=2p Ydpt2ldz + p~2dzTdz (120)
=d(p221dz). (121)
Therefore
w= _227'0_2sz2' (122)

First compute the integral |, g3 wdw over the sphere of radius p using this expression. Put z; = 21 +iz2
and zo = x3 + 7x4. Then

1 2
w= p_Qf(xldxg + x3dzy), / wdw = p_4—2/ r1drodrsydry = 1. (123)
7T S3 ™ S3
This gives the usual Hopf invariant.

Next compute the integral f(c p2 dwdw. By Stokes’ theorem, the result must agree with the previous
2

2

one. Write w = p~“wq, where wy = %(Ildl'g + x3dxy). Then

dw = dp~ 2w + p~2dwy, (124)

11



and

dwdw = (dp~2wo + p~2dwo) (dp>wo + p~2dwo) (125)
= 2p " 2dp 2wodwo + p~*dwodwy (126)
2
== (2p_2dp_2x1dac2dm3dx4 + p_4da:1dx2dx3dx4) ) (127)
Set
x1 = psin&sin ¢ cos b, (128)
o = psin€sin¢sind, (129)
T3 = psiné cos ¢, (130)
x4 = pcosé. (131)
Then
r1drydrsdry = p*sin® Esin® ¢ cos® 0 dO de dE + (- - - )dp, (132)
and
dzidzodrsdry = d(zdrodrsdry) = 4p° sin® € sin® ¢ cos® 0 dp df dep de. (133)
This seems to give
dwdw =0 (134)

which is puzzling.

5 Relations among curvatures in complex flag-manifold models

Motivation 1. The relation for the Chern character
ch(Vae W) =ch(V) + ch(W) (135)
naively suggests
tr Fyyqw = tr Fy; 4 tr Fyp, (136)
but I cannot give a direct proof. Perhaps an analogous relation can be proven directly for complex flag
manifolds, rather than for general complex vector bundles with connection.
Motivation 2. From the fibration

U(N + M+ K)
U(N) x U(M) x U(K)

UN+M+K) — — BU(N) x BU(M) x BU(K), (137)

the F5 page of the Leray-Serre spectral sequence is

0

0 73 (138)
0 zZ* 0 zZ-

1 2 3 4

S = NN W
I
Q|

3
OSINNCN

o
Here L depends on whether each of N, M, K is 1 or at least 2; for example, for (N, M, K) = (1,1,1),

L = 6. The group Ey' = HY(U(N + M + K),Z) = Z is generated by tr [UTdU], and ES* = H3(U(N +
M + K),7) = 7 is generated by tr [UTdU]?. It is then natural to interpret the differentials ds, dy as

12



e dy: constraints on the curvature of the U(N) x U(M) x U(K) gauge fields coming from dtr [UTdU] =

0;

e d,: constraints on the curvature of the U(N)xU (M) x U (K ) gauge fields coming from dtr [UTdU]? =

0.

Below I show a relation among the curvatures of the U(N) x U(M) x U(K) gauge fields, which seems

closely related to this expectation.

5.1 Preparation

Let U :U; = U(N + M + K) be a local field configuration, written as

U:(‘u1>7"'7|UN>a|U1>7"'7‘U1W>7‘w1>a-“7|wK>)'

Define projection operators on CN+tM+K by

N
Pri= Y Ju) (uil,
=1

M
Pyi=" o) (v,

=1

K

P3 = Z \wi> (w1| .

i=1
In the basis U of CN+M+K they are represented as
1 0 0
pUu=U| o |, pU=U| 1 . BU=U| 0
0 0
The U(N), U(M), and U(K) gauge fields are

A, = PUTAU Py,
Ay = PBUTAU P,
As = P3UTAUP;.

Their curvatures are

Fy =dA; + A3 = Pj(-UYdU UTdU) Py + P;UTAU P UTAU P = —P;UYdU (1 — P)UTdU P;.

Writing X = UTdU,

Fy = —P X (Py+ P3)XPy,
Fy = —P,X(P, + P3)XPy,
Fy = —P;X(Py + P,)XPs.

