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Chiral gauge theories

The standard model (SM)
quarks and leptons belong to complex reps. of the gauge groups

SU(3)xSUQ)xU(1) xU(1)sr (3 ,2) 16 (1, 2) .
B5D 235Dz (LD A, Do

GUT models are also chiral:

SU(5) xU(1) q (10) |
(B - s
SO(10) (16)

Gauge anomaly cancellation

e local gauge anomalies are cancelled non-trivially, 2Zg Trr[ Te {Tb,T<} ]=0

e there is no global gauge anomaly [D.S. Freed (2008)]

Qspring(BSO(10)) = 0 Garcia-Etxebarria-Montero (20138)]
[ Wang-Wen, Wang-Wen-Witten (2018)]
Other properties & Various non-perturbative dynamical effects expected
e gauge inv. fermion bilinear terms P&Y are forbidden

e fermion number symmetry (B, L) is broken by chiral anomaly
e realizations of gauge/global (flavor) symmetries
e even in Euclidean formulation, the action is complex => Sign problem
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Two approaches to non-abelian chiral gauge theory

on the lattice with exact gauge invariance

Overlap Weyl fermion / Neuberger’s overlap Dirac operator / Ginsparg-Wilson rel.
SO(10), SU(5) xU(I)q, SU(3)xSU(2)xU(l) xU(I)s-L,...

no local and global gauge anomalies

2R Trr[ Ta {Tb,T<} =0, Qspins(BSO(10)) = 0
establish Luscher’s integrability for chiral determinant of overlap Weyl fermions

e Integrability condition with 5-,and 6-dimensional lattice Domain-wall fermions

cf. bordism inv./ n-invariant, Dai-Freed theorem and APS index theorem

decouple the mirror d.o.f. of overlap Dirac fermions
by Eichten-Preskill-Wen / Kitaev-Fidkowski quartic interaction terms

o 't Hooft vertex-type SO(10) / SO(7), SO(6) invariant quartic terms,

which break explicitly the global symmetries with 't Hooft anomaly
U6x16x16x16)=(0x10x10x5%)o+ (JOX5%Xx5%) s5x15s
A 9T @)inseaCT ()] & ¥ W @inseaCl (@] Bve) B (@)E" () = 1

7Td(Sg):O (d:O739)
cf. gapped boundary of interaction-reduced trivial phase of SPT
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0. Basic facts about lattice Fermions



Ginsparg-Wilson rel. & Overlap Dirac operator as a local covariant sol.

Ginsparg-Wilson relation defines the chiral limit of lattice fermion action
Vs D"+ DM ys = 20750,y
e Low energy effective lattice action at IR fixed point of block spin tr.
[Ginsparg-Wilson(1982)]
e Exact chiral symmetry emerges [Luscher (1999)]

535S =0 Sa() = iays(1 — 2aD) (), datp(z) = i (x)7s

overalp Dirac operator is a local, gauge-covariant solution to G-W rel.

X [Neuberger (1998)]

1
D= _—(1+X— X =aDy —mg, X' =X
Za( + \/ﬂ)? a mo Y5 X Y5
1

a
Dy = =95V = V1) + 5VuV]

e Low energy effective lattice action of 4+ dim. DW fermion
e Index theorem holds true on the lattice (at a finite lattice spacing “a”)

e Reflection positivity is satisfied (in the free fermion limit at least)



Block-spin transformation Ginsparg-Wilson(1982)
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TTTT 1T b wey e ¥ v

T web(')

L]

IR fixed point :

9 — g4 Z Y(x)D* () local, low-energy effective action

’75D*_1 + D>k_1”y5 = —a,’75(53;y GW rel.



Lattice domain-wall fermion [Kaplan(1992)] [Shamir(1993)]

Sow =3 W@, ) XDz, ) X =D —mo mo€(0,2)
1 a
Dy = _’7u§(vu - VL) + §VMVL
Dirichlet b.c. (open b.c.)
V—(z,0)t=—~ =0, 4(z,t)|t=n+1 =0,

77;_($,t)|t:_]\r — 07 77;4-(37715)‘75:]\74-1 = 0.

tmo(o0) | wa(a) —my v (a) mo( ' 50)

Vector-like set up

Uz, ;) =U(w,pn)  Ulw,t;5) =1

t=—-N+1 F= N g =aqt (t €Z)

det X(5) ’DII‘
lim

5 =det D, Doy =
N—ro0 det X ’AP
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(1+X XTX> 1+G5Xw/2

[Neuberger(1998)]

N | =

det X |py, = det D! det X |ap (N — o0)

“ 9

rigorous result at a finite lattice spacing “a

3
Hy = Z/d3$¢z Z Uzaz}l/h

cf. the bd effective theory in the continuum —



Relation to 4D TI/TSC and SPT phase

Hamiltonian formalism of 4+ dim. lattice DVVF
= Free Fermion 4D TI/TSC (with Time-reversal symmetry, cf.2+1dim. IQHE)

[Creutz, Horvath(1994)] [Qi, Hughes, Zhang (2008)]
[Wen(2013), You-BenTov-Xu(20 | 4),You-Xu (2015),Wang-Wen (2018)]

v

4 4
Hyprr = Z Z &i(p)T{ Zak sin(pg) + ﬁ([Zcos(pk) — 4] + m) }&Z-(p)
k=1 k=1

=1 p

classification of 4D TI/TSC, SPT phase

free fermion case:
Tl  (with U(1)) All type classified by v in 7Z
TSC (without U(1), Majorana mass) DIII type with only a trivial vacuum

interacting case:
v=16, 16 of SO(10), U(1) broken by interaction
(for 16 of SO(9), one can breaks U(1) by Majorana mass —> “DIII”)

Qspins(BSO(10)) = 0 [Garcia-Etxebarria & Montero (2018), Wang-Wen-Witten(2018)]

