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1. Introduction
o FEtEE SU(2) Hubbard &2
« AHEFHRE SUN) Hubbard 1&EH!

2. BBHIMEIZ DWNTODRBZRLFER
3. Bl AHubbard#&E [ZDINT D R 15 R

4. Summary
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But why?

B XEUREICEEEER ,\ A
- ABFHEER Unip(r) oc — L H2 | g b1 )bz - 7)

rs rs

Usually, too small (< 1K) to explain transition temperatures...

- XEB1EHA
Hint = JS; - 5 ( S;: spin at site i)

E 3 (direct exchange): J < 0 > &R (FM)
B3 (super-exchange): J > 0 = Ri&RLMER (AFM)
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B £ Fx-Goodenough R Al
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SR A 1E BEDMFREIZE DI =ER

FYBEMGETILICEBVWTERZ IR EZ I TEMALN?



" J
SU(2) Hubbard &%
BEAPDOHEBEEFRZEBRT HSEMEEFIER

Hubbard, Proc. Roy. Soc. A 276, 238 (1963)
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Electron correlations in narrow energy bands

By J. HUBBARD

Theoretical Physics Division, A.E.R.H., Harwell, Didcot, Berks
Hubbard

(Communicated by B. H. Flowers, F.R.S.—Received 23 April 1963) Kanamori, Gutzwiller

« [RERX TODN\IIILL=T Y
made, then the Hamiltonian of (6) becomes

H = E ZszCEo-Cja‘f'%'I 2 n'io'n'i,—-—-o'_-[ E Vit Nigs
i,0

‘i’j O' ?:,O‘

where n,, = cl,c;;,. From (9), v;; = N-13 v = in, so the last term
K
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B Setup
e A : finite lattice

® .y,...: site index

e 0 =T or | : spin index

e ¢!, (o) ¢ creation (annihilation) operator
{croieyort ={chorc) 3 =0, {eooie) i} = 00y000 o' (phys) = o (math)

y,a’ y,o’
® Nzo = Cj}-:,ac:c,cr : number operator
B Hamiltonian Hopping matrix

H = Hhop + Hing
Hopping term Hyop = Z Z teych scye  SUR) AEMZELD

o=1,l z,yeA

On-site Coulomb Hing =U Y na47g,y HiopEHind 3T HELZELY. .
xEA



HBEMMEEEROIEH ] 1748
m 24 FOHubbardig 2 W E
« Hamiltonian
H=—t Z (C-{’O_Czjg -+ cgjgcljg) +U Z ni4ni L 2
o=T,] 1=1,2
e half-filling (N. = 2) TOZXIES), U >t
Basis states: |01,02) = 0170162,02 [vac)
AR AR
F—0 4 4 4 I I 4 I I
— | | | | | | v v | | * v
Pauli’'s exclusion
U o (Nl
— & s iR
2 2t 11
4t2 1 U U
Hegt = Nia (51 Sy — Z) St = %J? 0 I

RLEEFADEIR = EFRHEEEA!
IR BFAZERA, MEEHEEERICONTIEESH?
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B SU(2) Hubbardt& %! (5t #i 1k

° %ﬁ%%’é& Ne .= Z(nw,T + na:,J,)
o Ny TzEA £
- 2 REVRETF © %ﬂ’”‘@z;/
Siot = ) St (a=x,y,2) Sy =D el Car
ZEGA o, T

c NIJLM=ZFUHIE. Chbésds [H, N =[H, S.,]=0

‘HEROEBTRE  Coo 2 lo= ) Usrcor, UEU(2)
AN o

cH OEBIREX. (Sior)?, 9%, DRIBFEEIREIZEND

 BRFEMEIREEIL. N, ZEELEH ZERIT (Sio) * BRADIKEE

 LITF., BEREANSHMIREDOHELDESE, WL RTEND

NOTE) HHE/ERAMN LGN EEEIREITXS VT Ly W
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SU(N) Hubbard$®%!: motivation

WA TR
L—H —RDEEKDHE - &

CEBATIHMLESRT @~ @ g
RTEFLADHENTED /pm‘\ \ Qi’ J’

BN TTILSA VR I
BAECDBEHEZLDEF

173
Yb
BAEY | =5/2, BKEI#ERL o =-5/2, -3/2, -1/2, 1/2, 3/2, 5/2
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L—H—3

