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Low energy nuclear reactions

p Nuclei as quantum many-body systems

in terms of nucleon d.o.f.

Ø static properties: nuclear structure
Ø dynamics: nuclear reactions

E < 0
E > 0

ü Nuclear Reactions as a tool to investigate nuclear structure

knock-out reactions

CN

ER

a synthesis of SHE
K. Sekiguchi et al., 
PRC89(‘14)064007

3-body 
force



Two aspects of nuclear reactions
ü a tool for nuclear structure

ü reaction dynamics

this is often emphasized….

pre-equilibrium
reactions

this talk

ü elastic scattering
ü inelastic scattering
ü transfer reactions
ü fusion reactions

nucleus: a composite system
ü a rich reaction processes
ü a rich interplay between 

nuclear structure and reaction

ü g.s. properties（mass, size, shape….）
ü excitations

fusion barrier distribution



elastic scattering inelastic scattering fusion

quantum many-body dynamics (nuclear reactions)

physics of nuclear reactions:
a unified description of these processes



Subbarrier enhancement of fusion cross sections 

154Sm 16O

q

K.H., N. Takigawa, PTP128 (2012) 1061

A typical example of the interplay between structure and reaction



couplings
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a recent review of C.C. approach (Hagino, Ogata, and Moro)
Prog. Part. Nucl. Phys. 125 (2022) 103951

Coupled-channels (C.C.) approach



K.H. and J.M. Yao, PRC91(‘15) 064606

Beyond-mean-field method

58Ni

→ C.C. calculations with 
a phenomenological potential

Semi-microscopic modelling of subbarrier fusion reactions
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simple harmonic 
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anharmonicity of phonon spectra
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J.M. Yao and K.H., 
PRC94 (‘16) 11303(R)



ü elastic scattering
ü inelastic scattering
ü transfer reactions
ü fusion reactions
ü …….

nucleus: a composite system
ü a rich reaction processes
ü a rich interplay between 

nuclear structure and reaction

Nuclear Reactions

Another aspect of nuclear reactions
: a variety of quantum mechanical natures 

a figure from “Quantum Theory” by Jim Al-Khalili



Manifestation of Quantum Nature in Nuclear Reactions

a superposition principle ψ = αψ1 + βψ2

interference

when two processes are in principle indistinguishable
→ take square after adding two amplitudes

Wikipedia



(i) Mott Scattering

Interference phenomena  in Nuclear Reactions

(ii) Nuclear-Coulomb interference

(iii) Near-far interference

(iv) barrier-wave internal-wave
interference



Mott Scattering: scattering of identical particles

expt: D.A. Bromley et al., Phys. Rev. 123 (‘61)878

cf. Vb ~ 10.3 MeV

Manifestation of Quantum Nature in Nuclear Reactions



(i) Mott Scattering

Interference phenomena  in Nuclear Reactions

(ii) Nuclear-Coulomb interference

(iii) Near-far interference

(iv) barrier-wave internal-wave
interference



Ø Coulomb-Nuclear interference

J.B. Ball et al.,
NPA252 (‘75) 208

a special case: Fresnel oscillations (Sl = 0 (l < lg); Sl = e2isl (l > lg))



(i) Mott Scattering

Interference phenomena  in Nuclear Reactions

(ii) Nuclear-Coulomb interference

(iii) Near-far interference

(iv) barrier-wave internal-wave
interference



Ø near side - far side interference

R.C. Fuller, PRC12(‘75)1561
N. Rowley and C. Marty, 

NPA266(‘76)494
M.S. Hussein and K.W. McVoy, 

Prog. in Part. and Nucl. Phys. 
12 (‘84)103

b-b
F. Carstoiu et al., PRC70 (‘04) 054610



(i) Mott Scattering

Interference phenomena  in Nuclear Reactions

(ii) Nuclear-Coulomb interference

(iii) Near-far interference

(iv) barrier-wave internal-wave
interference



Ø barrier wave – internal wave interference

16O+16O at 124 MeV

F. Michel et al., PRL85 (‘00) 1823
anomalous large angle scattering
cf. a + 40Ca scattering

cf. D.M. Brink and N. Takigawa, NPA279 (‘77) 159



expt: D.A. Bromley et al., Phys. Rev. 123 (‘61)878

cf. Vb ~ 10.3 MeV

16O+16O system

E < Vb E > Vb



Comparison between 16O+16O and 18O+18O

18O+18O : much less pronounced interference pattern

16O, 18O: Ip (g.s.) = 0+

(both are bosons)

Vb ~ 10.3 MeV

Ecm ~ 2.5 Vb

18O = 16O (double closed shell) + 2n 
→ stronger coupling to environment

manifestation of (environmental) decoherence



Optical potential model calculation



Optical potential model calculations

an imaginary part → absorption

Hl
(-)

Hl
(+)



Optical potential model calculation

an opt. pot. model calculation
with a deep WS2 potential.