“All” is trivialized by a certain SO(10)-invariant and U(|)-breaking interaction,
and the boundary edge modes may be gapped completely without symmetry breaking
No obstruction for SO(9) => SO(10) symmetry restoration: [14(S°) =0 (d =0, ...,9)

A [wT(x)i’%CdCFa%D(x)f &y [ (2)ivseaCT ()| E*(x)  E*(z)E%(z) =1 [Wen(2013)]



Admissibility condition, locality, topology of lattice gauge fields

) 2= (d=6)
U= U@ 1= Pulo) < e "wpn}f, o< ooy =1 g (@=9
5

Vs D + Dvys = 2aDys D
datp(x) = iys(1 = 2aD)p(x), dath(z) = i tp(x)ys

Locality of D —> GW rel. —> Index of D
V5D + D5 = 2DvsD Y
_ Index theorem
i Local chiral anomaly 5 the lattice
>, ~trysD(z, 2) "
\
Admissibility cond. —, Topological structure ., Topological charge
I = Un(@)|| < e of lattice gauge fields Q=—5>,trD

— Mass gap of 4+1 dim. Domain-wall fermions (w/o bdy)
— Symmetry Protected Topological phase in 4+1 dim. bulk



Weyl Fermion on the lattice (cf. NN theorem)

Overlap Weyl fermions

) . 144 1+
pontomp) ot R (552), ne (12

Y+ (x) = £ (), Vi (x)ys = F s ()

—a42zﬁ D=P, P +P.D,

= a4Z {¢(2) Py DP_3(x) + ¢(x) P-DPyp(x) }

Path integral measure and Chiral determinant

Yo(r) =) wvilw)e; P(x)=) evi(x) vi(@) [ Fsvi(2) = —vilx) (=1, N-)}
z@': i {v;(x) | v (x)ys = +0i(x) (1 =1,--- ,N_)}

_ / Diy_|Dlp_]e~a" Eo - @)Db- (@)

— [ TLde: T deye =0 et = det M
i J
— AN 5D “chiral determinant as a vacuum overlap”
ji — a Z’Uj V;

[Narayanan-Neuberger (1993)]

(N_ x N_ rectangular matrix)



Gauge anomaly of overlap Weyl fermion
t={{U@w}| 111 = @) < € "(z,1,0) }

O c Y4Q] Ui(z) = vi(x) (Q_l)li, Cj = Z Qjic
!
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Determinant line bundle over
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1. Integrability condition for Chiral determinant of
Overlap Weyl fermions
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Integrability condition [Luscher (1999)]
e the line bundle must be trivial with a global section

ju(@)[U] smooth & local over entire §(
Ly=iY (vi,0qvi) =D ni(z)ji(z)
section/local patch O c 8([Q]  global section over &l

e global integrability

:{ Qevili=o Wy (i=1)
Q¢ v§ |1=0 (i #1)

Wt _ e’i fot dsﬁ77S
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invariant for the deformation of /

of. ei27r77 —1



Lattice domain-wall fermion (chiral case)

Chiral set up
l]<337t7/L>It::—]V—F1

det XP|°

\/detX(5)ICC '

C102
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Dirichlet b.c. _ny 11 A 0 A N

[Aoyama-YK (1999)] [YK (2002)]

AP b.c. L
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= det(vD! v") det(vD. ")
I det (v [ics Tt’UO)I

(N — o0)

det(v'T [Tz, Te0?) det(v!T [T,cs, Tiv°)
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(N — o)



Integrability condition using 5-, 6-dim. lattice DVVFs [YK (2002)]
[Pedersen-YK (2019)]

77(6)
* 1 w
¢ (2) =k, (2) ¢%(z) = —tr

s 2 2
\ \/HV(VG) AP

local, topological field in 6-dim. lattice AS index theorem

(2,2) 2R Trr[ Ta {Tb, T<} ]=0
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Integrability condition by 5-, 6-dim. lattice DVVFs [YK (2002)]

[Pedersen-YK (2019)]
Ko = {LY Up(x, ) € 8} periodic in x

Ry = {L* Uy(z, ) € U} periodic in x . det (v, D;,, v;)
> ({z,t} =y) anti-periodic or Dirichlet in t / )
Y‘Dir = {[L4 x L , C: Ut(x,,u) - Ll(5)} aY‘Dir = Xl U XQ -
Y|ap = {L* x 2L; 1 : Uy(x, p) € U Y[R Uy = \% OY|ap = 0

LS ({z,t,s} = {y,s} = 2) anti-periodic int, anti-periodic or Dirichlet in s Q
Zlpir = {L° X L ;c: Uy, p) € 40} OZ|pir = Y1]ap U Yglap

c cre; t 6
Z|ap = {L° x 2L; 1 : Uy(y, p) € 249} LDy VLIS, = Zlxp* - q(2)"
U[Q] cich ™
+mo (/" 00) V4 (2) —my Y- () +mo (" 00) =

t=-N+1 t=N - zq=aqt (t €7Z)



|1 -1. Topological classification of chiral anomaly
of overlap fermions in even dim. non-abelian

lattice gauge theories
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d=6 SrTr[Te{T5,T}] =0
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there exist a gauge-invarinat local current k,(x) such that

q(z) = 0,k,(z),

which admits a convergent series expansion as
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Here tr{H Px(z)}(x,x) is localized strictly in a finite rectangular block of lattice points
Bx(x) centred at x with side-lengths proportional to k, and is a smooth function of the link
variables within the block. In fact, it is analytic and expandable in the Tayler series with
respect to the parameter s,
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Leading term topological field in a linearized abelian theory

Fe (y;2) = Fo(y) = 0,A%(z) — 9,A%(x)

0 x
v . = O () = O b
D 0nd(x) =0 6,45 = ()
x “local cohomology analysis
for abelian gauge theory”
1 a5 i
i) = = 8;;@(&5) (z, {y}) - {5} [Luscher (1999)]