Note that

dX = - X2
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(140)

(141)

(142)

(143)

(144)
(145)
(146)

(147)

(148)
(149)
(150)

(151)



5.2 dy

We have
0 = dtr [UTdU] = —tr [X?],
which can be viewed as
> w[RXPX]=0
i,5€{1,2,3)2
Introduce the abbreviation
(ij) := tr [B;X P; X].
By the properties of the trace,
(i) = (i)
In particular, (ii) = 0. The relation dtr [UTdU] = 0 is
Z (1j) = (11) + (12) + (13) + (21) + (22) + (23) + (31) + (32) + (33)
i,j€{1,2,3)2
= (12) + (13) + (21) + (23) + (31) + (32).
On the other hand, the curvatures of U(N),U(M),U(K) are
—tr Fy = (12) + (13),
—tr Fy = (21) + (23),
—tr F3 = (31) + (32).
Thus dtr [UTdU] = 0 is equivalent to
tr Fy +tr Fy + tr F5 = 0.

This can also be proven directly using only (ij) = —(ji). Is it independent of tr [UdU] = 0?

5.3 dy
Similarly,
0 = dtr [UTdU)? = —tr [X?]
gives
> (k) =0,
i,k 1€{1,2,3}4
where
(tjkl) = tr [BXP; X P, X P X].

Note that

(ijkl) = —(jkli).
The curvature squares are
tr 7 = (1212) + (1312) + (1213) + (1313),
tr F2 = (2323) + (2123) + (2321) + (2121),
tr [ = (3131) + (3231) + (3132) + (3232).
We show:
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(152)

(153)

(154)

(155)

(156)

(157)

(158)
(159)
(160)

(161)

(162)

(163)

(164)

(165)

(166)
(167)
(168)



o tr FZ +tr F + tr F? is a globally exact term.

Proof.
tr Ff + tr By + tr Fiy = (1213) + (2123) + (3231) + (1 <> 2). (169)

Use P3 =1— P, — P, to eliminate Pj:

(1213) = tr [P, X P, X P, X P3 X] (170)
=tr[PLXP,XP X (1 - P, — P,)X] (171)
=tr [PLXP,X P X?] — (1211) — (1212), (172)
(2123) = tr [P, X P, X P, X P3X] (173)
=tr [ XP XP,X(1— P, — P,)X] (174)
=tr [P, XP X P, X?] — (2121) — (2122), (175)
and
(3231) =tr[(1 — P, — Po) X P2 X(1 — P, — P3)X P X] (176)
=tr [XP,X?PX] —tr [XP XPXP X]| —tr[XP,XP,XP, X] — tr [PLXP,X?P X]  (177)
+ (1211) + (1221) — tr [P X P X2 P X + (2211) + (2221). (178)
Therefore

tr F2 +tr F? +tr Ff = 2tr [PLX Py X P X? + PB,XP XP,X? + X P, X?P X (179)

— XP,XP XP X - XP,XP,XP, X — PLXP,X?P, X — P,XP,X?P, X]
(180)
=2tr [PLXP,XP, X? - PXP,X’P X + PLX?P,XP, X (181)
+ P, XP XP,X? - P,XP X’P,X + P,X?P XP,X (182)
— PLX2P,X? (183)
= 2tr [PLXP,XPidX — PLXPydXP, X + PldXP,XP, X (184)
+ PoX P XPydX — P, XPidXPyX + PodX P X P, X (185)
+ P1dX PydX] (186)
= —2dtr [PLXP, X P X + P, XPXP,X + P X PodX]| (187)
= —2dtr [PLXP,XP X + PLXP,XP,X — P, XP,X?] (188)
= 2dtr [PLXP,XPX + PLXP,XP,X — PLXP,X(P, + Py, + P3)X] (189)
= 2dtr [P X P, X P3X]. (190)

This proves the claim.

e The proof above seems unrelated to dtr [UTdU]> = 0. Among the 81 terms (ijkl) generated by
tr[X4], only 12 are used. If the relations among the remaining 81 — 12 = 69 terms are some
sort of trivial relations following only from cyclicity of the trace, then it may be fair to say that
tr F2 +tr F2 +tr F2 = d(---) is equivalent to dtr [UTdU]? = 0.

e The existence of the exact term naively requires a modification of the action of the three-dimensional
theory. I consider this point in the next section.

e The expression resembles a cocycle in noncommutative geometry. Is there any relation?

