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e Double Folding Potential
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p(r) ~ &

1+ exp[(r — Ry)/aq]

ag ~ 0.54 (fm)
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e Phenomenological potential

Vo
1 + exp[(r — Rg)/a]

Vivs(r) = —
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Double folding potential
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Vpr(r) = /d’rld’rz p1(r1)p2(r2)
xv(r 4+ ro—1rq)

cf. Michigan 3 range Yukawa
(M3Y) interaction
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Partial decomposition of reaction cross section

do do {4 2 -
_ ]
(a) 2l Ik 2 (b) |
\ = Vg L direct
\ irec
!
\ dee Y /\(
\!l y . direct p } :
el
CN !\ \ CN ; . melastic I\\ \
fusion Vol fusion / ! \
,] AN = L ! k L / \l a >
6, ¢ ‘ ‘ ¢

angular momentum angular momentum

Figure 4.18 Schematic decomposition of the total heavy-ion reaction cross section into
contributions from different partial waves when (a) the grazing angular momentum (quantum
number ¢;) is below the critical angular momentum (quantum number £.) that can be carried
by the compound nucleus, and (b) when £y exceeds £.. In both (a) and (b) the straight line is
obtained from Equation (4.3) and the dashed areas indicate regions in which different types of
heavy-ion nuclear reaction mechanisms predominate.

Taken from J.S. Lilley,
“Nuclear Physics”
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Bethe-Weizacker formula: Liquid-drop model [CEDCE =1
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A=2: Quadrupole vibration
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A=3: Octupole vibration
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BEhERLEBE oI ILF—
B(N,Z) = Bmacro(N, Z) 4+ Bmicro(N, Z)
eSmooth part

g0k N=20 28 " 5 "
a "%E" : 2 " Bmacro(N,Z) = ayA — asA2/3

z° (N — Z)?
_ GCA1/3 — asym A

85

eFluctuation part
Bmicro = Bpair + Bepell

Liquid drop model:
Brom = Bmacro + Bpair

B/p (Mev)
o = N w B o O 9 ® ©
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Taken from Bohr-Mottelson



Deformed energy surface for a given nucleus

E(3) = ELpm(B) + Esnen(5)

Liquid drop

Super-
deformation

Potential energy

Ground-state Taken from J.S. Lilley,
deformation “Nuclear Physics”

~ B
Deformation

LDM only e====p always spherical ground state
Shell correction == may lead to a deformed g.s.

* Spontaneous Symmetry Breaking
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Evidences for nuclear deformation

0.903 8"

e The existence of rotational bands (MeV)

I(I+1)R?
Er = ( ) 0.544 6"
27
e Very large quadrupole moments 0267 4+
(for odd-A nuclei) 0.082 ot
167 0 0"
Q=re\— (W |r* Yoo | W) 1549 m

eStrongly enhanced quadrupole transition probabilities
eHexadecapole matrix elements <==tf3, Fission from
eSingle-particle structure 7 N isomer state

eFission isomers " \
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Effect of collective excitation on o, : rotational case

m The orientation angle of '*Sm does not change much during fusion
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H = —;L—MVQ + Vo(r) + Ho(§) + Veoup(r, &)

_ K . excited
= sromnd - Ho(§)¢r(8)

f e = e $1(9)

W(r,&) =) ¥r(r)or(é)
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2 2
H = ~1792 4 Vo (r) + Ho(€) + Veoup(r, €)
< 2H
W(r, &) =) Yr(r)er(é) Ho(&)dr (&) = e, ¢1(E)
~ k

Schroedinger equation: (H — E)W(r, &) =0

(Pp| =

(¢p|H — E|WV) =0
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TLQ
[—VQ + Vo(r) + e, — E
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(note) Dynamical Polarization Potential

IORZVAR\ 20D
FroAIL (FhiE2) FvoRIL

Q ZEfHE]

%széét)w\)wwlﬁ (W= X)