. B Fujiwara-Suzuki-Wu(1999)]
= 0,4 0@, ) - {5 |
AR 5 [Kadoh-YK(2013)]




o) (. {y}) — 6 (e {w}) = 05 (e {wh) + 70 (@ D) ey ({0])

cf. [Luscher (2000)]

“local cohomology analysis in Non-abelian gauge theory
to all orders of weak gauge-coupling expansion”
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d=6 SrTr[Te{T5,T}] =0
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1 mH,
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Ag(z)| < kLZeH/e Y Ag(z) =0  Aqlx) = 9;Ak,(z)



Integrability condition using 5-, 6-dim. lattice DVVFs [YK (2002)]
[Pedersen-YK (2019)]

77(6)
* 1 w
¢ (2) =k, (2) ¢%(z) = —tr

s 2 2
\ \/HV(VG) AP

local, topological field in 6-dim. lattice AS index theorem

(2,2) 2R Trr[ Ta {Tb, T<} ]=0
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det Xy > c c1e
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t=1 t=0

—12 k
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1-11. “Proof” of global integrability condition



—1 .
det XV(V5) CAll? e_ZQW Zyeclcgl ke (2) Y|21;;1 v0162_1 c U®)
(5) (21-0_1
| det X AP2
invariant for the deformation c;c, ™ ~ cic;*
(5) (€15 (5) ¢ 1¢
det Xy ’ / det Xy ‘A TS SR g (2) (N = o0)
det X0 |22 | IO
¢ (2) = 93k, (2)
qr(z) = q(x) + Aq(x)
OZ|pir = Y1|ap U Yo|ap
- xg=aqs(s € )
B Y 25 V25 = Z%°
Uz, pm)lercy ] Uz, p)|cycy ™

Z|pi = {L° x L ;c: Us(y, p) € U



5dim. Link fields
Ll(5) - {{U(%,M)}’ || 1— PMV(:U) ||< ¢ V(QL’,,U,V)}

1O =13 xL, x s

Q4 = Z CéL)(ﬂ?) X5 -independent
L 75(S%) = Z
Q5 = Z céL)(a:) X4 -independent

L3 X]Lg,

interpolated transition functions on the faces of hypercubes
[Luscher (1982)]

interpolated vector potential in the hypercubes

transversely continuous, non-periodic on the boundary faces

[Hernandez-Sundrum (1996)]
U(x,u) #—1 (measure zero)



interpolated vector potential [Hernandez-Sundrum (1996)]
U(x,u) #—1 (measure zero)

Uz, )
a,(y) y::C+ZS,/ﬁ
v -
U(x, ) = Pexp (z/ ds, a,(x + s,uft)
x+ T+U
P(x,p,v) = Pexp (%/ dyu/ dyy 9(y; ) frun (y) g~ (23 )

Z (@ ~ 16n2 /d4ny[fow(y”

a/(f) (x + v+ Z sAS\) = al(j’“’”) (a; + v+ Z S>\S\> transversely continuous

AFV AFv
au(azk, O,:C5) = algf (Slﬁk, L4,CB5) g4($k,L4,:U5 —I— Zskk (k4)
apL(xk) Ly, O) — a'ZE) (xka L47 L5) 95(331673347 L5 (5) + Z Skk ,:v(5)

non-periodic on the boundary faces



Ulx, 1) U'(x,p) cU®  same Q4,Qs

/

gauge transformation to
resolve the non-periodicity

a,(y)s" = [(1 = s)au(y)" + sa),(y)"]

U(z,p)s = P exp (’i/dsu au (T + Su:&)S)

s €1[0,1]



2dim.U(l)  Ulwp) 21 Ade) = U

links around a plaquette Y=+ 511+ 592
( Uz, 1)
) Uz, DU (2 +1,2)%
g(y) - < U(x72)82
| P(2,1,2)"U(x,2)U(x +2,1)""

A

= Ay (@) + Ag(z+ 1) — Ay (2 +2) — Ag(z)] — 21 P(x,1,2)

Q= Zn(m) = Z%lnP(az,l,Z)

a e

7T1(Sl)




A

n(z) = 3" {0umy (x) — d,m,(x)) J

IIT]]
> o
( ei27rm1(x)8} R )

i2mma (z+1)ss
o(y) =« i2mma ()52 > = »
\ ez’27rm1(a:—|—§)31 = N
>

52

Uz, 1)% <U(x, 1)~ P(x,1,2)5 U (x,2)U(z + 2, 1)81)

0, 1) = U, 1) €270

tau(y) =1a,(y) + g(y) " 0.5(y)

ag(L,L — 1+ 532) = ag(0, L — 1 + 592) + 2wmo(L, L — 1)

mao(L, L — 1) = Q (= m12)



N(z) = - / 45, Tr(g™8,9) (g~ 0x9) (9 ~0,9)

Y=+ 510+ s9\ + S3p

k : 5
\ cot(msg) + 1€,
o2+ 817 + s9h 4 54p) = 2ok T COUTSK) + i€up)

S, cot?(mwsy) + 1
Np(z + Lk) = Ni(z) (k=1,2,3)

N4(37k:7 L4) — N4(37k:a 0) + N[U]5$1,05$2,05$3,0

iag(s,L) =igs(s) "' ar(s,0) go(s) + 9o () 'Ok go(s)  go(s) = o(s)MV



X4 X4 /
Xk Xk

d A
—
/ //Xs

B det X\EVE)) |Ap
Y { det X§V5)|Ap}

det X\SVS) |Ap
‘ det X\SVE’) ‘AP ’

det X$V5) ‘Ap
det X§V5) |Ap ‘

Y1 Yo

mass gap in

Transfer matrix in k-th direction

cf. gluing property of N invariant



5dim. Link fields
U = {{U(z, )} |11 = Pu(@) 1< € V(a, p,0) }
L° =1° x Ly x Ls
Qi= ) _ (@) xs -independent
L3 XLy 7T3(53)