Optical potential model calculation

However, the same opt. pot. 
does not fit 18O+18O

need to increase W
(with a surface imaginary pot.)



Spectra up to E* = 13 MeV

16O 18O
20 levels 56 levels

cf. the number of oepn channels, F. Haas and Y. Abe, PRL46(‘81)1667 



Origins of oscillations strong oscillations even in 
unsymmetrized cross sections

ü symmetrization: minor
ü the main origin: 

near-side-far-side interference

detector



near side-far side interference

N

F Ql: Legendre function
of the second kindR.C. Fuller, PRC12, 1561 (1975)



the far-side component is largely damped in 18O+18O due to absorption
→almost no interference oscillations

nearside

farside

cf. a single slit

absorption

interaction → decoherence



Imaging of nuclear reactions K. Hagino and T. Yoda, 
PLB848, 138326 (2024).

z

(x,y)

Fourier transform of scattering amplitude

q0

lens

screen
“condensing” scattering waves with a lens

X

From this response function itself, we cannot directly find
“black-holelike images” as we desired. We have observed
only the interference pattern resulting from the diffraction of
the scalar wave by the black hole. In order to obtain images,
we need to look at the response function through a certain
kind of optical systemwith a convex lens aswewill see in the
next section.

III. IMAGE FORMATION IN WAVE OPTICS

We introduce an optical system consisting of a convex
lens and a spherical screen so that we will construct images
of the black hole from the response function on the basis of
the wave optics [14]. (See also Refs. [15–17].) What role
the convex lens plays in the wave optics is as follows.
The lens is regarded as a “converter” between plane and
spherical waves as in Fig. 4(a). The lens with focal length f
is located at z ¼ 0 and its focus is at z ¼ "f. We assume
that the size of the lens is much smaller than the focal length
f and the lens is infinitely thin. Imagine that a plane wave is
irradiated to the lens from the left hand side as shown in the
figure. Such a plane wave is converted into (a part of)
spherical wave and it converges at the focus located at
z ¼ f. Inversely, if we consider a spherical wave emitted
from the focus, it should be converted into the plane wave
in z < 0. Let Ψ and ΨT denote the incident wave and the
transmitted wave, respectively. Then, mathematically, the
role of the convex lens for the wave functions with
frequency ω on the lens can be simply expressed as

ΨTðx⃗Þ ¼ e−iω
jx⃗j2
2f Ψðx⃗Þ; ð3:1Þ

where x⃗ ¼ ðx; yÞ are coordinates on the lens located at
z ¼ 0. For example, an incident plane wave propagating
along z-axis is written as Ψðx⃗Þ ¼ 1 on the lens, whose
phase does not depend on x⃗. Then, from Eq. (3.1), the
transmitted wave becomes ΨTðx⃗Þ ¼ expð−iωjx⃗j2=2fÞ≃
exp½−iω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 þ jx⃗j2

p
þ iωf'. This phase dependence

describes that of the spherical wave converging on the
focus at z ¼ f in the Fresnel approximation (jx⃗j ≪ f).
Let us consider a spherical screen located at ðx; y; zÞ ¼

ðxS; yS; zSÞ with x2S þ y2S þ z2S ¼ f2. The transmitted wave
converted by the lens is focusing and imaging on this
screen. When the transmitted wave on the lens isΨTðx⃗Þ, the
wave function on the screen is given by

ΨSðx⃗SÞ ¼
Z

jx⃗j≤d
d2xΨTðx⃗ÞeiωL: ð3:2Þ

where d is the radius of the lens and L is the distance
between ðx; y; 0Þ on the lens and ðxS; yS; zSÞ on the screen:

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxS − xÞ2 þ ðyS − yÞ2 þ z2S

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 − 2x⃗S · x⃗þ jx⃗j2

q
≃ f −

x⃗S · x⃗
f

þ jx⃗j2

2f
; ð3:3Þ

where x⃗S ¼ ðxS; ySÞ. Substituting Eqs. (3.1) and (3.3) into
Eq. (3.2), we obtain

ΨSðx⃗SÞ ∝
Z

jx⃗j<d
d2xΨðx⃗Þe−

iω
f x⃗·x⃗S : ð3:4Þ

This implies that the image on the screen can be obtained
by the Fourier transformation of the incident wave within a
finite domain of the lens. Equation (3.4) motivates us to
regard the observable defined in (1.1) as the dual quantity
of the Einstein ring.

IV. NULL GEODESICS: GEOMETRICAL OPTICS

To help intuitive understanding of the image of the AdS
black hole which will be shown in the following sections,
we consider null geodesics in the Sch-AdS4 (that is,
geometrical optics) in this section. In Appendix B, we
derive the geodesic equation from the Klein-Gordon
equation and examine the validity of the eikonal approxi-
mation in asymptotically AdS spacetimes.