Q ZffZAEILTP ZEM I
= P R (TSR -FroR)L) I2XT B effective
potential (dynamical polarization potential)
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h2 d _I_l(l—l—l)h +VO(T)+< 0 F(r))](uo(r)>:E<uo(r)>
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hyui(r) + F(r)ug(r) = (E—eui(r) (2)

Q) => 4, (r) = — /O T ar G (e B — OF(rug(r')

[ G (e BE—e) = ( : )
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h;uo(r) — F(r) /OOO dr’ G(_I_)(r, ' E —e)F(rug(r") = Eup(r)
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op fier) BT (krs)

G(+)(’r, ' E)

A2 W
fi — sin(kr —In/2+ §;) (regular solution)
h; — expli(kr —In/2 4+ 6)] (outgoing solution)
W = filh—fikj=k (Wronskian)

FU—H%A9(Z13 : Feshbach formalism (/—FZHE)
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H =192 £ vo(r) + Ho(€) + Veoup(r, &)
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Ho (&) (&) = e o1 (&)
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Coupling Potential: Collective Model

R(0,9) = Rp (1 + > oy, Y06, ¢)> (note) rotating frame ~ @)
o BARZEH (7 — 0):
> REBEDSHAE o [BET.
r oYy, (0,¢) — o
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Deformed Woods-Saxon model:

Vivs(r) =

Vo

1+ exp[(r — Ro)/a]
Vo

1+ exp[(r — Rp — Ry)/dl

Rp — Rr (1 + D> an Y00, ¢)>
L4

G

Vivs(r) = —

Vo

1 4+ exp[(r — Rg — Ry a) - Y\(7))/d]




Deformed Woods-Saxon model (collective model)

K.H., N. Rowley, and A.T. Kruppa,
Comp. Phys. Comm. 123(°99)143

Veoup(r, 0) = VAL (r, 0) + VI (r, 0)

Nuclear coupling:

c(é\l%("“ O) — —

Vo
1+ eXD[(T — Rg — RTO)/CL]

Coulomb coupling:

A
(9 _ S > Ry -
coup(T O) N+ 1 ZPZTe 7“)‘+1 O

P

Rotational coupling: (O
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Vibrational coupling: O




Vibrational coupling Rotational coupling

O = \/ﬁ_w(a Fal) O = BY20(0)

+ A+ g+ (a’T)Q
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Iso-centrifugal approximation eNo-Coriolis approximation
eRotating frame approximation

. 2t 1=J-2, J, J+2 Truncation | Dimension
2F 4 —9

4+ 9 —3

0t |=] 6* 16 —4

8*F 25 —5

Iso-centrifugal approximation:

0 \: independent of excitations
/ [(1 + 1)TL2 J(J 4+ l)TL2
= A 7
‘ < 21712 212

Veoup(r, &) = f(r)Y)(7) - Ty (&)

transform to N \/2>‘ + 1f(7“)T)\O (€)
the rotating frame 4am

“Spin-less system”
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h2 d?  I(l+ 1)R?

_ﬂ - + 2#’)"2 + Vo(r) — E+ 6nI] Up1(T)

+ 3 (Vi)Y M Veoup (¥ i 11 MDY o () = 0
WU T

_ k
i (r) = HE ) (ko yr)Snmi61.1.01.1 — k—OISn”Hl(_I_)(anr)

n

P(E)=1-Y|Su1l? otus(E) = ,:—2 S (21 + 1) P(E)
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Distorted Wave Born Approximation (DWBA)
/—rSHR
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R2 d? 11+ 1)R?