Qs = Z ch)(a:) X4 -independent

L3 X]L5

|
N

Uz, t,n) =U(x,pn) € UQ4] X5 -independent

Uz, t,p) = Uz, t, 1) € UQs5] x4 -independent

cf. [Witten-Yonekura (2019)]



det X&,‘r)) ’U(:E,t,,u):U(m,u) — H det(X\SV4) + 175 Sinp5(1 - COSp5))
p5::%§(nr+1/2)

= H det(X ) +ivs sinps + (1 — cos ps) ) det (X — iy sin ps + (1 —cos ps))
p5>0

x det(X ) +2)

det X0 |v (e i) =UGptwy = | det(XS +inasinpy + (1 — cospy))

2
pa=m

= H det(X W 4 iy, sinpy + (1 —cos py)) det(XE — iy sinpy + (1 —cos ps))
pa>0

x det(XH) x det(XH) +2)

det XV | H®
(4)|P = (-1)% Q= Tr =4n  (AS index theorem)
| det X/ |p| JE®

SO(10), SU(5) xU(1)a, SUB)XSUR)xU(1) xU(1)e.L

cf. for SU(2) doublet (Witten anomaly) det X | ap

=1
‘ det X\SVS) |AP‘

U(x,t,u)=U(zk,t,u)

SU(2) doublet



Integrability condition using 5-, 6-dim. lattice DVVFs [YK (2002)]
[Pedersen-YK (2019)]

77(6)
* 1 w
¢ (2) =k, (2) ¢%(z) = —tr

s 2 2
\ \/HV(VG) AP

local, topological field in 6-dim. lattice AS index theorem

(2,2) 2R Trr[ Ta {Tb, T<} ]=0

(5)c1co —i27 > S ke(z) —1
det Xy > c c1e
c 5 ’ yE€cyc Y|A1P2 _ 1 \Vlclc2—1 C L[(5)
‘ det X )‘Cl o
(N — 00)
invariant for the deformation cjch ™" ~ cic;’

t=1 t=0

—12 k
det( 11 HtECTU ) . ? Wzyecl 6(2) |21c —1 Integrable!
‘det 1 [z T3v°)

= det(oD) v)

t=1

/’_
e
4
4

1
1
\

\

\

t=0



Il. Eichten-Preskill model / Mirror fermion model

with overlap fermions



J. Preskill,e-Print: 1811.10085 [hep-lat], PoS LATTICE2018 (2018) 024

“Simulating quantum field theory with a quantum computer”

“This long-standing problem may be nearing a resolution, guided in part by recent
insights regarding symmetry-protected topological phases of matter. Two old ideas are:

(1) To redlize a D-dimensional chiral theory on the lattice, we can introduce an extra

spatial dimension, so that the left-handed and right-handed fermions live on two
different D-dimensional edges of a (D + |)- dimensional bulk [45].

(2) To realize a D-dimensional chiral theory on the lattice, we can introduce strong
interactions for the express purpose of removing the unwanted right-handed fermions
(by giving them large masses) while preserving the massless left-handed fermions [46].

It seems likely that (1) and (2) together work more effectively than either (1) or (2) by
itself [47]. That’s because separating the two edges with a higher-dimensional bulk
makes it easier to apply the strong interactions to one chirality without affecting the
other.

The efficacy of this method still needs to be demonstrated convincingly, but if it works
that will settle the longstanding open question whether quantum field theories with
chiral fermions really exist, and will also open the door for classical and quantum studies
of the rich dynamics of strongly-coupled chiral gauge theories, with potential applications
to physics beyond the standard model.”




Let me add ...

In view of the fact that “the overlap fermion is nothing but the low energy effective (local &
lattice) theory for the edge chiral modes of DWF infinitely separated”, the mirror fermion
models with overlap fermions (1) and (refined) Eichten-Presskill interaction terms (2) are

the simplest-possible effective framework to construct & test CGT on the lattice !



Early attempt for chiral gauge theory on the lattice
by Eichten-Preskill

[Eichten-Preskill(1986)]
Sgp = Z{ V ~ V| 1)Y() ( )
‘% [ (2) iy CpT™_(z)] — %[@2_<az>z‘v5CDT%E—(x>T]2
_4_)\8A[¢— () TinsCpTy_(x)]” — %AW (2)insCp T (z)"]" }

generalized Wilson-term

A{A(z)B(z)C(z)D(z)}
_ % S~ { (V¥ A@) B@)C)D () + A(x) (VY| B(x))Clx) D()

+A(x)B(2)(V,ViC(2)) D(x) + A(z)B(x)C/(x) v#vL_D(x))}.

break explicitly
- staggered symmetry (-1)Xu - global chiral symmetries with 't Hooft anomaly
U6x16x16x16)=(0x10x10x5%)o+ (JOX5%x5%) s5x15s
resolve the degenerated physical(chiral) and species-doubling modes
{(16)- + (16)+}x8 —> light (16)- + heavy {(16)-x7 +(16)+ x 8}
't Hooft vertex-type SO(10) invariant quartic terms,
No obstruction for SO(9) => SO(10) symmetry restoration: [14(S°) = 0 (d =0, ...,9) (Wen)
o7 (2)ir5caCT ()] &y [¢7 (@)ivseaCT ()] B%(2)  E°(2)E*(2) = 1




Phase structure and Fine tuning of the couplings ?

resolve the degenerated physical and species-doubling modes
1 (16)- + (16)+}x8 —> light (16)- + heavy {(16)-x7 + (16)+ x 8}

fine-tune A (Al, A2) to the massless limit within a SO(10)[SU(5)] -symmetric phase
global anomaly cancellation

Qspins(BSO(10)) = 0 <=> trivial phase of SPT

v=16,“All" is trivialized by a certain SO(|0)-invariant and U(|)-breaking interaction,
and the boundary edge modes may be gapped completely without symmetry breaking

Study of fixed point structure in EP model
[ (z), b—(2)) by Block spin transformation ?!

