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Shell Model: independent particle motion 1n a potential well

12 » R + spin-orbit interaction
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shell model H=> Gkalza’k
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configuration 1 configuratton2 ... several

others

angular momentum (spin) and parity for each configuration?

— let us first investigate a single-j case



an example: J = p;),

P32 can accommodate 4 nucleons
Gg,=+3/2,+1/2,-1/2, -3/2)
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P32 can accommodate 4 nucleons
(g,=+3/2,+1/2,-1/2,-3/2)

1) 1 nucleon

P32 ) [T =3/2-

(there are 4 ways to occupy this level)




P32 can accommodate 4 nucleons
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P32 can accommodate 4 nucleons
(g,=+3/2,+1/2,-1/2,-3/2)

1) 1 nucleon

P3» ‘ [r=3/2"

(there are 4 ways to occupy this level)

11) 4 nucleons

9000 P3,» ‘ [*=0"
I=j;+jo+iz+ia (there 1s only 1 way to occupy this level)
parity: (-1)x (-1) x (-1) x (-1) =+1



P32 can accommodate 4 nucleons
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1) 1 nucleon

P3» ‘ [r=3/2"

(there are 4 ways to occupy this level)

11) 4 nucleons
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P32 can accommodate 4 nucleons
(g,=+3/2,+1/2,-1/2,-3/2)

1) 1 nucleon

P3» mmm) [T =3/2-

(there are 4 ways to occupy this level)

11) 4 nucleons

”” p3/2 ‘ ITc — O+
I=j;+jo+iz+ia (there 1s only 1 way to occupy this level)

parity: (-1)x (-1) x (-1) x (-1) =+1
111) 3 nucleons

L 4 Jva P3» m) [T =3/2-
I=3q+ o+ s (there are 4 ways to make a hole)
parity: (-1) x (-1) x (-1) = -1



111) 3 nucleons
-0 p;,

I'=314+7Jo+173

1v) 2 nucleons

P3
I=31+75

—

[*=3/2"
(there are 4 ways to make a hole)
parity: (-1) x (-1) x (-1) = -1



111) 3 nucleons

L A Jea = P3» mm) [T =3/2-
=31+ o+ s (there are 4 ways to make a hole)
parity: (-1) x (-1) x (-1) = -1

1v) 2 nucleons

P3n there are 4 x 3/2=6 ways to occupy this
I=3j,+35 level with 2 nucleons.

mmm) [*=0" or 2" (= 1+5)

32432 1=0,1,2,3

anti-symmetrization
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1) 1 nucleon

P3,» ‘ [*=3/2-

(there are 4 ways to occupy this level)

11) 4 nucleons

9000 P3» ‘ [*=0"
I=j;+jo+iz+ia (there 1s only 1 way to occupy this level)

parity: (-1)x (-1) x (-1) x (-1) =+1

Q000 lp;,  ==0" in total,
T=1/2
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example: (main) shell model configurations for !B,

MeV
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Extra binding for Nor Z= 2, 8, 20, 28, 50, 82, 126 (magic numbers)

An interpretation: independent particle motion in a potential well

10 T l T I T I T I

- + spin-orbit interaction
0
-10 L
_20:
-30

V() (MeV)

40,

-50

ol 11y

how to construct the potential well?




Mean-field (Hartree-Fock) Theory

nucleon-nucleon interaction

O e m) u(r)
r

!

O e = 2u(r)
.




Mean-field (Hartree-Fock) Theory

nucleon-nucleon interaction

O e m) u(r)
r

|
I~l

1315

interaction for a nucleon inside a nucleus:

P(T,)d"", L

= o(r' —r) - p(rdr’

the number of nucleon
at r’

naively speaking, Vr) ~ /'v(’r _ T')p('r’)dr’




Mean-field (Hartree-Fock) Theory

V() (MeV)

® © Isy)
shell model

p(r")dr’

naively speaking,
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Mean-field (Hartree-Fock) Theory

p(r")dr’

V() (MeV)

® © Isy)
shell model

naively speaking,

V) ~ / v(r — ) p(rdr!

