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Chiral gauge theories 

The standard model (SM)
    quarks and leptons belong to complex reps. of the gauge groups

GUT models are also chiral:  

Gauge anomaly cancellation

• local gauge anomalies are cancelled non-trivially,  ΣR TrR[ Ta {Tb,Tc} ]=0

• there is no global gauge anomaly  [D. S. Freed (2008)]

             Ωspin5(BSO(10)) = 0                       [Garcia-Etxebarria-Montero (2018)]

                                                                [Wang-Wen, Wang-Wen-Witten (2018)]

Other properties & Various non-perturbative dynamical effects expected

• gauge inv. fermion bilinear terms ψεψ are forbidden

• fermion number symmetry (B, L) is broken by chiral anomaly  

• realizations of gauge/global (flavor) symmetries

•even in Euclidean formulation, the action is complex  => Sign problem
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Two approaches to non-abelian chiral gauge theory  

on the  lattice with exact gauge invariance 

Overlap Weyl fermion / Neuberger’s overlap Dirac operator / Ginsparg-Wilson rel. 

SO(10), SU(5) xU(1)Q , SU(3)xSU(2)xU(1) xU(1)B-L ,…

       no local and global gauge anomalies 

   ΣR TrR[ Ta {Tb,Tc} ]=0 ,    Ωspin5(BSO(10)) = 0                      
                         
establish Luscher’s integrability for chiral determinant of overlap Weyl fermions  

• Integrability condition with 5-, and 6-dimensional lattice Domain-wall fermions

     cf. bordism inv. / η-invariant, Dai-Freed theorem and APS index theorem

decouple the mirror d.o.f.  of overlap Dirac fermions 

    by Eichten-Preskill-Wen / Kitaev-Fidkowski quartic interaction terms    

• ’t Hooft vertex-type SO(10) / SO(7), SO(6) invariant quartic terms,   

        which break explicitly the global symmetries with ’t Hooft anomaly

       

        cf. gapped boundary of interaction-reduced trivial phase of SPT    
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0.  Basic facts about Lattice Fermions

1. Integrability condition for Chiral determinant of 
Overlap Weyl fermions  

1-1. Topological classification of chiral anomaly 

of overlap fermions in even dim. non-abelian lattice gauge theories

I-II. Proof of global integrability condition

II. Eichten-Preskill model / Mirror fermion model 

with overlap fermions

Discussion 

  ・Hamiltoninan formalism



0. Basic facts about lattice Fermions



Ginsparg-Wilson rel. & Overlap Dirac operator as a local covariant sol. 

Ginsparg-Wilson relation defines the chiral limit of lattice fermion action

      

•Low energy effective lattice action at IR fixed point of block spin tr. 

                                                                                   [Ginsparg-Wilson(1982)]  

•Exact chiral symmetry emerges                             [Luscher (1999)]

              

overalp Dirac operator is a local, gauge-covariant solution to G-W rel. 

                                                                                             [Neuberger  (1998)] 

•Low energy effective lattice action of 4+1 dim. DW fermion

• Index theorem holds true on the lattice (at a finite lattice spacing “a”)

•Reflection positivity is satisfied (in the free fermion limit at least)

δS = 0 δαψ(x) = iα γ5(1 − 2aD)ψ(x), δαψ̄(x) = iα ψ̄(x)γ5
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Block-spin transformation

e
−S′[ψ′,ψ̄′] =

∫ ∏
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dψ(x)dψ̄(x) e
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×
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b(x′) ψ′(x′) ⇐
Z

24

∑

x∈b(x′)

ψ(x) = Ψ(x′;ψ)

S
∗ = a

4
∑

x

ψ̄(x)D∗ψ(x)

IR fixed point : 

GW rel.

local,  low-energy effective action

Ginsparg-Wilson(1982) 
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Lattice domain-wall fermion

こで は

で与えられる．これより，ゲージ場の作用関数は

と定義できる．量子化に際しては，ゲージ場の経路積
分測度を群上の右 左 不変測度を使って

と定義する．このように，格子ゲージ理論ではゲージ
変換 に対するゲージ不変性を厳密にかつ明白に保っ
た形で量子場の理論を構成的に定義していく． ）

格子ワイルフェルミオン
格子ゲージ理論においてワイルフェルミオンを導入
する際には，ディラック演算子 に対応する，局所
的かつゲージ共変な差分演算子 を定式化する必要
がある．しかし， と同様に

を満たすように構成すると，粒子重複問題が生じる
ことが知られている．実際，共変差分を用いて素朴に

とおくと，正負カイラリティの
ワイルフェルミオンがそれぞれ１６個ずつ現れる．こ
れに対応して，カイラル行列式 は
のゲージ不変な関数となって，カイラルフェルミオン
に伴うはずのゲージアノマリーは生じない．この状
況を と二宮は 格子上にニュートリノは存在
できない と表現した． 二宮定理によれば，

に対して，次の
４つの条件は同時に成立しない：

は について周期的かつ解析的
のとき，
以外では， が存在

） 格子サイズは と有限にして，
系の自由度を正則化したのちに無限体積極限
をとる．連続極限は系の相関距離 が無限大にな
る２次相転移点に結合定数を微調整することで実現する．

この問題は，上記の条件 の代わりに
関係式

を採ることで解決できる．この関係式が成り立つとき，

とおくと

が成り立つ．これよりカイラリティの固有成分を

と定義すれば， の作用に対して各成分は独立な場と
なり，ワイルフェルミオンと見なすことができる．

ディラック演算子
関係式を満たす，局所的かつゲー

ジ共変な差分演算子 の具体形は ディラック
演算子によって与えられる ：

Dw = −γµ
1

2
(∇µ −∇†

µ) +
a

2
∇µ∇†

µ

ゲージ共変性は共変差分 から構成されていること
から明白であり，局所性は指数関数的な上限

は定数， は の定数 を満
たすことから従う．ただし，ゲージ場は許容条件を満
たす配位空間

次元で に限るものとする．

数理科学

[Kaplan(1992)] [Shamir(1993)]

SDW =
X

x,t

ψ̄(x, t)X(5)
w ψ(x, t)
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ゲージ場を採るものとする． 図
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Dirichlet b.c. (open b.c.)

[Neuberger(1998)] 

rigorous result at a finite lattice spacing “a”
Ĥ

(bd)
3D =

ν
X

i=1

Z

d3x ψ̂i(x)
†
n

3
X

l=1

(�i)σl∂l

o

ψ̂i(x).
cf. the bd effective theory in the continuum



Ĥ4DTI =
ν

X

i=1

X
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âi(p)
†
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4
X
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αk sin(pk) + β
⇣

⇥

4
X

k=1

cos(pk)� 4
⇤

+m
⌘o

âi(p),

 [Wen(2013),  You-BenTov-Xu(2014), You-Xu (2015), Wang-Wen (2018)]

Relation to 4D TI/TSC and SPT phase

[Creutz, Horvath(1994)] [Qi, Hughes, Zhang (2008)] 

classification of 4D TI/TSC, SPT phase

free fermion case:

TI     (with U(1))                                  AII  type classified by ν in     

TSC (without U(1), Majorana mass)  DIII type with only a trivial vacuum

interacting case: 

ν=16,  16 of SO(10), U(1) broken by interaction 

   (for 16 of SO(9), one can breaks U(1) by Majorana mass —> “DIII”)

    Ωspin5(BSO(10)) = 0

 “AII” is trivialized by a certain SO(10)-invariant and U(1)-breaking interaction, 
     and the boundary edge modes may be gapped completely without symmetry breaking 

No obstruction for SO(9) => SO(10) symmetry restoration:  Πd(S9) = 0 (d =0, …,9)
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Z

Hamiltonian formalism of 4+1 dim. lattice DWF 

= Free Fermion 4D TI/TSC (with Time-reversal symmetry,  cf. 2+1dim.  IQHE)

[Garcia-Etxebarria & Montero (2018),  Wang-Wen-Witten(2018)]

[Wen(2013)] 
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a(x)Ea(x) = 1



Admissibility condition, locality, topology of lattice gauge fields

(x,x)

� Role of the admissibility condition

Locality of D GW rel.