{B+(QZ>, B—i— (33) }. .
A massive

- fermions | A )
massless 'massless
A ?gsr?‘tgg'!.gd undoubled

f fermions

{v_(x),9_(2)}
massless doubled
fermions

—r | — t



Block spin transformation for Wilson-Dirac fermions ' ' ,
Ev Ev E;
By ={z€Zz=2"+p,p=1,--,d}, 2’ € (2Z)¢ i: i: E }b(m')
LT L

e a7 @' @) @) (W (@)= T, ¥@) 40 @) (P (@)~ Toen, $@) |

oS (@) (a)] _ / DYDi D/ Dif = S@:5(@)]

N (@)7(2)] 7 _ / DyD o~ SE@H@)] o= A{A@Y(E) (@) |

VI @) @) _ W na).a(@) 0 (@) ()

n(@),i(x) = g’ (@), 5g 7 (2'), 2€ By

W), (@) — o= 25, 1@ Dw = (z,y)n(y)



Fixed point theory

W [n(@),ii(z)] — = 3q, 1(@) D" (2y)n(y)

-1 d’k ik(x—y) . -1 d’k ik(z—y) .
D, (z,y) = (27 ) € {—ivuau(k) + R}, D (z,y) = /—46 {=tyuou(k)}

(2m)
B 2sin(k, /2) >k, + 2l
ay (k) = Z H ( k, + 2xl, ) (k:+ QWZ:)Q’

lezd v




relevant mass perturbations which breaks parity(chirality) & fermion number

— My {4 (@) isepty (2) + oy (2)ivsept ()T}

ﬁ/T
_le 1( = T D*—l
W ' @) @) _ UR DA B
M*
b= 2%
by = 22

D -1 _ —P_|_’l:’)/5CDPI P_DC_1P+ + R
" —(P_D;'Py + R)T —PTiysep P

(=) (%)




Block spin kernel which breaks parity(chirality) & fermion number

W' (@)1 ()] — JWin(z),n()] X

n(@),ii(x)—= g (@), 557 ('), 2E€ By
00X W@ (@) o o S {7 (@) Prinsen PL () 40/ (&) PTinsep Pon/ ()T }
d—1

« Nt
MZ b =2 h for v=16, SO(9) symmetric kernel
by < 23 for 16 , but not for SO(10)

— ~RPyivysepPT P_D;'Py + R
* —<P—DC_1P+ + R)T —R PTZ"}%CDP_ ’

—R P ivsepPT R
c DJyHﬂL_2mM< R Prinsep Py )m

—R —R PZ@’Y5CDP_

“RP.i PT
D.L +ID, = 2D,T ( R PrinsepPy

. — T - D*)
R P ivyscpP-

1 ; Y’ F5‘<%0>’ SO(9 ic kernel for 16
Sypr = Z - (wlT wl) D, | 0 s (9) symmetric kernel for 16
SO(10) exact symmetry
F_(HO)

0 _I (but, non on-site)



Block spin transformation for Eichten-Preskill model

Ser = S { 0P 5V, - V()

xT

‘ézﬂw_@»Tr%Cbiﬂ¢u(xﬂ2-é%ﬂi (1)irsCp T (2)"]"
\ A

_@AWJ@%%@ﬂWJ@f_EAWM@W£HW¢@FF}

Siop = 3 { D@50 — O P-(x) + () (5.0,8], + mo) ()

T

~y (¢($)Ti75CDTaP+¢(37) + ?;(x)P—i%CDTaT?E(ﬂU)T) Ea(ﬂﬁ)} E*(x)E*(z) =1



SO(10)-invariant Block spin kernel which breaks
parity(chirality) & fermion number (need a non-bilinear kernel)

W' (@), ()] — JWn(x),n(z)]

X
n(@),i(x) = g’ (z'), 577 (2'), € B,y

2
o0 St @I (@) o o5 Sar {7 @) PrinsepT* PTR (@)T 40 (&) T PLinsepT* Pon/ (/)7 }

Fixed point theory exists !

] _Zm/%(ﬁ/ 77/T)D*1<77/>
X

Wso(u0) ' (@)1 (@] _ 7

z 2
L ) 17 (&) PrivsepT?T PT7 (/)T 41 (') PLinsep T*P_n ()T
e?2 x + +




correlation functions

The correlation functions at the fixed point:

(W(2)d(y)) = P-DZH(2,y) Py + Ry,
(Y(z)¥(y)) =0,
W (x)Y(y)) = 0,
(W(z1)(22)Y(23)0(24)) = 4R [{P—I—Z’%CDP Yor,so AT Yirio A Priv5CD Py Yos,50 AT YisiaOr w2 023,04 Oz s
—{P1riv5epPL } sy 55 AT Vi is { P75 D PL Y 5 AT binia Os o Oy ea Oy o
F{Pri95eD PL Yor s AT Vi i AP 956D PY o s T Yiz 01 03,00 2|
(1) (w2)P(w3) ) (24)) = 4R [{PT i¥5¢D P Y5150 AT Vi ia A PL 756D P~} 55,50 {T Vi 14 Or 20Oy 4 O s

_{Pfi75CDP—}81,S3 {Ta}il,i:a{Pfi75CDP—}82,84{Ta}iQ,i45w1,9U35$2,£U45331,5132
+{Pfi75CDP—}s1,s4{Ta}z’1,i4{Pfi’%CDP—}SQ,Ss{Ta}iz,i35x1,x45x2,x35$17392}

(X2) X (y)) = Rx 6 0y,



In the Strong coupling limit of the Eichten-Preskill model

The saturation of lattice fermion measures due to 't Hooft vertices

Yy (2) = Prp(x) oy (2) =¢(x)P- in 16

p) X ) .
/ H H H d%s H 84—'2 {%w(x)P+i75CDTa¢(CU) ¢($)P+i’y5CDTa¢(ZE) } =1

xeN a=1 s=1 xEA

8
/ 1 H H Has(@ H 8'?2' {%QE@PWSCDT%(CU)T%Z(@P7375CDT%(:U)T} -
L 52!