\dependent motion

- p(r) = 3 [i(r) 2




Mean-field (Hartree-Fock) Theory

p(rNdr naively speaking,

V() ~ / v(r — ) p(r)dr’

p(r) =3 [$i(r)|?

TLQ
0 = [—%VQ + V(r) — Ei] i (7r)




Mean-field (Hartree-Fock) Theory

naively speaking,

V() ~ / v(r — ) p(r)dr’

p(r) =3 [$i(r)|?

TLQ
0 = [——VQ-I-V(T) Ei] i (7r)

——VQ + /’U(’P _'r) (Z‘lpj(r )‘2) r — Ez:| ;i (1)

the potential depends on the solutions



Mean-field (Hartree-Fock) Theory

0= [—2v2 + [o@r =1 (Z ;(r >|2) } ()

J

the potential depends on the solutions

— > self-consistent solutions

[teration: {?,bz} —p—>V — {@bz} —> v




Mean-field (Hartree-Fock) Theory

42
0 = _2777,V2 + V(r) — Ei] Vi (1)
[ 72
= |- [ue - (Z chr')?) ar' — } $i(r)
; J

the potential depends on the solutions

— > self-consistent solutions

[teration: {wz} —p—=>V — {%} —5 ..

p(r) = Z W?L("")Fa Vir) ~ /v('r — N p(rdr’

repeat until the first and the last wave functions are the same.

“self-consistent solutions” BEeEES (> o)




Variational Principle (Rayleigh-Ritz method)
optimization <—> variational principle

(WIHW)
(Ww)y =797




Variational Principle (Rayleigh-Ritz method)

optimization <—> variational principle

(VIH|W)

(VW)

H : many-body Hamiltonian

W(ry,ro, ) = ¥1(r1) - Yo(ra) - Ya(rz) - -

. (W) =2 Cnlén)
g.s. " 5
> Ihs = 2nCaln
¥n Ci

<—— many-body wave function for

independent particles

> F

0



Variational Principle (Rayleigh-Ritz method)

optimization <—> variational principle

(VIH|W)

(VW)

. W) =2 Cnlén)
g.s. " 5
> Ihs = 2nCaln
¥n CF

H : many-body Hamiltonian

W(ry,ro, ) = ¥1(r1) - Yo(ra) - Ya(rz) - -

2m

change gradually the single-particle potential

<—— many-body wave function for

C e

independent particles

[ olr=rp()dr’ = ¢;f wi(r) = 0

> F

so that the total energy becomes minimum

0



Mean-field (Hartree-Fock) Theory

electro-static potential nucleus

p(r')dr

interaction between i1dentical

test charge ,
particles

V(r) ~ / v(r — ) p(r!)dr’




Mean-field (Hartree-Fock) Theory

electro-static potential nucleus

p(r')dr

interaction between i1dentical
particles
— needs antl-symmetrization

V(r) ~ / v(r — ) p(r!)dr’

test charge




anti-symmetrization

nucleon: fermion

C V@) =V G

1

Y1 (x1)Y2(x2) — \/5[101(271)102(562) — YPo(x1)Y1(x2)]
< Slater determinat
0= —%Vz ~+ /’U("“ — ') (ZJ: |¢j("“’)|2) dr' — 67;] i (T)

W (r)i(r) = W sy (r)



anti-symmetrization

nucleon: fermion

C V@) <G

Y1 (x1)Yo(T2) — - [V1(z1)Y2(x2) — Yo(x1)91(22)]

V2
< Slater determinat
2
0= TL V2 + /’U(T - 7“) (Z |17bj(r )|2) dr' — Ez] Ppi(T)
W3 (r )i (r )i (r) = 5 ()i (r )y ()
TLQ 2 / N2
= | =V + [v(r 1) IBLICOl EE RC