γ5D + Dγ5 = 2Dγ5D

Index of D

Local chiral anomaly
∑

x
−trγ5D(x, x)

Admissibility cond.

‖1 − U!(x)‖ < ε

Topological structure
of lattice gauge fields

Topological charge
Q = −1

2

∑
x
trγ5D

Index theorem
on the lattice⇑

=⇒ =⇒

=⇒ =⇒

⇑

⇓
↘

↘

δαψ(x) = iα γ5(1 − 2aD)ψ(x), δαψ̄(x) = iα ψ̄(x)γ5

γ5D + Dγ5 = 2aDγ5D

Mass gap of 4+1 dim. Domain-wall fermions (w/o bdy)=⇒
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Symmetry Protected Topological phase in 4+1 dim. bulk=⇒
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{

{U(x, µ)}
∣

∣

∣
‖ 1− Pµν(x) ‖< ε ∀(x, µ, ν)

}

, ε <
2

5d(d− 1)
=











1
75 (d = 6)
1
30 (d = 4)
1
5 (d = 2)



Weyl Fermion on the lattice (cf. NN theorem) 

Overlap Weyl fermions

     
              

       

Path integral measure and Chiral determinant 
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X

�

γ̂5 = γ5(1− 2aD)) γ̂5
2 = I

γ̂5ψ±(x) = ±ψ±(x), ψ̄±(x)γ5 = ∓ ψ̄±(x)

S = a
4
∑

x

ψ̄(x) D ψ(x)

) = a
4
X

x

�

ψ̄(x)P+DP̂
−
ψ(x) + ψ̄(x)P

−
DP̂+ψ(x)

 

Mji = a
4
∑

x

v̄jDvi(x)

(N
−
× N̄

−
rectangular matrix)

[Narayanan-Neuberger (1993)] 

{vi(x) | γ̂5vi(x) = −vi(x) (i = 1, · · · , N
−

)}

{v̄i(x) | v̄i(x)γ5 = +v̄i(x) (i = 1, · · · , N̄
−

)}
ψ
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∑
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“chiral determinant as a vacuum overlap”

<latexit sha1_base64="B7Udc7mmC+9AjX9LR3vh/SJs3ps="></latexit>

D = P+P̂−
+ P+P̂+



Gauge anomaly of overlap Weyl fermion 

Determinant line bundle over 
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‖ 1− Uµν(x) ‖< ε ∀(x, µ, ν)

}
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gauge anomaly!
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1. Integrability condition for Chiral determinant of 
Overlap Weyl fermions  
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L̃η = Lη − i ln detQ
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δηLζ − δζLη + aL[η,ζ] = iTr

n

P̂
−

⇥

δηP̂−
, δζP̂−

⇤

o

ゲージアノマリー相殺

は局所的

局所性の要請
ゲージ場の運動方程式 は局所的であるべき

は の局所的な関数

積分可能性
で な 測度の位相の変化

W = exp

{

i

∫ 1

0

dtLη

}

の変化

ゲージ場の空間内の閉曲線についての積分可能性

測度の取り方によらない 位相不変量

図 ゲージ場の空間内の

微分形 可縮な閉曲線に対する必要十分条件
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Integrability condition 

• the line bundle must be trivial with a global section

• global integrability
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Lattice domain-wall fermion (chiral case)

Chiral set up

[YK (2002)]
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が得られる．ここで は

である．この導出を格子ゲージ理論の枠組みで最初に
与えた と は，この結果を カ
イラル行列式の 公式 と呼んだ． ）

ディラック演算子の名前の由来はこの結果にある．

有限区間の格子ドメインウォールフェルミオン

図
次元格子 フェルミオン

ドメインウォールフェルミオンは， の提案
したように，５次元方向の有限区間
から定義することもできる ．境界ではディリクレ境界
条件 あるいは自由境界条件 が設定される 図 ：

この結果， のドメインウォールには負カイラリ
ティのワイルフェルミオンが， のドメイ
ンウォールには正カイラリティのワイルフェルミオン
が局在することになる．
これら正負のカイラリティを持つモードの間には質
量項を導入できる：

とすると，２つの境界を反周期境界条件で接
続した場合と等価になる．したがって，反周期境界条
件を課したドメインウォールフェルミオンは，ゼロ質
量あるいは軽い質量をもつモードは完全になくなり，

場として用いることが可能になる．

） 最近の米倉氏による 定理の導出 において
も，この手法が用いられている．詳しくは本特集の米倉氏の
解説を参照のこと．

カイラルフェルミオンを有限区間のドメインウォー
ルフェルミオンを用いて定式化する場合には，２つの
境界に異なる４次元ゲージ場をおく必要がある． 次元
ゲージ場は境界の４次元ゲージ場 と
を滑らかに内挿する経路
に対応する．解析の簡単化のため，実際の内挿区間を

として， を固定し，
無限大の極限を考える．反周期境界条件に対しては，

２つの内挿経路 ， の合成 に対応する
ゲージ場を採るものとする． 図
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図 格子ゲージ場の 次元依存性

ディリクレ，反周期境界条件を課した 次元格子をそ
れぞれ

境界の 次元格子をそれぞれ

とする．このとき，バルクと境界の関係は
， となる．ただし， は の向

きづけを逆転させたものとし，複素共役を対応させる．

マスター公式
ディリクレ境界条件 タイプ の格子ドメイ
ンウォールフェルミオンの解析には，次のマスター方
程式が有用になる：

Dirichlet b.c.

AP b.c.

[Aoyama-YK (1999)]
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[YK (2002)]

[Pedersen-YK (2019)]
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Integrability condition by 5-, 6-dim. lattice DWFs                                                       [YK (2002)]

[Pedersen-YK (2019)]
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1-1. Topological classification of chiral anomaly 

of overlap fermions in even dim. non-abelian

lattice gauge theories
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Here tr{HwPk(z)}(x, x) is localized strictly in a finite rectangular block of lattice points

Bk(x) centred at x with side-lengths proportional to k, and is a smooth function of the link
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Leading term   topological field in a linearized abelian theory

[Luscher (1999)]

[Fujiwara-Suzuki-Wu(1999)]

[Kadoh-YK(2013)]

“local cohomology analysis 

for abelian gauge theory”
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cf. [Luscher (2000)]

“local cohomology analysis in Non-abelian gauge theory

to all orders of weak gauge-coupling expansion”
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Integrability condition using 5-, 6-dim. lattice DWFs                                                   
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[YK (2002)]

[Pedersen-YK (2019)]