zEN a=3 s=1
32-components at a site ! for the naive Weyl fermion
y 0(z) (2 = npa,n, €7Z) in16 with species doublers
// Uy ()
/ a A — _
/ I Vi(z) = Pry(x) Yi(x) =p(x) P
Un(z) Pi:(li%), Pi:(u:%)
D 5 .
- . [
0




An explicit model which flows to IR fixed point

- / DyYDYDE ¢ SW:¥:E]

Sl 4, B*] = —Z% (wT @5) D[E"] (ﬁ) E%(z)E*(x) = 1

x

D[Ea]_l _ _P+i75CDTaTEa(CU)PI P_DC_1P_|_ + R
-\ —(P_D7'P.+R)T —PTiysepT*E*(x)P-
c +

dil D, (CU,y) — 7 € {_ZfY,LLa/uL(k)}v
d+1 3d (27)
by <22 (<24%), ,
ZH(Slnk/Q ) k'lu—|—27Tl,u
= kv/2+m7l, ) (k,+2nl,)?
R = ¢
b

)

The saddle point method to O(n) vector model applicable
—> Phase structure, IR fixed point, Correlation functions

Gauge-invariant model —> use of Overlap Dirac operator



Eichten-Preskill-Wen / Mirror fermion model with overlap fermions

- / DYDYDE? ¢S E"] E(x)E"(z) = 1

S0, B = 3 2 (47 ) DIE] <$T>

T

D;, =Dg' +1

DIEY! = —PrivsepT"EY(x)PT P_D;'P, + R
N —(P_D7'P. + BT —PTinsepT*E%(x) P
c + Y

. DC[E] . Dc
DIE] = 1+®rD. B P~ 1D,
Sov[t, ¥, B* E*] = ) ¢ (z)Dyp_(a)
TEA
— ) {E* @)y} (2)ivsCpT W (x) + E* ()i ()ivsCpT My ()}



Chiral determinant and 't Hooft vertex pfaffians

1 T T —pIi’y5CDTaEap+ —pTDTP}: Y
22 (‘/’ ‘b) () ( P,DP_ —PinsCpTetpept ) gt | )

o[ —PLinsCpTeEP.  —PTDTPL :
P P+DP_ —P_?:’}/E)CDTCL]LEGPT Vi(x) = Zuj(ﬂﬁ)by i () = Zl_)kﬂk(iﬁ)
J k
—(uTiysCpT*E%) 0 0 0
_ 0 0 0 —(wTDT5T)
- P 0 0 —(@ivsCpTet EoaT) 0
0 (Dw) 0 0
7 = /D[U] e~ SclU+Tw(U] DIE] = [[(=°/12)~! HdE“ Eb(2)Eb(z) — 1)
zEA
L will — /Dw_]p[w_]eSw[w,w] DIE] _erA (n°/12)7! HdEa Eb(x)Eb(x) - 1)
_ /p[ 31 T F(Ty () ] F(T (x)) e Sl
reA reA
/ DI D[] DIE|D[E] e~ SW b= b=+ Caea B @)VE @)+ B (2) V3 (2) o+ -]

= det(vDv) X /D[E] pf(uliysCpT*E%) /D[E] pf (@ ivsCp T E*aT)



Chiral determinant and 't Hooft vertex pfaffians

WUl — det(5Dv) x / D[E] pf (uTirsCpT* Eu) / D[E] pf(wiysCpT* E*a’")

(VD) g (k=1,---,n/2;i=1,---,n/2+8Q)  [variable, rectangular]
(uTi%CDT‘LE“u)Z.j (4,7 =1,---,n/2 —8Q) [variable, square]
(@iysCpT* T EG"),,  (k,l=1,---,n/2) [fixed, square]
w v —> Left-handed parts: correct behavior of "chiral determinant’
overlap formula for the chiral determinant
Zero modes Narayanan-Neuberger(1997)
VEV of ’t Hooft vertex >> Fermion # non-conservation
o gauge-invarinat formulation Luscher (1999)
v -> measure term (local counter terms) —ig, = >_;(vj, dyv;)

8

—> Right-handed parts : non-vanishing in all topological sec.!?
“Saturation of the right-handed part of fermion measure”

Z(Uj, dpuj) + Z(vj, 6pvj) =0

J J



The saturation of the Right-handed measures due
to 't Hooft vertices (the anti-fields)

the part of the anti-field: D, [+, ]
/ DIE] pt (@ irsCpT* E*aT) = 1
(ﬂi’y5CDTaTEaﬂT)kl = 1 €55/ 0y (TaTP_|_)

pf (@ivsCpT*E*a") =

for all topological sectors

E%(2)

tt’

| | det (P_ + Py TaTEa(:I:))
[ det (i T*TE“(x))

[ [ det (iCT[E™(2) + T B (2)])

8
{1 z)P_ i%CDTa@(ﬂ?)T@(@P—i%CDT%Z(x)T}

cf. [Eichten-Preskill(1986)]



The saturation of the Right-handed measures due
to 't Hooft vertices (the fields)

the part of the field: D, [ ]

/ DIE] pf(u" irsCpT*E) = c[U(z, )] # 0 for all topological sectors

(u ivsCp T E%u) Zu@ LinsCpT B () u;(x)
xeA

In general, the pfaffian of the matrix does not vanish identically

We checked numerically that the pfaffian stays real, positive-semi definite
for randomly generated SO(10) vector spin fields

with several background gauge link fields

These results suggest the non-vanishing pfaffian path-integral



More on the saturation of the Right-handed
measures due to 't Hooft vertices (cont’d) U(x,p) =1

0.5

0.5

2
0 0 ‘
#
05 -0.5
+
* s el
H:.@& - % e T *ﬁ+

Figure 2. The eigenvalue spectra of the matrices (uT ify5CDTaEau) and (uTFloI‘aEau) with a
randomly generated spin-field configuration for the case of the trivial link field. The lattice size is
L = 4 and the boundary condition for the fermion field is periodic. For reference, the eigenvalue
spectrum of the matrix (05 Dv;) is also shown with green x symbol for the same boundary condition.

cf.  {A AN



More on the saturation of the Right-handed
measures due to 't Hooft vertices (cont’d) Uz, p) = efr2(@m=™

0.5

-0.5

| -
-1 -0.5 0 0.5 1 -1

Figure 5. The eigenvalue spectra of the matrices (uT z"yg,CDTaE“u) and (uTFmFaE“u) with a
randomly generated spin-field configuration for the case of the representative SU(2) link field of

the topological sector with () = —2. The lattice size is L = 4 and the boundary condition for the
fermion field is periodic.

cf. { A\ AN



the right-handed sector is a gapped system ! locality issue?