87gy
BAEL 1=9/2 > N=10f9 %
BRAEVIZEFRE EHEE > SUN) RFVEHEEER

SU(6) Hubbardt2 & (D EEXHIEIR (R K- SHEJ IIL—7)
Taie et al., Nature Physics, 8, 825 (2012)
BAERRDEFIIaL— 3y
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B Setup
e A : finite lattice

e .y,...: site index

e a=1,2,...,N : color index

e ¢!, (Csa): creation (annihilation) operator

{cac,oza Cy,,B} = {C;r;,aa C;ﬁ} =0, {Ca:,a: C;Dﬁ} = 0z,y0a,3
® Ny 1= c};,acm,a : number operator
e |vac) : vacuum such that ¢, o|vac) = 0 Vz,a and (vac|vac) =1

B Hamiltonian H = Hy,p + Hin
. Hoppmg term Cazalilla et al., NJP, 11 (2009)
N

Gorshkov et al., Nat. Phys. 6 (2010)
Hhop — Z Z tw,ycl,acy,a

a=1x,ycA

 Interactionterm Hin = U Z Z Ng,aNz,B
1<a<fB<N zeA
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BRI O R N
- Total fermion num.  Fioy := Y Y naa

=1xeEA
- Generators aTE

FoP = "cl \cas F** QEEEE F, TR

rel
2 Fio ELI=ZE
P NSIRZTURINBERR [H P =0 %ég(%)mimwﬁ "

cHITLTDERTARZE »
Coa = oo =Y Uapcap, UEUN)
B=1
B SU(N)s®FE IR EE
cHIX, (Fy, -+, Fy) THEESNSESZERCEIZTTOVIXH

c BLUAH S ZEBICETAHOMERLI-ITRILX—EHF/IKREIL.
FP(a # 8) DEARIZEYBEZRALITULNS

L BRRIHERIEL, Fo ZERELEBSEM o, 1 pospre Fio)’
T2RDCasimir®EFENFRKDIKE >\

B=1
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HDHENDISADHUbbardiE R 2DV TIE, EEIRENRIEME TS
(unique g.s. NIRIEEIREETH D) EZEBATES

SU(2) Hubbard SU(N) Hubbard

Katsura & Tanaka, PRA 87 (2013)

Nagaoka, PR 147 (1966)
Nagaoka FM | . 2\i PRB 40 (1989) Bobrow et al, PRB 98 (2018)

_ Mielke, J. Phys. A A24 (1991) | Liu et al., Sci. Bull. 64 (2019)
Flat-band FM Tasaki, PRL 69 (1992) Tamura & Katsura, PRB 100 (2019)

Tamura & Katsura, PRB 100 (2019)

Nearly flat- | Tasaki, PRL 75 (1995)
Tamura & Katsura, JST 182 (2021)

band FM Tasaki, CMP 242 (2003)

General Mielke, PLA 174 (1995) Tamura & Katsura, in
preparation (Tamura-san's talk)

theory Mielke, JPA 32 (1999)
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B RFEN ) ERKDNER
« B F R DIREE
BFHIZ2DEF
MWL EZ R TES

B i

d (Nagaoka, 1965; Tasaki, 1989)

RTE

1 tey >0, U=0o0
REFH N.=|A -1

3. BF A XZEHERT ST

Then

the ground state of the SU(2) Hubbard model Eigenvalue of (S)?:

has the maximum total spin Spax = (|[A|—1)/2 and N, (Ne 1)

unigue up to the trivial |A|-fold degeneracy. 2

2

YERRT=DN . INN—R BT LD OB Z IR D H] !
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mEFESEN (Connect|V|ty condition)

Fx) [A|=16  _
¢oe No=|A|—1=15

’ ® R—ILZEIMNTET hole
EENEEZEIRTES

B Perron-Frobenius (PF) D EE

- Basis states |i,0) = (=1)'c] ,, ~--cl_1 . cli, "'C|TA|,0|A| [vac)

ZDEETIL. hopping term Hy,, DI RTDH
SEXIABERIEEALT  (i,0|Huopli, ™) <0

EFEHEHETE-TIES . PFEEMNS., total SZ ZEFELT-
E R TIE R EIKRE l;\: unique £ E A%

1l
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mERGESEE (connectmty condition)
Ex.) |[A| =16  _
¢oe A —1=15
R—ILZEIMIZET  hole

¢ e

EEDEREZRETED

B Perron-Frobenius (PF) D EE
i

- Basis states [i, o) = (—1)'c] ,, -
D EJETIL. hopping term Hy,,,
EXRAERETEOUT

- EfEMEHETH-THE

B ZE M TITE KRR RE

- Co

1l

_l.