<latexit sha1_base64="y0m1oRmlblRpo1HJvj7xz6boj1k="></latexit>

c
0

1
c
0

2

�1
' c1c

�1

2

ΣR TrR[ Ta {Tb,Tc} ]=0

ゲージアノマリー相殺

は局所的

局所性の要請
ゲージ場の運動方程式 は局所的であるべき

は の局所的な関数

積分可能性
で な 測度の位相の変化

の変化

ゲージ場の空間内の閉曲線についての積分可能性

測度の取り方によらない 位相不変量

t=0t=1

図 ゲージ場の空間内の

微分形 可縮な閉曲線に対する必要十分条件

で な 測度の再構成

ゲージアノマリー相殺

は局所的

局所性の要請
ゲージ場の運動方程式 は局所的であるべき

は の局所的な関数

積分可能性
で な 測度の位相の変化

の変化

ゲージ場の空間内の閉曲線についての積分可能性

測度の取り方によらない 位相不変量

 

t=1

t=0

図 ゲージ場の空間内の

微分形 可縮な閉曲線に対する必要十分条件

で な 測度の再構成

local, topological field in 6-dim. lattice AS index theorem

 invariant for the deformation                             
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I-II. “Proof” of global integrability condition
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i aµ(y) = i āµ(y) + g̃(y)−1
∂µg̃(y)

<latexit sha1_base64="FUeUKrtD+MuCKkWsCPCviOb8g3Y="></latexit>

a2(L,L− 1 + s22̂) = a2(0, L− 1 + s22̂) + 2πm2(L,L− 1)

<latexit sha1_base64="jaxm33xeGA/F5B1jPQ+JPSASeqU="></latexit>

m2(L,L− 1) = Q (= m12)



<latexit sha1_base64="L/Ss3QORh23tfA/jjBuJNjRRCZY="></latexit>

N(x) = −

1

24⇡2
✏µνλρ

Z
∂HC(x)

dSµTr(g
−1

@νg)(g
−1

@λg)(g
−1

@ρg)

<latexit sha1_base64="kCaKdpgl7dzrTmt60RfW0uPbRTM="></latexit>

N(x) =
X

µ

{Nµ(x+ µ̂)−Nµ(x)}

<latexit sha1_base64="hGIou4yb/bD06m1e4dKOxxIuSjc="></latexit>

N [U ] =
X

x

N(x)

<latexit sha1_base64="OWvXze1WgKkR8dZx8eFC7aYWNCY="></latexit>

�(x+ s1⌫̂ + s2�̂+ s3⇢̂) =
(
P

k ⌧
k cot(⇡sk) + i✏µνλρ)

2

P
k cot

2(⇡sk) + 1

<latexit sha1_base64="yX2C7k8jkDnEydIlk20Sw96qE7o="></latexit>

g̃(y) = g(y)σ(y)Nµ(x)
<latexit sha1_base64="Obki2Vol4p7LJg+AYTTlHYSWZsA="></latexit>

y = x+ s1ν̂ + s2λ̂+ s3ρ̂

<latexit sha1_base64="9rdWt4c0iyVB8c+RJc29+aDjXQg="></latexit>

N4(xk, L4) = N4(xk, 0) +N [U ]δx1,0δx2,0δx3,0

<latexit sha1_base64="e0McTsRRfRCWeG+rs7+8xO2uaEY="></latexit>

Nk(x+ Lk̂) = Nk(x) (k = 1, 2, 3)

<latexit sha1_base64="B6g0WkhPSRC7kiuKu1L9EH+B9dQ="></latexit>

gσ(s) = σ(s)N [U ]
<latexit sha1_base64="/LBdoveEMtlJ1l7qLIPoVShg4Wg="></latexit>

i ak(s, L) = i gσ(s)
−1ak(s, 0) gσ(s) + gσ(s)

−1
∂k gσ(s)



x4

x5

xk

x4

x5

xk

x4

x5

xk

<latexit sha1_base64="ltHjD9cKfHk34FqfkzjRe6S9OPU="></latexit>

(Lk → ∞)

mass gap in 

Transfer matrix in k-th direction 

<latexit sha1_base64="0bcRLLbdNnqBYtL33xv4OYt1v64="></latexit>

detX
(5)
w |AP

�

� detX
(5)
w |AP

�

�

�

�

�

�

�

Y

=
detX

(5)
w |AP

�

� detX
(5)
w |AP

�

�

�

�

�

�

�

Y1

×

detX
(5)
w |AP

�

� detX
(5)
w |AP

�

�

�

�

�

�

�

Y2

cf. gluing property of η invariant
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5dim. Link fields
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Q4 =
X

L3
×L4

c
(L)
2 (x) x5 -independent
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Q5 =
X

L3
×L5

c
(L)
2 (x)

x4 -independent
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L
5
= L

3
× L4 × L5
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π3(S
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U(x, t, µ) = U(x, µ) ∈ U[Q4]
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U(x, t, µ) = U(xk, t, µ) ∈ U[Q5]

x5 -independent

x4 -independent

cf. [Witten-Yonekura (2019)]
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detX(5)
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p5=
2π

N
(m+1/2)

det(X(4)
w + iγ5 sin p5(1− cos p5))
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=
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p5>0

det(X(4)
w + iγ5 sin p5+(1− cos p5)) det(X

(4)
w − iγ5 sin p5+(1− cos p5))
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detX(5)
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N
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det(X(4)
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w − iγ4 sin p4+(1− cos p4))
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Q =
1

2
Tr

8

<

:

H
(4)
w

q

H
(4)
w

9

=

;

= 4n
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detX
(4)
w |P
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� detX
(4)
w |P

�

�

= (−1)Q
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detX
(5)
w |AP

�

� detX
(5)
w |AP

�

�

�

�

�

�

�

U(x,t,µ)=U(xk,t,µ)

= −1
cf.  for SU(2) doublet  (Witten anomaly)

(AS index theorem)

SO(10), SU(5) xU(1)Q , SU(3)xSU(2)xU(1) xU(1)B-L

SU(2) doublet
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(N → ∞)
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Integrability condition using 5-, 6-dim. lattice DWFs                                                   

∈

q(6)(z) ≡ −

1

2
tr











H
(6)
w

√

H
(6)
w

2

∣

∣

∣

∣

∣

∣

AP











(z, z).
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µ
k
µ
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ovv
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∣

∣

∣
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∣

∣

∣
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Integrable !
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⇒

[YK (2002)]

[Pedersen-YK (2019)]
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ΣR TrR[ Ta {Tb,Tc} ]=0

ゲージアノマリー相殺

は局所的

局所性の要請
ゲージ場の運動方程式 は局所的であるべき

は の局所的な関数

積分可能性
で な 測度の位相の変化

の変化

ゲージ場の空間内の閉曲線についての積分可能性

測度の取り方によらない 位相不変量

t=0t=1

図 ゲージ場の空間内の

微分形 可縮な閉曲線に対する必要十分条件

で な 測度の再構成

ゲージアノマリー相殺

は局所的

局所性の要請
ゲージ場の運動方程式 は局所的であるべき

は の局所的な関数

積分可能性
で な 測度の位相の変化

の変化

ゲージ場の空間内の閉曲線についての積分可能性

測度の取り方によらない 位相不変量

 

t=1

t=0

図 ゲージ場の空間内の

微分形 可縮な閉曲線に対する必要十分条件

で な 測度の再構成

local, topological field in 6-dim. lattice AS index theorem

 invariant for the deformation                             
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∣

∣
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∣

∣
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∣

∣
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∣

∣
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II. Eichten-Preskill model / Mirror fermion model 

with overlap fermions



“ This long-standing problem may be nearing a resolution,  guided in part by recent 
insights regarding symmetry-protected topological phases of matter.  Two old ideas are: 

(1) To realize a D-dimensional chiral theory on the lattice,  we can introduce an extra 
spatial dimension, so that the left-handed and right-handed fermions live on two 
different D-dimensional edges of a (D + 1)- dimensional bulk [45]. 