(a) (b)

FIG. 4. (a) The lens converts plane waves into spherical waves and vice versa. (b) The screen is located at
fðxS; yS; zSÞjx2S þ y2S þ z2S ¼ f2g.

HASHIMOTO, KINOSHITA, and MURATA PHYS. REV. D 101, 066018 (2020)

066018-4

K. Hashimoto et al., PRD101, 066018 (2020)



Application to a double slit problem

l
L

P

q

the amplitude at P
f(θ) = f1 + f2

li ∼ L

(

1±
l

2L
sin θ

)

fi = A sin

(

2π

λ
li − ωt

)

PTEP 2023, 043B04 K. Hashimoto et al.

Fig. 1. Double slit is put at S1 and S2, and scattered wave is observed at point P.

Fig. 2. The amplitude of waves in the double-slit experiment, for π l/λds = 15.

where k
′
is an odd integer. More precisely, supposing that a spherical wave is emitted from the

two slits with identical phase and amplitude A, the wave amplitude on the sphere placed at the
spatial in!nity L( " l) is

A(θ ′, ϕ′) # 2A cos
(

π l
λds

cos θ ′
)

. (3)

Zeros of this amplitude are given by Eq. (2). The result is independent of another spherical
coordinate ϕ

′
as the slits are separated along the z-axis in this case.

The wave amplitude itself does not give the image of the slit, as understood in Fig. 2. Optical
wave theory provides a method for the imaging. The popular method is just to put a lens of
a !nite size d on the celestial sphere, and convert the wave amplitude with the frequency ω =
2π /λds into the image on a virtual screen located at a focal point of the lens. The formula for
converting the amplitude to the image is approximated just by a Fourier transformation for L
" l (see [7,8] for more details and brief reviews of the formula):

I (X,Y ) = 1
(2d )2 sin θ ′

0

∫ θ ′
0+d

θ ′
0−d

dθ ′
∫ ϕ′

0+d/ sin θ ′
0

ϕ′
0−d/ sin θ ′

0

dϕ′eiω((θ ′−θ ′
0 )X +(ϕ′−ϕ′

0 )Y )A(θ ′, ϕ′). (4)

Here the coordinate (X, Y) is the one on the virtual screen placed behind the lens, so the image
I of the optical wave is produced on that XY-plane. The location of the center of the lens is
at (θ ′, ϕ′) = (θ ′

0, φ
′
0), and a rectangular shape of the lens region is adopted for computational

simplicity.
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f(q)
imaging

K. Hashimoto, Y. Matsuo, and 
T. Yoda, PTEP2023, 043B04 (2023)
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2
sin θ0

peaks at



a double slit
problem

scattering of
string 

imaging black holes 
through AdS/CFT

K. Hashimoto, Y. Matsuo, and T. Yoda, PTEP2023, 043B04 (2023)
K. Hashimoto, S. Kinoshita, and K. Murata, PRL123, 031602 (2019)

PRD101, 066018 (2020)

applications in particle physics
Takuya Yoda （世田拓也）



Imaging of nuclear reactions

z

(x,y) Fourier transform of scattering amplitude

q0

lens

screen

X

for a flat distribution, f(q,f) = const., 

K. Hagino and T. Yoda, 
PLB848, 138326 (2024).



Imaging of nuclear reactions

Fourier transform of scattering amplitude

for the Rutherford scattering, f(q,f) = fC(q,f) , 

16O+16O at Ecm = 8.8 MeV

q0= 90 deg.
Dq = Df = 30 deg.

bcl = 5.24 fm ~ Xpeak



q0=90 deg., Dq=Df=30 deg.

Imaging of Mott scattering

Imaging of nuclear reactions

(note) for q0=90 deg., 
Φθ(X,Y ) = Φπ−θ(−X,Y )



q0=55 deg., Dq=15 deg.

near sidefar side

Imaging of nuclear reactions K. Hagino and T. Yoda, 
PLB848, 138326 (2024).



Imaging of nuclear reactions K. Hagino and T. Yoda, 
PLB848, 138326 (2024).



Nuclear Reactions as quantum many-body phenomena
üstrong interplay with nuclear structure  
üseveral nuclear intrinsic motions
üCoupled-channels approach

Summary

üa variety of interference phenomena
• scattering of identical nuclei
• Coulomb-nuclear interference
• farside-nearside interference
• barrier-wave-internal-wave interference

üImaging: a new approach
• a Fourier transform of scatt. amplitudes
• an intuitive way to understand physics 

of interferences

Ongoing work: inelastic scattering?
with Kyoungsu Heo (Soongsil University)



謝謝！



(the size of the lens: much smaller 
than L-L’)