15



In the relation

tr F2 + tr Fiy + tr Fy = 2dtr [P X P, X P3X],

the left-hand side is real, while the right-hand side is real up to a total derivative:

tr [PlXPQXP3X}* = tr [P1XP2XP3X]T = tr [P1XP3XP2X]

Here we used X7 = —X.

5.4 U(3)/U(1)> model

Write a field configuration U : M — U(3) as
U = (u1,ug,us), ulu; = 0.
The diagonal Berry connections and Berry curvatures are
a; = uzdui, fi =da; = duzdui.

Let us write the right-hand side of the relation derived in the previous section,

[+ f3+ [} = 2dtr [P X P X P3 X],
explicitly. We have

Xij = [UTdU)i; = ulduj = —dulu;.
Therefore

2r [PLX PaX PsX] = 2X 15 X23 X351 = 2ul dug uldus uldu,.

In terms of the U(3) Berry connection a;; = u;rduj,

2tr [P1XP2XP3X] = 20,120,23@31.

Thus the relation implies

aldal + agdag + CL3d(l3 = 2(112@23(131 + (ClOSGd 3—fOI‘I’I1).

5.5 General flag manifolds

We look for analogous relations. First rewrite the k = 3 case in a form that is easy to generalize:

tr F + tr FS 4 tr F} = dtr [PLX P, XPsX + PLXP3X P, X]
1
=3 > dtr[Py, X Py, X Py, X]

o€As3
= Y dtr[P3X P, XP,,X].
oEA2
A direct guess for the general case is
k
wF= Y  dir[P.XPXPX].
i=1 a,byee{1,....k}
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(195)

(196)

(197)

(198)

(199)

(200)
(201)
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Start from

O=dtr[X*]= Y dir[RXPXPX].

We look for combinations that vanish trivially. Use

Y Pi=1, dX=-X"

Since
F,= -PX(1- P)XP,
we have

d wF =) tr[PX(1-P)XPX(1—- P)X].

Let I € {1,...,N —1}. Then
Fy=—-PX(1—-P)XP,
and
> FP=> w[PX(1-P)XPX(1- P)X]
= Ztr [PrX(1— P))XPrX(1—Pr)X] +tr[PyX (1 — Py)XPyX(1— Py)X]
I
=> [P X(1-P)XPX(1-P)X]
I
+) tr[(1=> P)XP;X(1-> Px)XPLX]
J,L I K

= Ztr [P X%P;X? - PIX?P;XP;X — PPXP XP;X?+ PIXP XP XP;X|
I

+) tr[XPX2PLX] - Y tr[PIXPyX?PLX]— Y tr[XP;XPgXPLX]

J,L 1,J,L J,K,L
+ Z tr [P X P; X Px X P X]
I,J,K,L

= Ztr [13])(21:’])(2 — PIX2PIXP]X — P[XP[XP]XQ]
I

=Y w[PX?P; X% = > wr[PIXPyX?PiX]+ Y tr[PIXP;X P X7
I,J I1,J,K I1,J,K

=Y "t [PrdX PdX + PrdX P X PrX + Py XPrX PdX]
I

— Ztr [PrdX PydX] + Z tr [P X P;dX P X] — Z tr [Pt X P; X PgdX]
1,0 1,J,K I1,JK

2
= E dtr[P]XPIdX+§P[XP]XP[X]
I

2
— E dtr [P]XPJdX] - E dtr [gPIXPJXPKX]
L,J 1,J,K

2
= dtr[-P XPX? + S PIXPIXPrX] + > dtr [P XP; X7
I 1,0

2
- dir 5 Pr X Py X P X].
1,J,K
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(207)