 (2) To realize a D-dimensional chiral theory on the lattice, we can introduce strong 
interactions for the express purpose of removing the unwanted right-handed fermions 
(by giving them large masses) while preserving the massless left-handed fermions [46]. 

 It seems likely that (1) and (2) together work more effectively than either (1) or (2) by 
itself [47].  That’s because separating the two edges with a higher-dimensional bulk 
makes it easier to apply the strong interactions to one chirality without affecting the 
other. 

The efficacy of this method still needs to be demonstrated convincingly, but if it works 
that will settle the longstanding open question whether quantum field theories with 
chiral fermions really exist, and will also open the door for classical and quantum studies 
of the rich dynamics of strongly-coupled chiral gauge theories, with potential applications 
to physics beyond the standard model. ”

J. Preskill,e-Print: 1811.10085 [hep-lat],  PoS LATTICE2018 (2018) 024 

“Simulating quantum field theory with a quantum computer”



In view of the fact that “the overlap fermion is nothing but the low energy effective (local & 

lattice) theory for the edge chiral modes of DWF infinitely separated”,  the mirror fermion 

models with overlap fermions (1) and (refined) Eichten-Presskill interaction terms (2) are 

the simplest-possible effective framework to construct & test  CGT on the lattice ! 

Let me add …



[Eichten-Preskill(1986)]

break explicitly 

  ・staggered symmetry (-1)Xμ  ・global chiral symmetries with ’t Hooft anomaly

resolve the degenerated physical(chiral) and species-doubling modes

     { (16)-  + (16)+ } x 8  —>  light (16)-   +  heavy  { (16)- x 7  + (16)+ x 8}

’t Hooft vertex-type SO(10) invariant quartic terms,   

     No obstruction for SO(9) => SO(10) symmetry restoration:  Πd(S9) = 0 (d =0, …,9) (Wen)

Early attempt for chiral gauge theory on the lattice  

by Eichten-Preskill

SEP =
∑

x

{

ψ̄(x)γµP−

1

2
(∇µ −∇

†
µ)ψ(x)

−
λ

24

[

ψ−(x)
T iγ5CDT

aψ−(x)
]2

−
λ

24

[

ψ̄−(x)iγ5CDT
aψ̄−(x)

T
]2

−
λ

48
△
[

ψ−(x)
T iγ5CDT

aψ−(x)
]2

−
λ

48
△
[

ψ̄−(x)iγ5CDT
aψ̄−(x)

T
]2
}

generalized Wilson-term

∆{A(x)B(x)C(x)D(x)}

⌘ +
1

2

X

µ

n

�

rµr†
µA(x)

�

B(x)C(x)D(x) +A(x)
�

rµr†
µB(x)

�

C(x)D(x)

+A(x)B(x)
�

rµr†
µC(x)

�

D(x) +A(x)B(x)C(x)
�

rµr†
µD(x)

�

o

.
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y
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ψT (x)iγ5cdCΓ
aψ(x)
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E
a(x)Ea(x) = 1

 (16 x 16 x 16 x 16) = (10 x 10 x 10 x 5*) 0 +  (10 x 5* x 5*) -5 x 1 5



resolve the degenerated physical and species-doubling modes

    { (16)-  + (16)+ } x 8  —>  light (16)-   +  heavy  { (16)- x 7  + (16)+ x 8}

fine-tune λ (λ1, λ2)  to the massless limit within a SO(10)[SU(5)] -symmetric phase

global anomaly cancellation

     Ωspin5(BSO(10)) = 0       <=>   trivial phase of SPT

ν=16, “AII” is trivialized by a certain SO(10)-invariant and U(1)-breaking interaction, 
     and the boundary edge modes may be gapped completely without symmetry breaking

Phase structure and Fine tuning of the couplings ?

(3) 

(4) 

massless 

(3) 

(4) 

massless 
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ψ
−
(x), ψ̄

−
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�

B+(x), B̄+(x)
 

<latexit sha1_base64="NK9jf/RCn6spPyCXMMB8BNqji5Q="></latexit>

�

ψ
−
(x), ψ̄

−
(x)

 

Study of fixed point structure in EP model  

by Block spin transformation ?!



Block spin transformation for Wilson-Dirac fermions

Bx′ = {x ∈ Z
d
∣

∣x = x′ + µ̂, µ = 1, · · · , d}, x′ ∈ (2Z)d

e−S′[ψ′(x′),ψ̄′(x′)] =

∫

DψDψ̄Dη′Dη̄′ e−S[ψ(x),ψ̄(x)]
×

e
∑

x′

{

a η̄′(x′)η′(x′)+η̄′(x′)
(

ψ′(x′)− b

2d

∑

x∈B
x′

ψ(x)
)

+η′(x′)
(

ψ̄′(x′)− b

2d

∑

x∈B
x′

ψ̄(x)
)}

!"

"

"

"

!"

"

"

"

!"

"

"

"

!"

"

"

"

!"

"

"

"

!"

"

"

"

!"

"

"

"

!"

"

"

"

!"

"

"

"

x
′ = na

′

}

b(x′)

eW [η(x),η̄(x)] Z =

∫

DψDψ̄ e−S[ψ(x),ψ̄(x)] e−
∑

{

η̄(x)ψ(x)+η(x)ψ̄(x)
}

eW
′[η′(x′),η̄′(x′)] = eW [η(x),η̄(x)]

∣

∣

∣

η(x),η̄(x)→ b

2d
η′(x′), b

2d
η̄′(x′), x∈Bx′

× ea
∑

x′ η̄
′(x′)η′(x′)

eW [η(x),η̄(x)] = e−
∑

x,y η̄(x)DW
−1(x,y)η(y)



eWD∗ [η(x),η̄(x)] = e−
∑

x,y η̄(x)D∗
−1(x,y)η(y)

b = 2
d−1

2

D∗
−1(x, y) =

∫

ddk

(2π)4
eik(x−y) {−iγµαµ(k) +R} ,

αµ(k) =
∑

l∈Zd

∏

ν

(

2 sin(kν/2)

kν + 2πlν

)2 kµ + 2πlµ
(kµ + 2πlµ)2

,

R =
a

(

1− b2

2d

) = 2a.

Fixed point theory

D∗γ5 + γ5D∗ = 2RD∗γ5D∗

SD∗ =
∑

x

ψ̄(x)D∗ψ(x)

=
∑

x

{

ψ̄+(x)D∗ψ+(x) + ψ̄−(x)D∗ψ−(x)
}

∫

∑

x

{

Dc
−1(x, y) =

∫

ddk

(2π)4
eik(x−y) {−iγµαµ(k)}

∑ ∏

( )2



relevant mass perturbations which breaks parity(chirality) & fermion number

−M+

{

ψ+(x)
T iγ5cDψ̄+(x) + ψ̄+(x)iγ5cDψ̄+(x)

T
}

e
WM∗

−

[η′(x′),η̄′(x′)]
= e

−
∑

x′
1

2

(

η̄′ η′T
)

D
−1
∗





η̄′T

η′





,

b− = 2
d−1

2

b+ = 2
d

2

∑

D∗
−1 =

(

−P+iγ5cDP
T
+ P−D

−1
c P+ +R

−

(

P−D
−1
c P+ +R)T −P T

− iγ5cDP−

)

R =
a

(

1− b−b+
2d

) =
a

(

1− 1√
2

) .

