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1. Introduction

> BT AR D Gapped Ground States
(RFZ213 1+1 X0T)
» Haldane's Conjecture, Lieb-Schultz-Mattis Th O—f&{t

» Entanglement Entropy @ Area Law
Gapped Ground States @ Split Property

» Gapped Ground States (& Matrix Product States D—f&{t.
> AKLT #&#1®D String Order

(FHEAEH®D® %) 1+1 dim Fermion @ Zs -index & String
Order
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Physics and Mathematics of Quantum Many Body Systems,
Graduate Texts in Physics. , Springer, 2020

P. Naaijkens: Quantum spin systems on infinite lattices. A concise

introduction. Lecture Notes in Physics, 933. Springer, 2017
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Quantum Spin Chain
TR EERORTHEA 2R X, BIIFMREZE X 5,

> HEEHDOH 2 7 =2 )V INFRTIEEERRENED LSk
LUV B ZERNCAEATW D DT H 5720,

> FIZIEHEEROR VT 2 VI TFRTIERITY 2 —KIZE
Fa B AERRIHBIER R & B2REZ1E 2,
REHERY 7 4w 7 28R EORB L 132 =& VY —[F{ETHR VIV
~UL N ZEEIC BEZRREIZE T 5,
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Ll.lntroduction

> ZZT. &H»S ERAHEORTFRTHIIEZ 205 X
720, Pl AR DORFREFERIEANA X >~ 2 {8 % v 5,

> (B~ NZEM K D SI) RFrER O T 2 KB R
MHH 2T 5,
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A=) M(C)

V/

Q(k):...®1® Q RNRQ---
k

QW) TRk i d 2 EE

A L ERFTH R YRR & 70 B AR

> EASICEREBICRET 2WHEO R IR LI DD L KER
RETHEZ2PE AN P ENICESRWTEE %,

> ADHFTAAL LNV OREFEREIZERTZ %,
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ROMIME, REHFERE, KRBT A DHCRATRE N2,

a(c1Q1 + 2Q2) = c1a(Q1) + c2a(Q2)
a(Q1Q2) = a(Q1)a(Q2), a(Q") =a(Q)*

translation
(ZERIATENS) MEAREWD 2 WXEHTEOH 2 2% EZ 5,
7; € Aut(2) translation WfiEFSE)

QM) =" jkez
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JEy Py B
ACZ
Ap . AWICRTELZYEESEIERT 2 1RE

Ajoe = L-J|A|<oo Ap
algebra of strictly localized observables

State
State X \ZE TIREEDHIFHE (RZ ML TlERW)

(c1Q1 + c2Q2) = c19(Q1) + c2(Q2)

e(Q"Q) >0, ¢(1)=1
(Q,00) = p(Q) EE S TRV,
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GNS K

ELAUL - ZER §,, Q, € Hy
(1) - AD H, DERB

(Qp, Tp(Q)2p) = (Q)
{ (@) | Q €Hy } =9y

PFET %o
MFEIRRE = BEIRE
BOPHPIREE MM = IR
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Ground State DEFK

Heisenberg Time Evolution of 2

at(Q) _ eitHQe—itH
H ( formal ) infinite volume Hamiltonian
Bz

k=—o00 a=x,y,2

JRFTIEE Q I LT 6Q) = [H,Q] IFHRTH Y

eitHQefitH:io: i 5k(Q)
k=0
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Definition 1.1 ( Ground State)

o D5 H @ ground state <
Q € Wpoe 1R L TLUT OARFEXDHAL

p(Q7(Q)) = ¢(Q°[H,Q]) = 0

ZORE {my, Qp, H}, BNV PER G, RZ PLQ, €H
H,: effective Hamiltonian 23f#7E

H, >0, HchLp =0, eitHwﬂcp(Q)eitH(p = 71'90(0@((,2))
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HIRFR DI 1
A=M,(C): nxnfTil&tk H=H"¢c¢A NIVF=T,

E: H OREFRREL AL F—, Q HEIRER Y M v
HQ=EQ, H-FEl1>1

T H-FEl1>1 tli. H-ElD&ToEAEHIZIEAL
p=17 8
Z DN

r]]]ﬁ S (o

ool oy

N7 FLETHLT

(57 (H - El)f) >0
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BIRARDKE; 2
H D Q BEJRIKEXZ Fre Q e A= M,(C)
WX LT

(2, Q"[H, QI) = (, Q*[(H — E1),QJ)
(QQ, [(H - E1),Q19)
= (QQ,(H - E1QQ) - (@9, Q(H — E1)Q)
(QQ, (H - E1)Q2) > 0

AIRRDIEIRENR Y P L DOIARFHEICBI L T (1) 20T
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Quantum Ising Model (FFRIFFETIZEEIRREIZ—)

L1 L
Hp =— Z ng)agkﬂ) +2A Z Ug(ck)
k=—L k=—L

BERAER 7 L 1 Qo HEREEZ 2L X — E,
BEIREER 7 b L D Q) BB A LF — B
Al > 10K (E; — Ey) >~v(\) ARZ ML« Xxv THHD
Jim (Q0, Q%) = ¢(Q)
—00