(208)

(209)
(210)
(211)
(212)
(213)
(214)
(215)
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(218)
(219)
(220)
(221)
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Here I used

1
tr [P[dXP[XP]X] = —tr [P]XP[dXP[X} =tr [P[XP]XP]CZX] = gdtr [P]XP[XP]X], (224)
> tr[PldXP;XPgX]=— Y tr[PXPydXPxX]= >  tr[PIXP;XPgdX] (225)
1,J,K 1,J,K 1,J,K
1
=3 Z dtr [P} X P; X P X]. (226)
I,J,K
Simplifying further,
S w[PXPX? =Y [P XPX |+ > tr[PXP;X?], (227)
1,J I 1,J, I#J
and
> tr[PIXP;XPxX] =) tr[PXPXPX]+3 Y tr[PXPXP;X] (228)
1,J,K I I,J, I#J
+ > tr [P, X Py X Pg X]. (229)
I1,J,K, I#J, J£K, K#I
Thus
Ztr F2? = dtr Z P XP;X%—-2 Z PIXPXP; X (230)
i 1,J, I#J I,J, I#J
2
-3 Z PIXP;XPrX (231)
1,J,K, I#J, J#K, K#I
=dtr | Y = PXP;XPgkX+ Y P XP;XPyX (232)
I1,J,K, I#£J I,J, I#J
2
—2 Y PIXPIXPjX-% > PIXP;XPgX (233)
I,J, I#J I,J,K, I#J, J£#K, K#I
Using
> w[PXPXPgX|= Y w[PXPX(P+P;i+ >  Pg)X] (234)
I,J,K, I#£J 1,J, I#J K, K#I, K#J
=2 Z tr [P XP; X P X] + Z tr [P; X Py X Px X],
1,J, I#J I,J,K, I#£J, K#£I, K#+J
(235)
we obtain
> trF =dtr > PIXP;XPgX+ Y  PXP;XPyX (236)
i I1,J,K, 1#J, K#I, K#J 1,J, I#J
2
-3 > PiXP;XPxX (237)
1,J,K, I1#£J, J£K, K#I
1
=dtr |= Z PIXP;XPrX + Z P XP;XPyX (238)
| LJK, I#], J#K, K#I 1,J, I#J
= dtr Z PIXP;XPrX + Z P XPgxXP;X + Z PIXP;XPyX
| [<J<K<N I<J<K<N I,J, I#£J
(239)
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Thus we get a gauge-invariant exact form.

6 Topological action of the CP! model

6.1 Effective action

Since Q" (S?) = Zs, there is a spin-bordism invariant action in three spacetime dimensions. It is known

to be given by the Hopf term:
exp R (240)
47T M

Here the U(1) field a is defined from the configuration M — 52, (t,x,y) — n(t,z,y), by writing 2z € C?,
|z| =1, and

a=—izldz, Zlez=mn. (241)

The field n is invariant under the gauge transformation z + ze'®. The gauge-invariant form da should
be expressible directly in terms of n. To see this, note that

n-o= zlaflbzbaid = zlzb(%adébc — bapled) = 2,262:2 — g =222 — 1. (242)

Taking P = 22" = (1 + n - 0)/2 as a projection matrix,

tr [P(dP)?] = tr [227d(22)d(22")] = d2'dz = ida, (243)
and
1 .
tr [P(dP)? = gtr (1+n-o)dn-odn- o] = %eijkni dn;j dny,. (244)
Thus
1 1
%da = 876@']@711' dnj dnk. (245)

This shows that a skyrmion line corresponds to a monopole line of a. Also note that z cannot be chosen
globally near a skyrmion.