??), M∗
−,



eW
′[η′(x′),η̄′(x′)] = eW [η(x),η̄(x)]

∣

∣

∣

η(x),η̄(x)→ b

2d
η′(x′), b

2d
η̄′(x′), x∈B

x′

×

ea
∑

x′
η̄
′(x′)η′(x′)

× ec
∑

x′

{

η̄
′(x′)P+iγ5cDPT

+
η̄
′(x′)T+η

′(x′)TPT
−
iγ5cDP−η

′(x′)T
}

.

Block spin kernel which breaks parity(chirality) & fermion number

b− = 2
d−1

2

d

−

b+ < 2
d

2

D∗
−1 =

(

−R̃ P+iγ5cDP
T
+ P−D

−1
c P+ +R

−

(

P−D
−1
c P+ +R)T −R̃ P T

− iγ5cDP−

)

,

R =
a

(

1− b−b+
2d

) ,

R̃ =
c

(

1−
b2
+

2d

) .
D∗Γ5 + Γ5D∗ = 2D∗Γ5

(

−R̃ P+iγ5cDP
T
+ R

−R −R̃ P T
−
iγ5cDP−

)

D∗,

D∗Γ+ ΓD∗ = 2D∗Γ

(

−R̃ P+iγ5cDP
T
+

−R̃ P T
−
iγ5cDP−

)

D∗,

??), M∗
−,

SM∗

−

=
∑

x

1

2

(

ψ′T ψ̄′
)

D∗

(

ψ′

ψ̄′T

)

Γ5 =

(

γ5 0

0 γ5

)

,

Γ =

(

I 0

0 −I

)

.

SO(9) symmetric kernel for 16   
SO(10) exact symmetry 
　　　(but,  non on-site)

for ν=16, SO(9) symmetric kernel 
for 16 , but not for SO(10) 



Block spin transformation for Eichten-Preskill model

S′

EP =
∑

x

{

ψ̄(x)γµ
1

2
(∂µ − ∂†

µ)P−ψ(x) + ψ̄(x)
(w

2
∂µ∂

†
µ +m0

)

ψ(x)

−y
(

ψ(x)T iγ5cDT
aP+ψ(x) + ψ̄(x)P−iγ5cDT

a†ψ̄(x)T
)

Ea(x)
}

SEP =
∑

x

{

ψ̄(x)γµP−

1

2
(∇µ −∇

†
µ)ψ(x)

−
λ

24

[

ψ−(x)
T iγ5CDT

aψ−(x)
]2

−
λ

24

[

ψ̄−(x)iγ5CDT
aψ̄−(x)

T
]2

−
λ

48
△
[

ψ−(x)
T iγ5CDT

aψ−(x)
]2

−
λ

48
△
[

ψ̄−(x)iγ5CDT
aψ̄−(x)

T
]2
}
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SO(10)-invariant Block spin kernel which breaks  

parity(chirality) & fermion number  (need a non-bilinear kernel)

eW
′[η′(x′),η̄′(x′)] = eW [η(x),η̄(x)]

∣

∣

∣

η(x),η̄(x)→ b

2d
η′(x′), b

2d
η̄′(x′), x∈B

x′

×

ea
∑

x′
η̄
′(x′)η′(x′)

× e
c

2

∑

x′

{

η̄
′(x′)P+iγ5cDTa†PT

+ η̄
′(x′)T+η

′(x′)TPT
−
iγ5cDTaP−η

′(x′)T
}2

.

eWSO(10)[η
′(x′),η̄′(x′)] = e

−
∑

x′
1
2

(

η̄
′
η
′T

)

D
−1
∗





η̄
′T

η
′





×

e
R̃

2

∑

x′

{

η̄
′(x′)P+iγ5cDTa†PT

+ η̄
′(x′)T+η

′(x′)TPT
−
iγ5cDTaP−η

′(x′)T
}2

.(3.

Fixed point theory exists !

b− = 2
d−1
2 ,

b+ < 2
d+1
2 (< 2

3d
4 ),

D∗
−1 =

(

0 P−D
−1
c P+ +R

−

(

P−D
−1
c P+ +R)T 0

)

R =
a

(

1− b−b+
2d

) ,

R̃ =
c

(

1−
b4+

(2d)3

) .



The correlation functions at the fixed point:

〈ψ(x)ψ̄(y)〉 = P−D
−1
c (x, y)P+ +R δxy, (3.40)

〈ψ(x)ψ(y)〉 = 0, (3.41)

〈ψ̄(x)ψ̄(y)〉 = 0, (3.42)

〈ψ(x1)ψ(x2)ψ(x3)ψ(x4)〉 = 4R̃
[

{P+iγ5cDP
T
+}s1,s2{T

a}i1,i2{P+iγ5cDP
T
+}s3,s4{T

a}i3,i4δx1,x2
δx3,x4

δx1,x3

−{P+iγ5cDP
T
+}s1,s3{T

a}i1,i3{P+iγ5cDP
T
+}s2,s4{T

a}i2,i4δx1,x3
δx2,x4

δx1,x2

+{P+iγ5cDP
T
+}s1,s4{T

a}i1,i4{P+iγ5cDP
T
+}s2,s3{T

a}i2,i3δx1,x4
δx2,x3

δx1,x2

]

(3.43)

〈ψ̄(x1)ψ̄(x2)ψ̄(x3)ψ̄(x4)〉 = 4R̃
[

{P T
−
iγ5cDP−}s1,s2{T

a}i1,i2{P
T
−
iγ5cDP−}s3,s4{T

a}i3,i4δx1,x2
δx3,x4

δx1,x3

−{P T
−
iγ5cDP−}s1,s3{T

a}i1,i3{P
T
−
iγ5cDP−}s2,s4{T

a}i2,i4δx1,x3
δx2,x4

δx1,x2

+{P T
−
iγ5cDP−}s1,s4{T

a}i1,i4{P
T
−
iγ5cDP−}s2,s3{T

a}i2,i3δx1,x4
δx2,x3

δx1,x2

]

(3.44)

〈Xa(x)Xb(y)〉 = RX δab δxy, (3.45)

correlation functions



The saturation of lattice fermion measures due to ’t Hooft vertices

! µ

"

ν

#
"

a
!

$
$

$
$

$
$$%

xµ = nµa

!
"

µ̂

ν̂

ψ(x) (xµ = nµa, nµ ∈ Z)

U!(x)

Uµ(x)

+

32-components at a site !

in 16

des

Z

� �

Z

Y

x2Λ

4
Y

↵=3

16
Y

s=1

d ̄↵s(x)
Y

x2Λ

4!

8!12!

⇢

1

2
 ̄(x)P�i�5CDT

a ̄(x)T  ̄(x)P�i�5CDT
a ̄(x)T

�8
T T

=  1

Y

Z

� �

Z

Y

x2Λ

4
Y

↵=3

16
Y

s=1

d ̄↵s(x)
Y

x2Λ

4!

8!12!