_ﬂ - + 2,wr2 + Vo(r) — E+ enI] Up1(T)
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n

nl
MBS FYyoRIILAEREBOTRRS R EREEHE
| > $EEAMRIR(EER) T AEOIC2DODIEREEZ THES
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2 DDBR: (i) BrEE R

2
H = —E—MVQ + Vo(r) + Ho(&) + Veoup(r, §)

MEXEEDANEREENCLEARTIERICHoKYLTWNDIEE

1

X EEFOBRIPETRILE—- RT—)LHARNEHEED
IRILF—-RT—)LIZBEARTIEEIZ/NESWNES

h 2 <K €
< (FEEEDHIZER vs. A BEHREDOMEIRILT—)

[Ho (&) + Veoup (7, &) ]po(&;m) = €o(r) po(&; T)
mm)p (&) + Veoup(r,&) — eo(r)




c.f. IKFR 7 FIZx19 % Born-Oppenheimer T Ll

e-

(2

[TR

T,

=)

V(r,R)]W(r,R) = EV(r, R)

1. £ EFNILEF->TWSELTEFDEEFZEZZS
[T, + V(r, R)]un(r; R) = en(R)un(r; R)

2. &(R) = RICEALT&/MET S
Or2’. iRTo¥% )L ¢ (R) HDIGFHEDEFNEEZS

[TR + en(R)]on(R) = E¢n(R)




Adiabatic Potential Renormalization 1°0(3 ) +1448m(3")

103§]TII{ IITTIIITITI[__IIE
72 - All order couplmg -
H = _—VQ + Vo(r) + Ho(§) + Veoup(r, §) 102? s
€ 10'k i
When ¢ 1s large’ 2100 /¥ No "°0 excitationf
© i — 16 o ot -
X O excitation
HO(&) VCOUD(Ta 5) — €O(r'a) 101k ; ——~+21\/)[(e{/ Silif[
g : e Expt.
s d
where = 1072+
2 800 |
[Ho(&) + Veoun(r, O)lwo(&ir) =
600 |
= eo(r) po(&;T) E I
~ 400 |
5 :
—~ 200
Fast intrinsic motion 8 of
===>Adiabatic potential renormalization |% gy lereals ane o eos op aoToy el
Vad("“) = Vo(r) 4+ eg(r) 50 55 60 65 70 75
E . (MeV)
Giant Resonances, 1°0(3°) [6.31 MeV] K.H., N. Takigawa, M. Dasgupta,

D.J. Hinde, J.R. Leigh, PRL79(°99)2014



2 DDIBRR: (i) BREB R e — 0O

e; =11+ 1)R%/2T
@ o <. -
154Sm 160

orus(E) = O d(COSO)Ufus(E;Q)

Coupled-channels:

( 0 fr) 0 )diagonalize (M(T) 0 0 )

f(r)y 2550)  Sf(r) 0 A(r) O
0 Sf(r) 2%55(r) 00 A3(n)

—> P(E)= ZwiP(E; Vo(r) + Ai(r))

Slow intrinsic motion
=) Barrier Distribution




P(E) = Z’wiP(E; Vo(r) + Xi(r))
P, . Z

dE

dP
dE




[EEEN . REY = NS =TF U HFALVTE

AL

iR g5

=l L — =7~ _R? d?
NZ)L=T72FI1): g = 5+ Vo(z) + 52 - Vs(z)
m dx?
(1 o0
7 \l0 -1
Spin-up DIFE Spin-down D i5&
Tie ™| 1) 4 e 1) Toe "M 1) e 1)
e <—— e — <
/\ Rye™™| 1) Rpe'™™| |)
X I X

Vi(z) = Vo(z) + Vs(x) Vo(z) = Vo) — Vs(x)



h2 d2
H=—— " 4 V() + 5. Vi)
2m dx

= REIEH (BT w(z) = vi(@) | 1)+ va(2) | )
_ ( Y1(z) )
Yo (x)

r — OO THEHREF:

Cl(e_ikx —+ Rleikx) )
W | .
@ > (Glmines) @ e e
—1kx
~ (??Z—ikx) (z = —o0)  (C&C,DIEILHIFDR
0 CUKAEIC LY E D)
LR = = —00 TOIFYIR)
forLiER= (T O _TH -
« @ = 00 THOABAAZETSIIX)
T1|2 4+ |CoT5|?
P(E) = €1 1|2 |C2 22|
|C1]< + |C2

|C1|°P1(E) + |C5]2 P (E) = w1 P1(E) + woPo(E)