In general, a is not globally defined, for example when a single skyrmion exists. Thus the above
effective action requires introducing a four-dimensional manifold X with X = M. Then n : M —
S? cannot in general be extended to the spin manifold X, because Q37"(S?) = Z,. However, since
QP"™(BU(1)) = 0, or equivalently since enlarging by one component gives Q37" (CP?) = 0, if we regard
it as an arbitrary U(1) field it can be extended over the spin manifold X. That is, there exists

a:X — BU(1), a|ly=a. (246)
Equivalently, there exists
21
L)
X C® FHi=1, zy= 8 . (247)
Choose such an extension and define
1 ) ~
— da = exp — 2, 24
exp Ma a exp4ﬂ_/Xf (248)
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From the general theory of spin Chern-Simons theory, when X is a closed spin manifold and a is a U(1)
field,

i 9 ,
— 2miZ. 249
i /X f7e2m (249)
Therefore the definition is independent of the extension to X.
With the action of the CP! model defined as above, its spin-bordism invariance is shown as follows.

Let (Mi2,a12) : (My,a1) ~ (Mz,as) be a spin bordism of CP?! fields. If X is a bounding manifold for
M, then a bounding manifold for Ms can be taken as X U Mj5. Therefore, by definition,

) )
— “ada’ = — 2, 250
5 50
Since, as a property of the CP! field, f2 = (dai2)?> = 0 on M,
) )
v “ad n_ - 2 251
i, oda = [ 1 (251)

which is precisely the Chern-Simons effective action on Mj.

6.1.1 Example calculation

In the CP' model on S? x S, the configuration corresponding to a 27 rotation of a skyrmion is

20,6, 0) = ( mcosg ) . (252)

ei@ei® gin g

Here (0, ¢) are coordinates on S?, and « is the coordinate on S*. Since Q5 (S?) = 0, there should exist
a four-dimensional manifold with this configuration as its boundary, but I cannot find it*.

If we embed the configuration into the CP? model as follows, there exists a four-dimensional manifold
with St = 9D? [8]:

1 _ cosg
20, ¢,0,p) = pe’® 1—p2 | |e“sing |, pel0,1] (253)

—+/1 = p2 pe—ioz 0

This means that a 27 rotation of a skyrmion in components 1 and 2 is bordant to a zero rotation of a
skyrmion in components 1 and 3. Indeed,

cos &
2(0,¢0,a,p=0) = 0 ) (254)
—e'®sin ¢
Compute ;- [ “ada”. We have
cos &
zZ= pet (@t gin & . (255)

—/1— p2e sing

4Together with Q;pin(SQ) = Z2 and the fact, seen below, that the effective action takes the nontrivial value (—1), this
means that it is not null-bordant within spin manifolds, so a non-spin manifold must be introduced.
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Note that a* = a.

a=—iz'dz = p*d(¢ + ) sin? g + (1 — p*)d¢ sin® g (256)
= d¢sin? g + p?dacsin? g, (257)
f = dsin® g dé + dp? da sin® g + p2dsin® g da, (258)
f? = 2sin® g dp? dovd sin® g de. (259)
Thus
% . f2 = ﬁ . 2sin? g d sin? gd¢ dp* da = iT. (260)

6.2 Memo: calculation example for flag U(3)/U(1)?

As an application of the calculation above, consider a three-dimensional configuration in the flag manifold
U(3)/U(1)? in which a skyrmion is put only in the first U(1) component and rotated by 27. We compute
integrals such as ajday, asdas, and ajdas. Below we choose the configuration so that det(zq, 29, 23) = 1:

cos & 0 —e""sin g
21 = | e sin g , 29=10], =z23= cos g . (261)
0 1 0

Skyrmions exist in z; and z3, and each is rotated by 27. Unlike the CP' model, within the flag manifold
this is bordant to zero rotation. Indeed, the following extension to S? x D? can be taken:

1
z = pet V1 - 2| z, (262)
— 1 _ p2 pe_'ba
namely
_ cosg 0
Z = pel(o+a) sing , Zp= 1—p%|, (263)
—/1—p2e'®sin pe
—e @sin g
Z3 = pet cos § . (264)
—/1—p2cos?
Let
a; = —iz dz;. (265)
At p =0, the o dependence disappears:
cos g 0
Z1]p=0 = 0 , Zolp=o= 1], (266)
—e'? sin g 0
—e~ % sin g
Z3|p=0 = 0 . (267)
— cos g
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Now compute the U(1) gauge fields a; = fiéjdéi.