⇢

1

2
 ̄(x)P�i�5CDT

a ̄(x)T  ̄(x)P�i�5CDT
a ̄(x)T

�8

+

1

2

=  1

+

ψ+(x) = P+ψ(x) ψ̄+(x) = ψ̄(x)P− in 16

In the Strong coupling limit of the Eichten-Preskill model

for the naive Weyl fermion 
with species doublers

P̂± =

✓

1± γ̂5

2

◆

, P± =

✓

1± γ5

2

◆

⇤ ⇥ ⇤

ψ+(x) = P̂+ψ(x) ψ̄+(x) = ψ̄(x)P−



An explicit model which flows to IR fixed point

The saddle point method to O(n) vector model applicable 
—> Phase structure, IR fixed point, Correlation functions

Z =

∫

DψDψ̄DEa e−S[ψ,ψ̄,Ea]

S[ψ, ψ̄, Ea] = −
∑

x

1

2

(

ψT ψ̄
)

D[Ea]

(

ψ

ψ̄T

)

D[Ea]−1 =

(

−P+iγ5cDT
a†Ea(x)P T

+ P−D
−1
c P+ +R

−
(

P−D
−1
c P+ +R)T −P T

−
iγ5cDT

aEa(x)P−

)

<latexit sha1_base64="OBD8cL2GifF2PrzXlJcTMOidUOc="></latexit>

E
a(x)Ea(x) = 1

b− = 2
d−1

2 ,

b+ < 2
d+1

2 (< 2
3d

4 ),
∫

Dc
−1(x, y) =

∫

ddk

(2π)4
eik(x−y) {−iγµαµ(k)} ,

αµ(k) =
∑

l∈Zd

∏

ν

(

sin(kν/2)

kν/2 + πlν

)2 kµ + 2πlµ
(kµ + 2πlµ)2

R =
a

(

1− b
−
b+

2d

) ,

Gauge-invariant model —> use of Overlap Dirac operator



Eichten-Preskill-Wen / Mirror fermion model  with overlap fermions

Z =

∫

DψDψ̄DEa e−S[ψ,ψ̄,Ea] <latexit sha1_base64="OBD8cL2GifF2PrzXlJcTMOidUOc="></latexit>

E
a(x)Ea(x) = 1

S[ψ, ψ̄, Ea] = −
∑

x

1

2

(

ψT ψ̄
)

D[Ea]

(

ψ

ψ̄T

)

D[Ea]−1 =

(

−P+iγ5cDT
a†Ea(x)P T

+ P−D
−1
c P+ +R

−
(

P−D
−1
c P+ +R)T −P T

−
iγ5cDT

aEa(x)P−

)

<latexit sha1_base64="Li++3ENLcC7yOYWokNL8cqgBBkc="></latexit>

D
−1

ov
= D

−1

c
+ 1

SOv[ψ, ψ̄, E
a, Ēa] =

X

x∈Λ

ψ̄−(x)Dψ−(x)

−

X

x∈Λ

{Ea(x)ψT
+(x)iγ5CDT

aψ+(x) + Ēa(x)ψ̄+(x)iγ5CDT
a†ψ̄+(x)

T }

<latexit sha1_base64="hfxUoHzoWIy059uxkwOdGq/E89Y="></latexit>

D =
Dc

1 +RDc

<latexit sha1_base64="JngyO+5CW6Fq/xqRn4CIOMmwZX4="></latexit>

D[E] =
Dc[E]

1 +RDc[E]
cf.



Chiral determinant and ’t Hooft vertex pfaffians

Z ≡

Z

D[U ] e−SG[U ]+ΓW [U ],

eΓW [U ] ≡

Z

D[ψ−]D[ψ̄−] e
−SW [ψ−,ψ̄−]

=

Z

D[ψ]D[ψ̄]
Y

x∈Λ

F (T+(x))
Y

x∈Λ

F (T̄+(x)) e
−SW [ψ−,ψ̄−]

=

Z

D[ψ]D[ψ̄]D[E]D[Ē] e−SW [ψ−,ψ̄−]+
P

x∈Λ
{Ea(x)V a

+(x)+Ēa(x)V̄ a
+(x)}[ψ+,ψ̄+].

D[E] =
Y

x∈Λ

(π5/12)−1
10
Y

a=1

dEa(x)δ(
q

Eb(x)Eb(x)− 1)

D[Ē] =
Y

x∈Λ

(π5/12)−1
10
Y

a=1

dĒa(x)δ(
q

Ēb(x)Ēb(x)− 1).

] = det(v̄Dv) ⇥

Z

D[Ē] pf(uT iγ5CDT
aEau)

Z

D[Ē] pf(ū iγ5CDT
a†ĒaūT )

(3.

X

2

=
1

2

X

x2Λ

⇣

ψT ψ̄
⌘

(x)

 

−P̂ T
+ iγ5CDT

aEaP̂+ −P̂ T
�
DTP T

+

P+DP̂� −P�iγ5CDT
a†ĒaP T

�

! 

ψ

ψ̄T

!

(x)

(3.

pf

 

�P̂ T
+ iγ5CDT

aEaP̂+ �P̂ T
−
DTP T

+

P+DP̂− �P−iγ5CDT
a†ĒaP T

−

!

= pf

0

B

B

B

@

�(uT iγ5CDT
aEau) 0 0 0

0 0 0 �(vTDT v̄T )

0 0 �(ū iγ5CDT
a†ĒaūT ) 0

0 (v̄Dv) 0 0

1

C

C

C

A

ψ−(x) =
X

j

vj(x)cj , ψ̄−(x) =
X

k

c̄kv̄k(x),

ψ+(x) =
X

j

uj(x)bj , ψ̄+(x) =
X

k

b̄kūk(x),



Chiral determinant and ’t Hooft vertex pfaffians

eΓW [U ] = det(v̄Dv) ⇥

Z

D[Ē] pf(uT iγ5CDT
aEau)

Z

D[Ē] pf(ū iγ5CDT
a†ĒaūT ).

—>  Left-handed parts: correct behavior of `chiral determinant’
overlap formula for the chiral determinant

           Zero modes
            VEV of ’t Hooft vertex >> Fermion # non-conservation

gauge-invarinat formulation
        measure term (local counter terms) 

(v̄Dv)ki

�

uTiγ5CDT
aEau

�

ij

�

ūiγ5CDT
a†ĒaūT

�

kl

) (k = 1, · · · , n/2; i = 1, · · · , n/2 + 8Q),

(i, j = 1, · · · , n/2� 8Q),

(k, l = 1, · · · , n/2),

[variable, rectangular]

[variable, square]

[fixed, square]

v̄ uū

v u vv u

v 8Q
—> Right-handed parts : non-vanishing in all topological sec. !?
       “Saturation of the right-handed part of fermion measure” 

Narayanan-Neuberger(1997) 

Luscher (1999) 

m −iLη =

eq. (3.4) thro
P

j(vj , δηvj)[

X

j

(uj , δ⌘uj) +
X

j

(vj , δ⌘vj) = 0.



(ūi�5CDT
a†ĒaūT)kl = i ✏��0�xx0

�

Ta†P+

�

tt0
Ēa(x0)

pf
�

ūi�5CDT
aĒaūT

�

=
Y

x

det
�

P� + P+iT
a†Ēa(x)

�

=
Y

x

det
�

i Ťa†Ēa(x)
�

=
Y

x

det
�

iČ†[E10(x) + iΓ̌a
0

Ēa
0

(x)]
�

= 1.

Z

D[Ē] pf
�

ū i�5CDT
a†ĒaūT

�

= 1

1 =

Z

D?[ ̄+]F
�

T̄+(x)[ ̄+]
�

=

Z

Y

x2Λ

4
Y

↵=3

16
Y

s=1

d ̄↵s(x)
Y

x2Λ

4!

8!12!