— [v(r =) (Z w;xr’)wi(r’)) dr'sp; (r)
J

Hartree-Fock theory exchange term



anti-symmetrization

— - h2 2 / I\ |2 / -
0 = _—%V +/’U(T—’P) (;Wj(?“) )d’r —¢; | Yi(r)
- ﬁ2 2 / I\ |2 / -
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J

2
= [—;—mVQ + V(r) - 6@] Vi(r) + /d'é(r’)

non-local potential



Non-local potentials

TLQ
3o V2 V) = B ) + [ u(r) = 0

» Local equivalent potential

[ i v2+V(r)—E] v(r) + li / dr' VL (r, 7)) | (r) =0
2 o(r) N -

- 2m
E-dep. potential
> Wigner & 2

Vir(r,p) = [ VL(r = /2,7 + 5/2) P/ Tds
v/ momentum expansion
v effective mass approximation

/ 1 / —r\?
cf. Perrey-Buck # Wi(r ) =U <§|r L |) =P {_ (T BT ) ]



Bare nucleon-nucleon interaction

300 ———
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Ve (r) [MeV]
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Reida3
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" TR TR I NN S | | T R R
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 repulsive

core

18[] channel -

N. Ishii, S. Aoki, and T. Hatsuda,
PRL99, 022001 (2007)



Bruckner’s G-matrix Nucleon-nucleon interaction in medium

Nucleon-nucleon interaction with a hard core

——> HF method: does not work

<—— Matrix elements: diverge

.....but the HF picture seems to work in nuclear systems

cf. magic numbers

Solution: a nucleon-nucleon interaction in medium (effective
interaction) rather than a bare interaction

i

Bruckner’s G-matrix



» Firstly, two-body (multiple) scattering in vacuum

k, \ / k|
) e o e K,
) the interaction area
e e
k2 k2 k”l
kl k’l kl i k,l
_|_
/S A S O Ly 35
k™
the 1st order the 2nd order

higher
orders



» Firstly, two-body (multiple) scattering in vacuum

k’)l
1 k') by = k) ky — !
r , = v ., T v v
2 k) ky ——— k' ky — 2
k’)z
T /Lippmann—Schwinger equation\
h2 2 T=v- L7
V24V -_E|y= = UvTU
( om” ) v . E=Ho
TLQ
—> (_—v2 - E) = V4
2m
> Y =¢ - - V) Hgy = h2v2 (Hy— E)p=0
7 Ho-E 0= "o Hom B)e=
1 1
—> Ho B C_> T=V VHO —
(Vi =T9)
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» two-body (multiple) scattering in medium
k”l > kF Pauli priciple
ky k') ky = k', ky — — k)

G = i + E
— Ky kT

k> ke

(Bethe—Goldstone equation\

G:’U—|—’U@ G

N E — Hy )

*scattering: suppressed
because intermediate states have to have
k> kz — 1ndependent particle picture



&Hard core

v
G=v+v Qr G <—> G=
E — Hy 1 — v QF
- o
Even if v tends to infinity, G may stay finite.
0T T T "] bare interaction
: G3RS —/
50 B s
— - Gogny D1----m----
>
> \
= ok Y| J—
= ) g
soF | -
|II ll.'f :
% 1 effective
figure from -mﬂﬂ ] ; 3 2 interaction
M. Matsuo, r [fm]

Phys. Rev. C73(“06)044309



e Hard core

G=v+v @r G <> G= h
E—Hj

< Even if v tends to infinity, G may stay finite.

¢Independent particle motion

1.0k. ) ) k =06k¢
i ‘~EIea11ng distance B stjiiation
T Jotkr)
- ———— Free scattering
- //‘\\

0.5r | [/
al

0.0Q

—0.5~

— use G instead of v 1n mean-tield calculations
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