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Abstract

Following Appendix B of [1], we trace the proof of a theorem on reductions of MPS.

1 Preliminaries

An MPS {A}¢_,, A" € Mp(C) with bond dimension D will be called a D-MPS. When it is unnecessary
to specify the bond dimension, we simply write MPS. We say that an MPS {A'}; is injective when the
linear map

fa:tX =) tr[XAY i) (1.1)

is injective. Injectivity of an MPS is equivalent to the existence of a left inverse of the matrices A,

Z[Ai]ab[A_l]id = dacObd- (12)

i

Indeed, if a left inverse exists, then

tr [XAZ} =0 = 0= Ztr )(Az (‘d = ZZXba ab N ]fzb = ZXba(Sacabd = Xge. (13)

ab
Conversely, if {A'}; is injective, then, after choosing suitable bases, the map
fa:CP" (1.4)

can be represented as the matrix

fa ( Ip> ) | (1.5)

O4-p2
The left inverse is then given by
(Ip2 *). (1.6)
An MPS {A*} is called normal if there exists a natural number ¢ € N such that the MPS obtained by
blocking ¢ sites,
(A}, = {A - Ay, (1.7)
is injective.
We abbreviate the length-n vector constructed from the MPS {A%}; as

Va(A) = > te[A% - A iy -dy) (1.8)

i1-in



2 Reduction theorem

4 N
Proposition 2.1. Let A be a normal D-MPS, and let B be a D'-MPS. If

Vo(B) =V,(4), VneN (2.1)
holds,” then there exist rectangular matrices V€ Mpyp/(C) and W € Mp:«p(C) such that

VW = Ip, (2.3)
VB .. BnW = A" .. A (i, in) € {1,...,d}", neN.

%In [1], the statement is that there exists A € C such that
Va(B) = A"Vih(A), Vn€EN, (2.2)

but X can be removed by the redefinition B? — AB?. Also in the proof of [1], A = 1 is implicitly assumed.
o /
Proof. Since A is normal, there exists L € N such that A7 = A% ... AL is injective and has a left inverse
A=1. Put B! = B ... Bir and consider the Jordan decomposition

Y B'elA) =U (@ Jak(Ak)> UL (2.5)
I k

Here
Al
Al
Ja(N) = ) € M,(C). (2.6)
A
By decomposing each Jordan block as
A 0 1
A 0 1
Ju(N) = + , (2.7)
A 0
we obtain a decomposition
Y B'eA) =5+N (2.8)

where S is diagonalizable, N is nilpotent, and [S, N] = O.

By the assumption that the MPSs A, B generate the same vectors,

S tr[Bh B [[AT AT = YD Y e [AD - A [[AT R [ATY) ] = D

LI, LIy DIy
(2.9)
On the other hand, the left-hand side is
Tr(S+N)"=TrS" + TrN" =TrS" = > ap}. (2.10)
k
Therefore
> apA\p=D", VneN (2.11)
k=1



holds. If there are Jordan blocks with the same eigenvalue, we combine their contributions. Then, with
distinct nonzero eigenvalues A1, ..., Ay and by € N,

M
> bA\f=D", VneN (2.12)
k=1

holds. Using the equations forn =1,..., M + 1, we get

b1
A1 Ay - D bo
: c [ =0 (2.13)
AMAL ML pM bas
-1
The determinant of the coefficient matrix V' (a Vandermonde matrix) is
detV=(\...auD)  J[ =N (2.14)
1<i<j<M+1
where we have set Ayy11 = D. If Aq,..., Ay, D were all distinct, this determinant would be nonzero, a
contradiction. Hence D is equal to one of the A\;. We may take \; = D. Then
M
(b = DAT+ > bedp =0, V¥neN (2.15)
k=2
holds, and the same argument gives
bp=1, bpa=---=by=0. (2.16)

Thus the only nonzero eigenvalue of S is D, and there is exactly one 1 x 1 Jordan block with eigenvalue
D:

Y BleA) =U ((D) P Ja, (0)> UL (2.17)
I k

Since S has rank one, there is a decomposition
[Slacod = WaeVap, trVW =TrS = D. (2.18)
Moreover,
SN=NS=0 (2.19)
holds. In particular, if n = min{k € N|N* = O} is the nilpotency index of N, then
(S+N)"=8"=D""'3 (2.20)
holds. Note that n < DD’.
Now take this n to be the nilpotency index of N and consider the following expression:

> te[BM BB B[[AT AT g (2.21)
Iy---1,

First, since A, B give the same state, the left inverse of A gives

= > tr[Ah Al AR AT AT AT, (2.22)
Iy
_ Dn—l[Ai1 . Aim]bw (223)



On the other hand, using the decomposition (2.8), it is equal to

-~

= D" VB ..  B"W],. (2.24)
In particular, when m = 0,
VW =1Ip. O (2.25)
Proposition 2.2. Let V,W be a reduction from the MPS B to the MPS A. Set A
N':=B' - WA'V. (2.26)
The algebra generated by {N'}; is nilpotent. That is, for the algebra
A = Span ({N" --- N |V(iy,...,in) € {1,...,d}*",Vn € N}), (2.27)
for every element x € A there exists k € N such that 2* = 0. )
Proof. First we show the following:
VN@...N=W =0, meN. (2.28)
For m =1,
VN'W = V(B —= WAV)W = VB'W — A* = 0. (2.29)
Assume the statement holds up to m — 1. Then
VN ...NmW =V (B" —=WALV)N?2 ... N'mW = VB* N ... N'n |/ (2.30)
— (2.31)
=VB"B®2... Bim-1(B'm - WA V)W = VB"... B — A" ... Alm = 0. (2.32)
Therefore
tr[B .- B = tr [(N" + WA"V) .- (N'™ + WA V)] = tr [A" - A"+ tr [N ... N'].  (2.33)
Since A, B are the same state,
tr [N ... N'] =0, meN. (2.34)

In particular, for any « € A and any n € N, tr [z"] = 0. Thus all eigenvalues of x are zero. Hence every

element of A is nilpotent.

We also show the following.

O

Proposition 2.3. Let V, W be a reduction from the MPS B to the MPS A, and set N* := B —W A"V

Then
N ... N0 =0, Y(iy,...,ip) € {l,...,d}"*P" (2.35)
Here D' is the matriz size of B*.
Proof.! First, we prove by contradiction that
d
() ker N* # {0}, (2.36)
i=1

1The following proof is due to Akito Shimomura.



namely, that there exists v # 0 such that N'v =0 for alli =1,...,d.

Assume that for every v # 0 there exists i such that N‘v # 0. Then, starting from any nonzero vector
v, we can successively obtain D’ + 1 nonzero vectors

v = Vg, (2.37)
Up =N"v, 1, n=1,...,D. (2.38)
We show that vg,...,vps are linearly independent. Suppose
Qg + -~ apvp = agv + oy N v+ agN2 Ny + .- + ap/ N0’ ... Ny = 0. (2.39)
Then
—agv = (N + agN2N" ... f ap/ N ... Nt)p. (2.40)
cA

Since every element of A has only the eigenvalue zero, we get g = 0. Similarly,

—Q1V1 :(OégNiQ+---+aD/NiDI~'~Ni2)U1 (241)

cA
implies a; = 0. Repeating the same argument shows a9 = --- = ap/_1 = 0, and apvp = 0 gives
apr = 0. Thus vy, ...,vps are linearly independent, contradicting the fact that the vector space on which

N’ is defined has dimension D’.