- Schwinger-Dyson eq. for link field: local operator insertions!

<[ 5,ScU] = 3 (@) Prd,Dip(x) + 23 T PLinsCpT B, Prap(a )}> —0

zEA TEA

- Fermion two-point correlation functions: short-range in the right-handed sector!
(V- (2) - (y))p = P- D‘1P+ (@9 16. 16X

<¢+(y) [@DIWE)CDTCLEQPNCU)] >F = —§P+ Y 2)(1) g 16.
([PrinsCpT B @) 62 w)) = =5 P8y (1) 16,

- SO(10)-vector spin field dynamics: disordered! (in a saddle point analysis)

<1> = / D|FE] pf (uT i75CDTaEau) L
/D pf U 2’75CDTGXG ) iy, AMx) (X ()X (x)—1) /f .
91 4 0
fimo)=1-o= ) —=——— <0 formg < 2 (Xz)) £ 07
32V 70 —D(k)+2 | | | | .

- Link-field dependence of Effective action: should be local in the right-handed sector

1y _ . cf. measure term
onlwlU] = Tribr0, DD} =iy (local counter terms)

—iTy = = Tr{0, Py (¢4 [} i Cp T B Vet /(1) 5 —iLy = 2.5(0j; ;)



2dim. 21 (-1)"3 chiral Schwinger model

21(-1)° chiral gauge model U(1)a x SO(6)(=Spin(6)=SU(4))

1
O = 4=+ %124 03 4 756

Q - diag(QlaQ27Q37Q4) - dlag(_l_za O) 07 0)7 2
: : 1
Q/ - dlag(qlla qéa qg’n qil) — dlag(+17 _]-7 _17 _1) Q/ — _5 + 212 + 234 + 256
Sw =) _b(@)PrDy(x) + ) ¥/ (x)P-D'Y/(x)
zel’ xel
. - . . = \T
S = 3 {04 @) e T @) (x) + b (@)igaen T B @) @)} 2/h— 0
xel’
k— 0
+ |+ | — | — | (mixed) gauge anomaly | chiral anomaly
U(1), 2 10| 1 |-1| matched (gauged) —
SU(3) 1|3 ]| 1| 3 | matched (can be gauged) | anomaly free
U(1)y 0|1 0] 1| notmatched anomalous
U(1)a 0|10 |-1]notmatched anomalous
U1)p—3 || -3 | 1 | -3 | 1 | matched (can be gauged) | anomaly free

Table 4. Fermionic continuous symmetries in the mirror sector of the 21(-1)3 model and their
would-be gauge anomalies



the relation to v=8 ID Majorana chain with SO(7)-invariant int.

8
H = H,+V
a=1
i n n—1
2 _ /\a /\a A /\a
Hq = 5 | Y2 Ca1Ca T E 9185141
n
V=S (Wy,+W ) — W .
( 21—1 2 Wy, =W casza
=1
W = &le2e3et 1 696867e8 4 o1a2a566 o a3p46Te8 — 2636847
et ePe® 1 Al E3eteT o 3t ab 1 plp2eT e p2p36048
A1 A4 A6 AT A2 A4 A6 A8 A1 A3 A6 A8 A2 A4 A5 AT

—cccc +ccccec —ccceccec —cceccece,

Oé:_0-176:0-2

Ao =32 20T {an-(V = V1) 4+ BV 4 o Y

21

1 n 7 7

Vo

a=1

[ Fidkowski-Kitaev 2010)]

SO(7)-invariant int.

7
A 1 ~ ~ ~ ~
W = _E( g elyae elyae — 16)

a=1

[Y.-Z. You & C. Xu 2015)]

~

Py = (1FiBa)/2 = (1% 03)/2

Majorana-Wilson fermion

in Hamiltonian formalism

T2 A (P )" + 3 (9 Pridn)” — 32)
=1 a=1



Wilson-Dirac fermion / overlap Dirac fermion D = Dy ov

SMC/S0(6) = Z {Z P(x) (D + mo)ip(x)

T

6
% > (U1 (@)insep T (2) =y ()inaep TP ()")” }

a=1

the mirror sector of our model
<=>
v=8 |D Majorana chain with SO(6)-invariant int.

in Euclidean (covariant) Path-integral formalism

Gapped by SO(7)-invariant int.
Refinement of free fermion classification of TI/TCl due to interactions (Z — Zg, Zs)
[Fidkowski-Kitaev 2010)]

Also true for reduced SO(6)-invariant int.
[Y-Z.You & C. Xu 2015)]
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Figure 12. (1/4)L*Tgo(k) [left] and (1/4)L2TIo1 (k) [right] vs. |k|o = /k2 + k2. The lattice
size is L = 8. The anti-periodic boundary condition is assumed for the fermion fields. The black-,
blue-, red-symbol plots are along the spacial momentum axis (kg = 0), the temporal momentum
axis (k1 = 0) and the diagonal momentum axis (kg = k1), respectively.
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Figure 15. L2TI%9 (k) [left] and L2 S (k) [right] vs. |k|o = \/k2 + k2. The lattice size is L = 8.
The periodic boundary condition is assumed for the fermion fields. The black-, blue-, red-symbol
plots are along the spacial momentum axis (kg = 0), the temporal momentum (energy) axis (k1 = 0)
and the diagonal momentum axis (kg = ki), respectively. 5,000 configurations are sampled with
the interval of 20 trajectories. The errors are simple statistical ones.