ay = sin’ g d¢ + p? sin® g da, (268)
y = —p2da, (269)
~ o0 2 2t

a3 = —sin” o d¢ + p~ cos 3 da. (270)

Since det (21, 22, Z3) = 1, note that a; + as + a3 = 0. The curvatures are

- 0 0 0
fr = dsin® B do + p?dsin® 3 dov 4 sin? 3 dp? dov, (271)
fo = —dp*da, (272)
. 0 0 0
fs = —dsin® B dé + p*d cos? 3 da + cos? 3 dp?® dov. (273)
Therefore
i _
= =i (274)
X
i .
= (275)
X
L 2= L —2c0s2 Y asin? & dpap? da = —in (276)
4r S2 % D2 3 47 S2x% D2 2 2 ’
i s i 0
— =— —dsin® = d¢ dp?® da = —ir. 277
47 S2% D2 1f2 47 S2%x D2 S 2 ¢ P @ Z’/T ( )

Next compute Re [aj2az3a31]. Since it is gauge invariant, it is enough to compute it on S? x S*. Because
aip = —izIdzg = 0, we get Re [a12a23a31] = 0. In particular,

i . . o
e (fi + f2 + fif2 — Relaizazzaz]) = 0. (278)
T JS2%x D2

This calculation is not in contradiction with Q5°™(U(3)/U(1)?) = 0. By analogy with CP', the
relation in the flag manifold

L+ f3 + fif2 — Rearzazsaz ] =0 (279)

suggests the existence of an effective action quantized in Zs,
i . . _
exp E/ (f12 + f22 + f1f2 — Re [alzaggagﬂ) S {:l:l} (280)
X

Here a,, a9 are extensions not as flag fields but as independent U(1) fields. However, if a;,as are inde-
pendent U(1) fields, then even when X is spin,

ﬁAﬁﬁmﬂ, (281)

so the expression is ill-defined.

7 Imaginary-time evolution and Berry phase

As in real-time evolution, a discrete eigenstate also acquires a Berry phase in the adiabatic limit under
imaginary-time evolution.
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Consider imaginary-time evolution with an imaginary-time-dependent Hamiltonian H (7). The Schrodinger

equation is

L Jp(r)) = —H () ho(r) (252)
Assume that the eigenvalues of H(7) are discrete, and write the instantaneous eigenstates as
H(7)n(r)) = Ep (1) |n(r)), n=12.... (283)
Then
m(r) | S (D)) = T2 (7)m + (Ea(r) — Bn() (m()] (7)) (284)
In particular,
() () = 22 1) (285)

is the Hellmann-Feynman formula. Also, when E, (1) # E.,(7),

m(T) 4L () |n(r
iy = (i

(286)

Expand the wave function as

[$(7)) = > ealr) In(7)) . (287)

Substituting this into the Schrodinger equation gives

L ealr) = ~Balr)en(r) = 3 (n(n)| ST (7)) em(r). (288)

Assume E, (1) # Ep,(7) for m # n. Then

icn(T) = —E,(7)en(r) — (n(1) %(T» en(T) — Z <néT)

o em (7). (289)
m#n

If the imaginary-time evolution of the system is sufficiently slow compared with the energy difference
E,. (1) — E,(7), the third term can be neglected:

Thus

d dn
276n(7) = =En(r)en(r) = (n(r)| 2= (7)) en(T). (290)
Cn(T) — e Iy En('r')dT’e* f07<n(7/)‘%(7’)>d'rlcn(7 — O) (291)

If H(r) is Hermitian, the first factor does not affect the U(1) phase of the wave function. Assuming
[n(7)) is normalized, (n|n) = 1, we have

{(nldn)" = {dn|n) = — (n|dn) , (292)

so the second factor is a U(1) phase factor. In particular, for a closed path H(T) = H(0), one obtains
the Berry phase:

en(T) =€~ Jo" Bn(r)dT o Finldn) e (+ = 0). (293)
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