Hence there exists a vector e; # 0 such that N'v =0 for all i = 1,...,d. Extend it to a basis of CP’
by adding vectors es,...,eps. In the basis

(617627"'36D’)7 (242)

the matrices N? have the following representation:

i 0 = .
N(el,eg,...,eD/):(el,eg,...,epx)(O N’)’ 1=1,...,d. (2.43)

Then the algebra generated by {N° d | is again nilpotent. Continuing the same argument, we find that
N',...,N? are nilpotent and simultaneously triangularizable. O

The length D’ is an upper bound coming from the matrix size. We define

No(V, W) := min{N™ ... Nin+1 = O,V(iy, ... ins1) € {1,...,d}*"+D} (2.44)

to be the nilpotency length of the reduction (V, W) from the MPS B to A. That is, products of N* of
length No(V, W) can be nonzero, while products of length No(V, W) + 1 are zero.

4 N
Theorem 2.4. Let (V,W) and (V',W') be reductions from the MPS B to the MPS A. Let Ny be
the mazimum of the nilpotency lengths of the reductions (V,W) and (V',W'):

No = max{No(V, W), No(V', W)} (2.45)

Then there exists A € C such that, for all n > 2Ny,

VB ...B» — \VV/B% ... Bin’ (2.46)
B ... B"W = \"'Bi ... B (2.47)
hold.
%
Proof. Set
N'=B'-WA'V, N'=B -WAV. (2.48)



First note the following identities, which hold for arbitrary n € N:

B“"'Bi" :N“NZ"—F Z Ni1._.NikwAik+1_._AizVNinrl_._Nin
0<k<I<n
:Nil...Nin_l,_ Z Nil,,,NikWAik+1,,,AilVNilJrl,.,N’in’
0<k<I<n,k<No,n—No<l
VBil‘-'Bi":VNiln-Ni"-i- Z Ail"'AiLVNiHl"-Ni": Z Ail...AizVNiHl...Nin
0<i<n 0<i<n
= Z Al ARV N N

max(0,n—No)<I<n

Bit...BnW = Nt ... Nin W + Z N# o N AR+ .. Al — Z N . NP AR+ ...

0<k<n 0<k<n

— Z N N A+ .. Al
0<k<min(n,Ny)

The analogous identities also hold for the reduction (V', W’).
Let L be the injective length of the normal MPS A, and express
VBY ... BizNo+L )’
with length m = 2Ny + L in two ways. From (2.50),

= E Al ATV N N2No+L
No+L<I<2No+L

From (2.51),

= Z N N AL L. AT2Not T
0<k<No

Contracting the sites No + 1, ..., Ny + L with the left inverse A~! gives

Z [‘/Bl1 ... Bi2No+L W’}ab[Afl]igoJrl"'iNoJrL

INg+1seees INg+L

=[A% ... Ao, Z [AfNo+i+1 ... ABY N1 ... Ni2No+L )] 5,
No+L<I<2No+L
= Z [VN' o NV A4 ATNO | [ATNo+E41 Lo AT2No+L] gy

0<k<Np

Therefore there exists A € C such that

Z VN NTR AR+t ATNo = AT ... ATNo
0<k<Np

Z A AR NI NN = A LA . AN
0<k<No

hold. Then, using (2.49) for the reduction (V', W),
VBil . Bin — VN/il . N/in 4 Z VN/il . NlikW/Aik+1 . Ail VIN/'LH,l . N/'L'n'
0<k<i<n

In the second term, only the terms with 0 < k < Ny and n — Ny < [ < n can remain nonzero.
when n > 2Ny,

VB ...Bn = Z VN NP At ARV N N (> 2N).
0<k<No<n—No<I<n

(2.49)

(2.50)
Al

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)
(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

Thus,

(2.61)



By (2.58),

VB .- B = NAT AN N ATt ATYINT NP (> 2NG). (2.62)

n—Nop<I<n
Using (2.50) for the reduction (V', W’), this becomes
VB ...B" = \V'B" ... B (n>2Ny). (2.63)

Similarly, starting from the expression

VB ... BimW, (2.64)
one obtains

Bit ... BimW = \"1Bi ... Bim . (2.65)