Two approaches to non-abelian chiral gauge theory

on the lattice with exact gauge invariance

Overlap Weyl fermion / Neuberger’s overlap Dirac operator / Ginsparg-Wilson rel.
SO(10), SU(5) xU(I)q, SU(3)xSU(2)xU(l) xU(I)s-L,...

no local and global gauge anomalies

2R Trr[ Ta {Tb,T<} =0, Qspins(BSO(10)) = 0
establish Luscher’s integrability for chiral determinant of overlap Weyl fermions

e Integrability condition with 5-,and 6-dimensional lattice Domain-wall fermions

cf. bordism inv./ n-invariant, Dai-Freed theorem and APS index theorem

decouple the mirror d.o.f. of overlap Dirac fermions
by Eichten-Preskill-Wen / Kitaev-Fidkowski quartic interaction terms

o 't Hooft vertex-type SO(10) / SO(7), SO(6) invariant quartic terms,

which break explicitly the global symmetries with 't Hooft anomaly
U6x16x16x16)=(0x10x10x5%)o+ (JOX5%Xx5%) s5x15s
A W7 @)inseaCT ()] & ¥ W @inseaCl (@] Be)  E"(@)E" () = 1

7-‘-d(Sg):O (d:())?g)
cf. gapped boundary of interaction-reduced trivial phase of SPT




Hamiltonian formalism
e 4+| DWEF, 2+1 DWF TI/TSC model
2dim. 3450 chiral Schwinger model [Zeng, Zhu,Wang,You (2022)]
e Overlap Dirac fermion

|+1 dim, overlap =W/ilson, Exact chiral symmetry
fine tuning problem



“Eventually, all things merge into one and a river runs through it”’

What is the sound of
one hand clapping?
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anomaly inflow / Callan-Harvey & Dai-Freed theorem on the lattice
[Aoyama-YK (1999)] [YK (2002)][Pedersen-YK (2019)]

det X\SV5) c . det 'UlT _T 'UO
]\}im }Dlr'_l = det(vD! v') det(vD] v°)* W™ e Tiv")
7 Jdet X5 det(v! [T, T0")]

boundary contrlbut.lon JL(GUR0) = det(sD., 0") det(sD, 0°)*
(overlap Weyl fermions)
det (07 Tyl
bulk contribution o~ 2mMpr (Y|pi,) = d t(( OT%teczf 1)){
cll\v ~ (Y
(DW!|pir ) tee -t

same basis-vector dependence
=> same U(l) bundle over = {{U(:I:,,u)}| | 1= U(z) ||<e€ v(az,,u,y)}

connection of the U(I) bundle of. [Dai-Freed (1994)]
v, o= i2mne (Ylpi) ( / q<5+1>) o~ 277D (Y] Di) [Yonekura (2016)]
Y chlir
, (integral of topological field
Vi =0y +iLy /Ycl ¢t = Z ¢y, 5)| on 5+1, 6 dim. lattices)
Dir x,tEcy

—iL, = quz(x)mnvi(x) ¢ (y,s) = Im Te{D,(U,) U; *(y, 1) I (v, w)|v=v, }

q(5+1)(y,5)‘8:1 = lim lim q(G)(z)’ 1

ag—0 Ng—00 Y?PC?



N-invariant on the lattice [Aoyama-YK (1999)]

- (8) )
o (Ybe) = i detD \bc WD PN = Ay

N=eo | det DS [y det i |ieg. = || -
bc = (Dir, AP7 P) | g : o
_ |det ZJD(S)‘reg.‘ e—mngf)

det DO 17
27 (Vhe) = i [ et Dov [be ]
Voo ‘ det D |bC‘ ngf) = %(Z sign(\) + dim ker (ilD(5))>
= lim detX ‘bc -

det(v1T [Ticz Ti0°)
c?2mpr (Y|pir) = ;
| det(v!' [];ez Ttvo)‘
gluing property
’clcQ 7;27'(-77DF (Y|E)11r) _iQWﬁDF (Y|§)21r)

Y‘E)llr U Y’Dlr
227r77(Y| ) 2271'77(Y|D1r)

227r77(Y|Clc ) (N — o)



APS index on the lattice [Fukaya, Kawai et al (2019)]
cf. [Fukaya, Onogi, Yamaguchi (2017)]

1 HY
I(Z|pw) = —5Tr = cf. [Fukaya, Furuta et al (2019)]
Hy Dir

(—1)!(Zlpir) — 5 ' of. [Witten (2016)]
‘ det XW ‘Du”‘
I(Z|pir) = Index DSY|pi, cf. AS index theorem on the lattice
HO 5 = 7 X 1pir Gap closed in the limit Ng —> o
) ©
5X:X) D¢y Non-local
v HY
Index DY |pi, Index well-defined by exact chiral symmetry/GW rel.

Dir. b.c. is physically well-motivated, well-defined and local, Dirac operator is non-local,
but chiral symmetry/GW rel. is preserved and the index can be defined

APS b.c. is non-local (with 5dim. massless Dirac operator),
chiral symmetry is preserved and the index can be defined In both cases, APS index is non-local



Exact APS index theorem on the lattice [Pedersen-YK (2019)]
cf. [Aoyama-YK (1999)]

(_1)I(Z|Dir) —  o™P(Zlgps) im0 (Yilap) — 7' (Yolap)]

Index DS |pir = P(Z|%ps) + [7' (Yi]ap) — 7' (Yo|ap)]

(6)
I(Z|py) = W L
HW Dir
( )
) 1 oY
P(Z|\ps) = ]\}gnoo Z g9 (2) % (z) = —itr< o > (2, 2)
Yrsee | VHw" lap )

(local, topological field in 6-dim. lattice AS index theorem)