P(E) = w1 P1(E) + waPo(F)
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T P T
7’

P(E)
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/
| = | \ | \

-] 0 1 2
(E — V) /L2

1 Vi(e) = Vo(a) + Vs(ze) <—= | 1)
Vo(z) = Vo(z) — Ve(z) <— [{)

dP

h$) . ——
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dE

-1 0 1 2
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P(E)

J.a/,l |\\~.L 1
-1 0 1 2

(E - V) /7S C (B-wy/me

>rURIVEERIXFE<V, TEX, E>V, TR

>dP/AE [F—IWUAAZWIZHA A NS = [[EENT TS
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SE—VDEIXEARFIZEHFITS

P(E) = wiP1(E)+ woPy(E)

dP aPy P,
a4y 4fD
dE L aE 2 dE




NIILRZT 2 (BI2) - A BB EENDHDEE

h2 d? 0 1
S Vo(@) + e F (@) ax=(1 O)

[t + Vo(z)]v1(z) + F(z)y2(z) = E¢i(=)
[t + Vo(z)]vo(z) + F(z)y1(z) = E¢o(z)

d+(z) = [p1(x) £ ¥a(2)]/V2

[f_l_ VC)(m) L F(CE)]QSI(CU) — Eqb::(aj)
RIGDMNEIZRE - PYTDIREIZH-T=LT 5H&
1
P(E) = 5 [P(E;Vo+ F)+ P(E; Vo — F)]




NSILZ=T7 (FIB) : KY—fEDIEE

R2 d? _
H = —273 d:z322 FVo(x) — €0, + 02 - F(x)
S h d | —¢€ F(CB)
 2mdx2 Volz) + ( F(x) ¢ )
—> U(x) ( F_(;) F(ex) > Ul(z) = ( >\1C()CU) >\2(Z$) )

< \ X dependent
P(E) =) wi(E) P(E; Vo(z) + Ai(x))
z ™~

~E dependent

K.H., N. Takigawa, A.B. Balantekin, PRC56(’97)2104 w,(FE) ~ constant

(note) BREMEIR: € —> 00 = w;(E) = d; o



(B&) HBEeEFryUoRILAEXZ WKB ia{l TH#E <

1 RITRTUOURILDBEBERIZXNT S WKB A :

T 2m

Py rp(E) = exp {—2
0

HEEFYRILEIREAND

— p |Z i N 0
. | = 700 o
K.H., A.B. Balantekin, Phys. Rev. A70 (*04) 032106 | : T10
S AN
'_h 7'30/
T (1:[ e ) L | .

g(x) = [2m(E—-W())/BAY2,  Wam(z) = Vam(z) + endnm

2

Pyra(E) =Y |mol* =Y

n n

(H eiq(a}i) Aac)

n0O
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Sub-barrier Fusion & PEEES L

PIRTRILX—HALE G T RILIR TRES
PIERTFYUORILDRIIZHDOEED R HELTHEETES
>l E RICEHEEIZHDERDEY

1
orus(E) = /Od(COSQ)UfUS(E;Q)

T 1
_ k_QZl:(zH-l) [/O d(cos 6) P(E; 0)
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_ 0.6 I P T
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1DDEEITARETL: ERTRHONADIIZMEHEETH-T
BBERTIIGL,
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Fusion Test Function Classical fusion cross section:
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Experimental Barrier Distribution

Requires high precision data
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Quasi-elastic Test Function

Classical elastic cross section (in the limit of a strong Coulomb):
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Nuclear effects === Semi-classical perturbation theory
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Quasi-elastic test function
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- Semi-classical '\
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e Integral over E: unity
e Relatively narrow width

Close analog to fusion b.d.

» The peak position slightly deviates
from V,
»Low energy tail
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Scaling property of D
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Cold fusion reactions: °°Ti,>4Cr,*3Fe,%*Ni,9Zn+2%Pb,2"”Bi
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