_i.

Z—l,di_lci+1?0i+1 T

.'.

ClALora, [vac)

DFRTH

<i7 O-‘Hhop‘j>7-> S 0

.PFEEMNS, total SZ #EELT-
l;l: unique £EEZ%
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B 57 (U) R K DR
- BT ROIKEE

B F I (Katsura & Tanaka, 2012)
&
1. tpy >0, U=00
2. MITILEAUE Fiot = |A] -1 .
3. BfEMEEHTmI=T E7tF  HIS

Then the ground state of the SU(N) Hubbard | _ (Ftot + N — 1)
model is SU(N) ferromagnetic and unique eg
up to the trivial dg4eq-fold degeneracy. Fio

« 2RMDCasimirBHEFDEN R KRKDIRREE
 Cf.) Miyashita, Ogata & De Raedt, PRB 80, 174422 (2009)
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sEBHD T OS5 AY
mOEGERY

« NZARZEFEREIZETIND
« h—JL ~ ZyFLIzkOYT
- BFTRIG B R
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sEBHD T OS5 AY
mOEGERY

« NZARZEFEREIZETIND
« h—JL ~ ZyFLIzkOYT
- BFTRIG B R
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sEBHD T OS5 AY
mOEGERY

« NZARZEFEREIZETIND
« R—IL ~ ByFLI-FAYT
- BFTRIG B R
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sEBHD T OS5 AY
mOEGERY

« NZARZEFEREIZETIND
« h—JL ~ ZyFLIzkOYT
- BFTRIG B R
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W OERSES

/\Xl~7téli%l TLVS
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mEEEEHE

« NWARSEFEREIZLEITINS
e ;h—IL ~ FyFLIzFOYT 4

- RFTHIE Bt
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« NWARSEFEREIZLEITINS
e ;h—IL ~ FyFLIzFOYT 4
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mOEREMESE
« NARTEIEFIZLTINS
e ;R—JL ~ BAyFLI=FOYD ﬂ £
- BFTEIZE B #
000 STST SN
COOL <:> OO
QOO EDBENDHT OOLO

HZEHEMTED !
Q000 iii:i:: OO0
BPFEENERTEOEENDHS

|i7 a) — (_]‘)ZC—{,C\Q T C;[—l,ai_lc;,'r+1,ai+1 T C-|I-A|,(){|A| ‘V&C>
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A crash course in inequalities

B Positive semidefinite operators
Appendix in H.Tasaki, PTP. 99, 489 (1998) or his book

H : finite-dimensional Hilbert space
A, B: Hermitian operators on 'H

27/46

» Definition 1. We write A > 0 and say A is
positive semidefinite (p.s.d.) if (¢|A|Y) > 0, V|¢) € H.

e Definition 2. Wewrite A> B if A— B > 0.

B [mportant lemmas
Lemmal. A > 0 iff all the eigenvalues of A are nonnegative.

- Lemma 2. Let C be an arbitrary matrix on . Then C'C > 0.
Cor. A projection operator P = PTis p.s.d.

eLemma3.If A>0 and B > 0, we have A+ B > 0.



Frustration-free systems 28/48
B Anderson’s bound (Phys. Rev. 83, 1260 (1951).)
* Total Hamiltonian: H =), h;
* Sub-Hamiltonian: h; that satisfies h; > E( )
( B the lowest elgenvalue of hy)
(0) Used to obtain a lower
(The g.s. energy of H) =: Lo > Z B bound on the g.s. energy

J of AFM Heisenberg model

B Frustration-free Hamiltonian
The case where the equality holds.

Definition. H Z h; is said to be frustratlon free
if there exists a state !@b) such that h;[y) = |1/)) for all j.

Ex.) S=1 Affleck-Kennedy-Lieb- Tasaki (AKLT), toric code

H = Zh’j’ h;=28;-S;14 = (S .8,;4,)? Flat-band ferro.
: IS another example!