⇢

1

2
 ̄(x)P�i�5CDT

a ̄(x)T  ̄(x)P�i�5CDT
a ̄(x)T

�8

(3.30)

The saturation of the Right-handed measures due 
to ’t Hooft vertices (the anti-fields)

the part of the anti-field:eld, D?[ ̄+],
¯

for all topological sectors

cf. [Eichten-Preskill(1986)]



The saturation of the Right-handed measures due 
to ’t Hooft vertices (the fields)

the part of the field:e, D?[ψ+]D
¯

�

uTiγ5CDT
aEau

�

ij
≡

X

x2Λ

ui(x)
Tiγ5CDT

aEa(x)uj(x)

(i, j = 1, · · · , n/2− 8Q),

Z

D[E] pf
�

uT iγ5CDT
aEau

�

= c [U(x, µ)] 6= 0 for all topological sectors

 In general, the pfaffian of the matrix does not vanish identically
We checked numerically that the pfaffian stays real, positive-semi definite

    for randomly generated SO(10) vector spin fields
    with several background gauge link fields 

 These results suggest the non-vanishing  pfaffian path-integral



More on the saturation of the Right-handed 
measures due to ’t Hooft vertices (cont’d)
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Figure 2. The eigenvalue spectra of the matrices
�

uT iγ5CDTaEau
�

and
�

u†
Γ
10
Γ
aEau

�

with a

randomly generated spin-field configuration for the case of the trivial link field. The lattice size is

L = 4 and the boundary condition for the fermion field is periodic. For reference, the eigenvalue

spectrum of the matrix (v̄kDvi) is also shown with green x symbol for the same boundary condition.

ty, U(x, µ) = 1, o
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More on the saturation of the Right-handed 
measures due to ’t Hooft vertices (cont’d)
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Figure 5. The eigenvalue spectra of the matrices
�

uT iγ5CDTaEau
�

and
�

u†
Γ
10
Γ
aEau

�

with a

randomly generated spin-field configuration for the case of the representative SU(2) link field of

the topological sector with Q = −2. The lattice size is L = 4 and the boundary condition for the

fermion field is periodic.

U(x, µ) = eiθ12(x,µ)Σ
12

envalues of the

irs {�,�,�⇤,�⇤}

ctly to zero mod
cf.



the right-handed sector is a gapped system !   locality issue ?     

• Schwinger-Dyson eq. for link field:  local operator insertions!

• Fermion two-point correlation functions: short-range in the right-handed sector!

• SO(10)-vector spin field dynamics:  disordered!  (in a saddle point analysis)

• Link-field dependence of Effective action: should be local in the right-handed sector

 

*

h

− δηSG[U ]−
X

x∈Λ

ψ̄(x)P+δηDψ(x) + 2
X

x∈Λ

ψTP̂ T
+ iγ5CDT

aEaδηP̂+ψ(x)
i

+

= 0,

(3.

⌦

ψ−(x) ψ̄−(y)
↵

F
= P̂−D

−1P+(x, y)
⌦

1
↵

F
,

D

ψ+(y)
h

ψT
+iγ5CDT

aEaP̂+(x)
i E

F
= −

1

2
P̂+(y, x)

⌦

1
↵

F
,

Dh

P−iγ5CDT
a†Ēaψ̄T

+(x)
i

ψ̄+(y)
E

F
= −

1

2
P−δxy

⌦

1
↵

F
,

16-   16-*

16+

16+*

⌦

1
↵

E
=

Z

D[E] pf
�

uT iγ5CDT
aEau

�

,
Z

=

Z

D[X]D[λ] pf
�

uT iγ5CDT
aXau

�

ei
P

x
λ(x)(Xa(x)Xa(x)−1).

f(m0) ⌘ 1�
9

32

1

V

X

k 6=0

4

�D̃(k) + 2
. )  0 for m0 < 2 a

of the mass prameter -14

-12

-10

-8

-6

-4

-2
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 2

-1 -0.5  0  0.5  1  1.5  2

δηΓW [U ] = Tr{P+δηDD−1}− iTη.

− iTη ≡ −Tr
�

δηP̂+

⌦

ψ+

⇥

ψT
+iγ5CDT

aEa
⇤↵

F

 �⌦

1
↵

F m −iLη =

eq. (3.4) thro
P

j(vj , δηvj)[

cf. measure term
   (local counter terms)

?

r r

for hXa(x)i 6= 0 i



21(-1)3 chiral gauge model –

Q = diag(q1, q2, q3, q4) = diag(+2, 0, 0, 0),

Q0 = diag(q01, q
0

2, q
0

3, q
0

4) = diag(+1,−1,−1,−1).

Q = +
1

2
+ Σ

12 + Σ
34 + Σ

56,

Q0 = −

1

2
+ Σ

12 + Σ
34 + Σ

56,

+ + − − (mixed) gauge anomaly chiral anomaly

U(1)g 2 0 1 -1 matched (gauged) —

SU(3) 1 3 1 3 matched (can be gauged) anomaly free

U(1)b 0 1 0 1 not matched anomalous

U(1)a 0 1 0 -1 not matched anomalous

U(1)b�3l -3 1 -3 1 matched (can be gauged) anomaly free

Table 4. Fermionic continuous symmetries in the mirror sector of the 21(-1)3 model and their

would-be gauge anomalies

SW =
X

x2Γ

ψ̄(x)P+Dψ(x) +
X

x2Γ

ψ̄0(x)P�D
0ψ0(x)

X

n

X

2

X

2

SM =
X

x2Γ

n

ψ+(x)
T iγ3cDT

aEa(x)ψ0

�
(x) + ψ̄+(x)iγ3cDT

a†Ēa(x)ψ̄0

�
(x)

T
o

2dim. 21(-1)^3 chiral Schwinger model

<latexit sha1_base64="uZS5OYB8MR6FJEiHUbLB3/vWV3U="></latexit>

z/h → 0
<latexit sha1_base64="4F2byvOOLhGwjSVpmamdAJxDlCg="></latexit>

κ → 0

U(1)A  x SO(6)(=Spin(6)=SU(4)) 



the relation to ν=8 1D Majorana chain with SO(7)-invariant int.

Ĥ =

8
X

α=1

Ĥα + V̂ ,

Ĥα =
i

2

 

u

n
X

l=1

ĉα2l−1ĉ
α

2l + v

n−1
X

l=1

ĉα2lĉ
α

2l+1

!

n
⇣ ⌘

X

V̂ =

n
X

l=1

⇣

Ŵ2l−1 + Ŵ2l

⌘

Ŵ = ĉ1ĉ2ĉ3ĉ4 + ĉ5ĉ6ĉ7ĉ8 + ĉ1ĉ2ĉ5ĉ6 + ĉ3ĉ4ĉ7ĉ8 − ĉ2ĉ3ĉ6ĉ7

−ĉ1ĉ4ĉ5ĉ8 + ĉ1ĉ3ĉ5ĉ7 + ĉ3ĉ4ĉ5ĉ6 + ĉ1ĉ2ĉ7ĉ8 − ĉ2ĉ3ĉ5ĉ8

−ĉ1ĉ4ĉ6ĉ7 + ĉ2ĉ4ĉ6ĉ8 − ĉ1ĉ3ĉ6ĉ8 − ĉ2ĉ4ĉ5ĉ7,

Ŵm = Ŵ
�

�

ĉα→ĉα
m

Ŵ = −
1

4!