O

Moreover, the following statement holds, guaranteeing that, if sufficiently long MPS B tensors are
present on both sides, then the “bulk part” can be replaced by A.2

a I
Proposition 2.5. Let (V,W) be a reduction from the MPS B to A, and let Nog = No(V, W) be its
nilpotency length. If m,m’ > Ny, then for anyn > 1,

Bil e Bzm WA’L7"+1 e Aim/‘f’" VBim/+"+1 e Binz+n+7n/ = Bil e Bim+n+'m’7 (266)

and if m > Ny, then for any n > 0,

Bil L BimWAierl . Aim+n _ Bi1 L. Bim+n W, (2.67)
A" AV B Bintm = VB L Bindm (2.68)
o %
Proof. From (2.50) and (2.51), for arbitrary m,m’,n,
Bil . BZT’I WAim+1 Ce. Aim+n VBim+n+1 e Bi7n+n+m' (269)
_ Z N N AR+ ... Afm | ATmt1 o Aimean (2.70)

0<k<min(m,No)
Z Abmtntt L Almtndt [ Nimbntidd L Nimantm/ | (2,71)
max(m+n,m+n+m’—No) <m+n+l<m+n+m’
This agrees with the rewriting (2.49) of B ... Bim+n+m’ precisely when
m+n+m' >Ny, m<m+n, m>Ny, m >N, (2.72)
that is, when
m,m’ >Ny, n>1. (2.73)

Similarly, for arbitrary m,n,

B ... BimW Attt A (2.74)
= Z Nt NI AR+ L Al | Afmt L Afmtn (2.75)
0<k<m

2This proposition is not stated explicitly in [1], but it is repeatedly used in papers, including some by later authors, with
[1] cited.



and this agrees with the rewriting (2.51) of B .- Bim+»W when m > Ny. The identity (2.68) follows
similarly. O

For example, when Ny =1,

B'BIB* = (N' + WA'V)(N? + WAIV)(N* + W A*V) (2.76)

= N'WAIVN? + N'WAI ARV + WA ATV NF + W AT AT ARV (2.77)

= (N'+ WAVYW AV (N + W A*V) (2.78)

= B'WA'V B*. (2.79)

Summary:
\
For an MPS A, write
Vi (A) = tr[A™ ... A% (2.80)

e For an MPS B and a normal MPS A, if V,,(B) = V,,(A) holds for all n € N, then there exist
rectangular matrices V, W such that

VW = Ip, (2.81)
VB---BW=A---A. (2.82)
——
>0

The product WV is a projection.

e Let Ny be the nilpotency length of the algebra generated by the matrices N* = B* — WAV
associated with a reduction (V, W) (the largest length n for which a product N ... N can
be nonzero; equivalently, for n > Ny, N ... Ni» = O). Then the following hold:

B---BWA---AVB---B=DB---B. (2.83)
—— = =
>No >1 >No
B---BWA---A=B---BW. (2.84)
—— =
>No >0
A AVB..-B=VB---B. (2.85)
—_— =
>0 >No

o Let (V,W) and (V', W’) be reductions from B to A, and let Ny, N{ be the nilpotency lengths
of (V,W) and (V/,W’), respectively. Then there exists A € C such that

V. B---B =\VDB---B, (2.86)
N——

>2max(No,N{})+1
B---B W=X"'B...BW (2.87)
——

>2max(No,Nj)+1

hold.
/

e Is the nilpotency length invariant under blocking? For example, if the nilpotency length is ¢, can
it be made 1 by blocking / sites? Naively,

N4N2 = (B —WAYV)(B2 — WA™2V) #£ B"B2 — W A" A2V, (2.88)



so it seems that the nilpotency length changes under blocking.

e In [2], the term nilpotency length probably refers not to the shortest length for which products of
N become zero, but to the length of B for which (2.83), (2.84), and (2.85) hold. Since the reduction
(V,W) can be chosen unchanged under blocking, by blocking Ny sites the identities (2.83), (2.84),
and (2.85) can be made to hold at length one. In this sense, the claim in [2] that the nilpotency
length can always be taken to be 1 by blocking is correct.
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