" A
Hopping term
B Diagonalization
Boils down to the diagonalization of T=(t

N
Hyop = E : E : tﬁayclﬂxcyxx

a=1z,yeA
 Eigen-operators

Let v be an eigenvector of T with eigenvalue e.
Then, the operator

Yl =) vicl, satisfies [Hiop, ¢0}] = et
reA
Acting with w:; on an eigenstate of Hy,, raises energy by e.

29/46

xy)

 Eigenstates
lvac) is an eigenstate of Hy,, with energy 0.

General eigenstates take the form: wT(l)wT@)M(?’) .- vac)
where . (k) _ (k) (k) O Z”(k) f

TzEA
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Interaction Term

B Diagonalization
Already diagonal in the number basis!

Hine =U Z Z Naz,ala,p

30/46

1<a<fB<N zeA
 Eigenstates
C;r;,ac;gclﬂ .-+ |vac) is an eignstate of Hiyg.

For example, cljlclgc;,?,ci’lci,?)|vac) has energy 2U.

What about the full Hamiltonian?
* Hopping and interaction terms do not commute!
|Hhop, Hint] # 0
* Not even frustration-free in general...

But for a hopping term with a flat band (at the bottom),
the full Hamiltonian becomes frustration-free!
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What are flat bands? 31/46
B Single-particle eigenstates of Hy,

N
Hyop = E : E : tm,ycl,acy,a

=1 I
a=1z,yeA Kagome lattice
« Energy bands

In systems with translation symmetry, wave-num. . -
k iIs a good quantum number.

Hyoptpl, (k)[vac) = e(k)f, (k)| vac)

- Flat band >
Single-particle energy ¢(k) is independentofk. /7

B Various constructions Band structure
fRERAC S

Line-graph construction: Mielke N S Y ey
Cell construction: Tasaki B AR 50, 41 (2015) [RykZHY]
Imbalance-type: Sutherland, ...

Resonance-type: Katsura-Maruyama, Mizoguchi et al., ...
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Index theorem & flat band

B Sutherland’s paper [PRB 34, 5208 (1986)]

Finally, as pointed out by Sriram Shastry, these results
seem to be related to deep theorems of differential
geometry, such as the Atiyah-Singer index theorem, al-
though the exact connections are yet to be made.

32/46

B Sublattice asymmetry

Lieb lattice * Hopping matrix

T—(O B) B: Ny x N, matrix

BT O

* Y5 matrix N, No

N N

N

V5 = diag(r—l, R 1)
{7571—} =0

e dimKerT > N, — N,




" Jd
Why frustration-free?
* Assume p.s.d. Hopping matrix T > 0

33/46

- Kernel of T spanned by orthonormal v (j =1,---, D), ToW) =0
« Zero-energy eigen-operators a;[,a = Z vﬁf)c;a [ Hyop, a}:a] =0

. : zeEN
* Interaction term is p.s.d. for U >0

Dg
« Many-body zero-energy state |Pferr0.0) = (H aj)a) |Dyac)
j=1

Because of the Pauli principle (! ,)*> =0,
Hh0p|(pferro,a> — Hint’q)ferro,a> =0 Frustration-free!

Are they unique (up to trivial degeneracy)?

* In the SU(2) case, Mielke established a necessary and sufficient
condition for the uniqueness [Mielke, Phys. Lett. A 174, 443 (1993)]

* SUN) ~D—i%k: HFISADFEDL—S



Model on 1D Tasaki lattice 34/46
M Lattice and hopping term : : . at
| attiear A t
Lattice: A ={1,2,....,2M} bJ{,QM b;r)),a
O=1{1,35,.1} £€=1{2,4,6,..} 4 8
2M 2 2 4

 Periodic boundary conditions:
ldentify site | with j+2M

t, = vt, ty = °t,

tee=tif x €0, ty, =20°tif x €&
* Hopping term (t >0)

Hpop = ZZtmycxa _tZZbT Wbe.a

a=1xz,ycA a=1z€Q t:1,1/=1/\/§
ba:,a = VCr—1,0 T Cza T VCrila, T E O 3
2
: : <

B [ ocalized eigen-operators of Hy, 1 1/\

Ar.o = —VCyx_1,a —+ Cr.ao — VCgt1l,a5 X €& 0
_‘ _ 0 s
[Hhop: al,a] =0 (- {al,a, by,s} =0) no k 2

The flat band is spanned by a-operators.