⇣

7
X

a=1

ĉTγaĉ ĉTγaĉ− 16
⌘

[Y.-Z. You & C. Xu 2015)]

Ĥα =
n
X

l=1

z

2
ψ̂α

l
T
n

α
1

2i
(r�r†) + β

1

2
rr† + βm0

o

ψ̂α

l

X

n o

V̂ = �
1

4!

n
X

l=1

�

7
X

a=1

�

ψ̂T
l P̃+γ

aψ̂l

�2
+

7
X

a=1

�

ψ̂T
l P̃�γ

aψ̂l

�2
� 32

 

,

is Hamiltonian can

or, ψ̂α

l = (ĉα
2l, ĉ

α

2l�1
)T

X

�

X

� �

X

�

, P̃± = (1⌥ iβα)/2 = (1± σ3)/2

v = 2z and u/v = 1 + m . We

where α = �σ1, β = σ2,

[Fidkowski-Kitaev 2010)]

SO(7)-invariant int.

Majorana-Wilson fermion

in Hamiltonian formalism



S0

8MC/SO(6) =
X

x

n

z ψ̄(x)
�

D +m0

�

ψ(x)

�
1

12

6
X

a=1

�

ψ+(x)iγ3cDŤ
aψ�(x)� ψ̄+(x)iγ3cDŤ

a†ψ̄�(x)
T
�2

o

Wilson-Dirac fermion / overlap Dirac fermion

the mirror sector of our model 

<=>

ν=8 1D Majorana chain with SO(6)-invariant int.

in Euclidean (covariant) Path-integral formalism

Gapped by SO(7)-invariant int. 

Refinement of free fermion classification of  TI/TCI due to interactions (Z → Z8, Z16)

 [Fidkowski-Kitaev 2010)]

Also true for reduced SO(6)-invariant int. 

[Y.-Z. You & C. Xu 2015)]

<latexit sha1_base64="3gB4CN85rRDq85ZoQu1aN93Ejg4="></latexit>
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X
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η̃µ(−k) Π̃µν(k) ζ̃ν(k) = δζ

h

Tr{P+δηDD
�1}+Tr{P�δηD

0
D

0�1
}
i �

�

�

U(x,µ)!1

=
⇥

Tr{δζδηDD
�1}− Tr{δηDD

�1δζDD
�1}

⇤

�

�
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U(x,µ)!1
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Figure 12. (1/4)L2
Π̃00(k) [left] and (1/4)L2

Π̃01(k) [right] vs. |k|2 ⌘

p

k2
0
+ k2

1
. The lattice

size is L = 8. The anti-periodic boundary condition is assumed for the fermion fields. The black-,

blue-, red-symbol plots are along the spacial momentum axis (k0 = 0), the temporal momentum

axis (k1 = 0) and the diagonal momentum axis (k0 = k1), respectively.
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η̃µ(−k) Π̃0

µν(k) ζ̃ν(k) = δζ
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Figure 15. L2
Π̃

Q̂Q̂
00

(k) [left] and L2
Π̃

Q̂Q̂
01

(k) [right] vs. |k|2 ≡

p

k2
0
+ k2

1
. The lattice size is L = 8.

The periodic boundary condition is assumed for the fermion fields. The black-, blue-, red-symbol

plots are along the spacial momentum axis (k0 = 0), the temporal momentum (energy) axis (k1 = 0)

and the diagonal momentum axis (k0 = k1), respectively. 5,000 configurations are sampled with

the interval of 20 trajectories. The errors are simple statistical ones.



Two approaches to non-abelian chiral gauge theory  

on the  lattice with exact gauge invariance 

Overlap Weyl fermion / Neuberger’s overlap Dirac operator / Ginsparg-Wilson rel. 

SO(10), SU(5) xU(1)Q , SU(3)xSU(2)xU(1) xU(1)B-L ,…

       no local and global gauge anomalies 

   ΣR TrR[ Ta {Tb,Tc} ]=0 ,    Ωspin5(BSO(10)) = 0                      
                         
establish Luscher’s integrability for chiral determinant of overlap Weyl fermions  

• Integrability condition with 5-, and 6-dimensional lattice Domain-wall fermions

     cf. bordism inv. / η-invariant, Dai-Freed theorem and APS index theorem

decouple the mirror d.o.f.  of overlap Dirac fermions 

    by Eichten-Preskill-Wen / Kitaev-Fidkowski quartic interaction terms    

• ’t Hooft vertex-type SO(10) / SO(7), SO(6) invariant quartic terms,   

        which break explicitly the global symmetries with ’t Hooft anomaly

       

        cf. gapped boundary of interaction-reduced trivial phase of SPT    
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πd(S
9) = 0 (d = 0, · · · , 9)
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λ
⇥

ψT (x)iγ5cdCΓ
aψ(x)

⇤2
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y
⇥

ψT (x)iγ5cdCΓ
aψ(x)
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Ea(x)
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E
a(x)Ea(x) = 1

 (16 x 16 x 16 x 16) = (10 x 10 x 10 x 5*) 0 +  (10 x 5* x 5*) -5 x 1 5



Hamiltonian formalism 

•4+1 DWF,  2+1 DWF   TI/TSC model 

                  2dim. 3450 chiral Schwinger model    [Zeng, Zhu, Wang, You (2022)]

•Overlap Dirac fermion

           1+1 dim,  overlap = Wilson,  Exact chiral symmetry 

            fine tuning problem 



両手の鳴る音は知る。
片手の鳴る音はいかに？
　　　　　　　ー 禅の公案 ー

What is the sound of 
one hand clapping?

“Eventually,  all things merge into one and a river runs through it’’ 

隻手音声



anomaly inflow / Callan-Harvey &  Dai-Freed theorem on the lattice

lim
N→∞
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boundary contribution
(overlap Weyl fermions) 

eΓ(X1∪X̄0)
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=

same basis-vector dependence  
   =>   same U(1) bundle over  U =

{

{U(x, µ)}
∣

∣

∣
‖ 1− Uµν(x) ‖< ε ∀(x, µ, ν)

}

connection of the U(1) bundle 
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bulk contribution
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[Yonekura (2016)]

cf. [Dai-Freed (1994)]

(integral of topological field

 on 5+1, 6 dim. lattices)
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[Pedersen-YK (2019)][YK (2002)][Aoyama-YK (1999)]



η-invariant on the lattice
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) ei2πη̂DF(Y|Dir).
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(−1)I(Z|Dir) =
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w |Dir
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APS index on the lattice

Dir. b.c. is physically well-motivated, well-defined and local, Dirac operator is non-local, 
but chiral symmetry/GW rel. is preserved and the index can be defined

APS b.c. is non-local (with 5dim. massless Dirac operator), 
chiral symmetry is preserved and the index can be defined

[Fukaya, Kawai et al (2019)]

cf. [Fukaya, Onogi, Yamaguchi (2017)]

cf. [Fukaya, Furuta et al (2019)]

−
−

I(Z|Dir) = IndexD(6)
ov |Dir.

H
(6)
w |Dir = γ7X

(6)
w |Dir Gap closed in the limit N6 —>  ∞

−

) = IndexD(6)
ov |Dir. Index well-defined by exact chiral symmetry/GW rel. 

cf. AS index theorem on the lattice
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D
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In both cases, APS index  is non-local

cf. [Witten (2016)]



Exact APS index theorem on the lattice

(−1)I(Z|Dir) = eiπP (Z|cAPS) eiπ) +
[

η̂′(Y1|AP)− η̂′(Y0|AP)
]

[Pedersen-YK (2019)]
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(local, topological field in 6-dim. lattice AS index theorem) 

IndexD(6)
ov |Dir = P (Z|cAPS) +

[

η̂′(Y1|AP)− η̂′(Y0|AP)
]

cf. [Aoyama-YK (1999)]