Model on 1D Tasaki lattice T T 35/46
: . 1 a’2,af, 3 a’4,af, 2M-1
B [ attice and hopping term S : . 4
e Lattice: A ={1,2,...,2M} t
O=11,3,5,...}, £€=12,4,6, ... o o o ¥
{ } { J oM 2 2 4

 Periodic boundary conditions:
ldentify site | with j+2M

t, = vt, ty = °t,

tee=tif x €0, ty, =20°tif x €&
* Hopping term (t >0)

Hpop = ZZtmycxa _tZZbT Wbe.a

a=1xz,ycA a=1z€Q t:1,1/=1/\/§
ba:,a = VCr—1,0 T Cza T VCrila, T E O 3
2
: : <

B [ ocalized eigen-operators of Hy, 1 1/\

Ar.o = —VCyx_1,a —+ Cr.ao — VCgt1l,a5 X €& 0
_‘ _ 0 s
[Hhop: al,a] =0 (- {al,a, by,s} =0) no k 2

The flat band is spanned by a-operators.
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Flat-band ferromagnetism

B SU(N) Ferromagnetic (FM) states
e Fix total fermion num.: Fict = M  The num. of unit cells

* Fully polarized states  |®,, ) := (H al a) vac), a=1,..,N
xef
are ground states (g.s.) of H=H, ,,+H;,

as they simultaneously minimize H,,, and H;,

« Other FM g.s.: (FNH)Iv o (F21) 2@ )

(M + N —1)!
MI(N — 1)!

36/46

Frustration-free!

 Total num. of FM states: dge, =

B Uniqueness of FM g.s.
» Appearance of b and multiple occupancy of a are prohibited

® 2 o o o o o o)
< 9 ] GO
Must be symmetric

-] ) &} -] -] -] A -] .
+ + under permutations
> ¥— o o > o J o """ of colors



Model with nearly flat band 4 _  37/40
B Lattice and hopping term 7N/ \/ \
 Hopping term (t >0, s >0) 2
N ti =v(t+s), ta =13, th=—1v’s
Hhop = —3S5 Z Z a};aam,a tooe=1— 2w2sif x e O
a=1z€E tre =—s+27tif x €&

N 3
1) D bhabra 2
a=1ze@ g _

* Total Hamiltonian  H = Hy,p + Hing ’ ;

JT T
-7T == 0 = T
2 2

k

B Theorem Tamura & Katsura, PRB 100 (2019)

Consider the Hubbard Hamiltonian H with the total fermion
number F, ;=M. For sufficiently large t/s >0 and U/s >0, the
ground states of H are SU(N) ferromagnetic and unique
apart from trivial degeneracy due to the SU(N) symmetry.

« SU(N) generalization of Tasaki, PRL 75, 4678 (1995)
» Higher-dim. generalization: Tamura & Kasura, JSP 182, 16 (2021)
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Outline

3. Bl AHubbard#&E & [ZDNT D EEZR L HE R
« YATFERAREIL ?
¢ ﬁ:gfiﬁ?ﬁ%




Rigorous results for attractive Hubbard

SU(2), U<0

39/46

SU(N), N>2, U<0

Method

Spin reflection positivity
Ca,t 7 Ca,l

Majorana reflection positivity
Vo 5

T,

Ground-state
degeneracy

Unique for N,=even
Lieb, PRL 62 (1989)

At most doubly degenerate
in the whole Fock space

Rep. of g.s.

G.S. is SU(2) singlet
Lieb, PRL 62 (1989)

G.S. is SU(N) singlet

Correlation
function

(Pasel rel ey ey 11Pas) > 0
G-S. Tian, PRB 45 (1992)

(Pas|Sz.y|Pas) > 0

Long-range
order (LRO) for
[Al-|B| = O(IA])

Off-diagonal LRO
Shen & Qiu, PRL 71 (1993)

Charge-density wave
G-S. Tian, PLA 192 (1994)

Charge-density wave

Yoshida & Katsura,
PRL 126, 100201 (2021)
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Model N
B Hamiltonian Ne =Y Nya

e 2
H = Z z tw,y(cl,acyaa + C:Z,acwaa) T Z Uz (nm - 5)

a=1xz,yeA TxEA

Assumptions:

1. N >3

2. Lattice is bipartite (A = A U B) and connected.
Examples: square, cubic, Lieb, ...

3. Hopping matrix T = (t5.4)z.yeca IS real symmetric
tz.y = 0if x and y are on the same sublattice

4. U, <0 forall z €A

B SU(N) symmetry (reminder) and singlet

- Hamiltonian commutes with  F*f := ) "¢l co g
rEA
« SU(N) singlet: a state invariant under SU(N) rotation

Faﬁ'q)sing) =0 Va 7£ Ba F1’1|¢)sing> — = FN’N|(I)SiDg>
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What is Majorana reflection?
B Majorana fermions
")/:g()) = Cx.«x + Cj—c,av f}/:(r:?()l = —i(ija o cl;@) for z € A
,-)/S(C}()l = _i(cx,a o CI:,oz)a f)/:g:?gy = Cil?,Oé + C:rfc,a fOI' T < B
- They obey (7{))" =~U) and {’Y;f;‘fc)p’}/@(,’f%} = 20 k0z,y0a,8
B Hamiltonian in terms of Majoranas
N . .
1 1
Hn=d" 3 tey(59006 — 12202 They are
a=lzedyeb , invariant under 6
1 1 2
Ho= 3 00 (35098)) (~30220)
a8 reA

B Majorana reflection

 Anti-linear map:

0(v{%) =2 0682) =, 66) = i

QMC literature: Wei et al., PRL 116 (2016)



" A
Main results

B Theorem 1 (singlet g.s.)

* |A| # |B| = Exactly two ground states. They are SU(N) singlet.
Their fermion num. are N|A| and N|B| , respectively.

42/46

* |A| = |B] = At most two ground states, each of which is
SU(N) singlet with F,,; = N|A| (= N|BJ).

B Theorem 2 (correlation function)

: N
- Consider the operator S, , = (—1)"(—1)¥ (nm — %) (ny - 5)’

where (—1)* =1forz € A and (—1)* = —1 for x € B.
« Forany g.s. |®as)and forany z,y € A, (Pgs|Sz,|Pas) > 0.

B Perturbative picture N

* Model with |U| > |t. | exhibits W
| : i;_
) o) go )

checkerboard patterns in g.s.
* Ex.) SU(3) model on Lieb lattice _




Main results (cont’d) 140

B Theorem 3 (charge density wave) ||
(A= Bl =alAl  (1<a<) IR
- Define order parameter 5= ) (-1)° (nm — g) _% R ‘n :
* Then for any g.s. |®as), e W;O_:Tl_/?

aN]A])Q

we have (q)gs|52|(1)(;3> > ( 5

What is Majorana reflection positivity?
* Eigen-operatorof H: HO = OH = EO
+ Expansion of O: O(W)= ) Wa,al TS
P even (1) _ jlee)] (1) (D)

fyxlaalf)/xla(XZ . !

TP = (—i)lly@ A3

« Define |W|:= vIWITW
« Canshow E(|W|) < E(W).
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B

RNEETIL., BEME-REERTEEE -7
SRR E DSUR)/ N\ AN—FRER 281+ 5HBERE1 D
EEGHERICDODVVTHELE-RIZ. TN DHERD
SUN)/ N\AN—FRRBNZ BT HHLEZHET T 5,
F-FRIINEEIL., BLRDH S/ —FEROEF
ZIKGIMRRETSE
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n-paring states
B Exact eigenstates of SU(2) Hubbard model
- Hamiltonian H = Y > tyycl jcyo+U Y ngtna,
o=",l z,yeA xEA
« Assume bipartite A
- noperator n! = Z(_mchch C.N. Yang, PRL 63, 2144 (1989)

reA
* |vr) = (n')*|vac) is an eigenstate of H with eigenvalue Uk

* |[vr) (k=1,2,...) are not ground states
» They exhibit off-diagonal long-range order (ODLRO)

B SU(N) extensions

* n-pairing states in SU(N) Hubbard model
Nakagawa, Katsura & Ueda, arXiv:2205.07235

* n-clustering states in 1d extended SU(N) Hubbard model
Yoshida & Katsura, PRB 105, 024520 (2022)
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