@ W=7 —DD ground state
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Quantum Ising Model (I1)
I\ < 1D

lim (E1 — Eo) =0
L—oo

lim (2, Q0) = ¢(Q)
iRk

.t
im —((Q20 = 01), Q(Qo £ 1)) = p£(Q)
L—oo 2
o+ b ground state

¢(Q)

S (+(Q) + o (@)
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AKLT #5# S=1

L1
= Z {5k gk+1)

3 (S(k)S(k+1))2}
k=—L
Sk) gk+1) Z S(k) g (k+1)
a=z,y,z
BERIRBBIZ 4 IR Qo, o=0,1,2,3

Jim (R Q%) = ¢(Q)

0 73 S=1 AKLT #AI D 72 72—D D ground state
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Z ZCRER LEEREICIE, 2oz 141 KICT kink
142 XITD anyon 72 ¥ DM HERZE TR WIREKIREED D 5,

Classical Ising Model

L-1
k=—L

A DE Ao - EEIRAE
Qp = 171t P11ttt

Q. = JIIddddidiiiidd
S O 2 2 2 ot O A Y B
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BTA YV ZEAL() (1), AKLT #88, Kink 72 ¥ OFEEIREDEL
JIPERRIR T (1) ASEAL
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Definition 1.2 (Gapped Ground State)
@ & Gapped Ground State <—

o(Hy) C {0} U[M,00), dimkerH, =1
o(Hp) W& Hy DARZ R L
Gapped Ground State is a pure state

If ¢ is a Gapped Ground State
— iM >0

©(Q[H,Q)) > M(p(Q*Q) — |¢(Q)),
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SARIEIENA £ > ~_OL 7 BB D Haldane 48
2: one-site algebra Mas11(C)

spin s irreducible rep of SU(2). ( s =1/2,1,3/2,2,-
vy © A D global SU(2) 77—

, )
H-Y Y s

S(k+1)
k=—La=1,2,3

So 1& [S1,52] = S5 ( su(2) representation of standard
generators) .
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a(Q) = lim eitHLQe_itHL

— 00

Ground State [3—ENTH D, SU2) TE WiERZE
s=1,2,3,---

unique gapped ground state
s=1/2,3/2,5/2,---

gapless excitation
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Lieb-Mattis-Schultz DEIE (1961)
s =3 SU(2) NERKBREMEBREN N LT
PUT O faru i 3 Aaz
» ground state IZ—EN TRV
» ground state I3 —EHITH D gapless excitation

LMS Theorem TIXA]EMEIZ AT, EHENMELRER
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2.LMS OEFH O —f{t

H=Yycz YX)2EZ %,
Interaction 1HE{EFH
L {¥(X)|X C Z}: HEEH
X czZ (ARESE
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L2 LMs ook

U(X) finite range if R > 0 s.t

(d(X): X radius

¥ (X) short range

sup Z{ || (X

4.

=0,

(d(X) > R)
d(X) = sup; jex i

r>0

) e

—Jl)

]jeX}<w
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L2 LMs ook

Short Range ¥ (X) MHAE/ERIZH LT
H =3 xcz ¥V(X)

5(Q)=[HQ =) [¥(X),Q, Q€U

XCZ

a(Q) = e Qe " PEFRTE 2,
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Theorem 2.1 (T.M. 2013)
s=1/2,3/2,5/2,-
H: Wi#ERE SUR2) RENINLV =TV

with short range interaction

RN T B
(i) AHEARZETRWEEIRENEE
EYS
SU2) SEMED I

(i) ground state =M TH D Gapless Excitation 3
5%,
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L2 LMs oo —fift

Remark 2.2
> T.M.2013 Difam CIEMHEAERH U(X) O ERZE DI HE
> M Gl SU(2) DU TRELOERIZS 5
> Gapped Ground State D Split Property 3AEI

FERONARIE, AEARZE TR WSS DOFER
= Y.Ogata and H.Tasaki (2019) ,
Y.Ogata, Y. Tachikawa and H.Tasaki (2020)
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L2 LMs ook

Split Property

A= Ql(_oo’o] ® Q[[l,oo)
Bipartite System : A : 2 g
Split Property =

B: 9«[[1700)
A ¥ B OFFOEREHAT

(T, 9) = (T, @ T, HL @ HR)
HRETH %,
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L2 LMs ook

© 73 A DALFHIRAE DI E D Split Property (1)

0(Q) =L @Yr(UQU™)
Ucd 2=XV—
YL Ao 0] DHIFLRIE

VR Ao OHIFIREE
B ARIT b, b, UDTFHET DL &

Split Property H3R{A7
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L2 LMs ook

© 13 A DAFHRED 5 E D Split Property (I1)

EL~UL N EBOZETEWIEZ 5 L

Do =Ny, @ Nygs

QSO = UQ¢L ® Q¢R
Te(QL ® Qr) = Ty, (QL) ® Ty, (QR)

QL €U0y @R E A1)
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Split Property % # 7z E 72\ 0 il
Maximally Entangled State

Two g-bit A= MQ(C) X MQ(C),
W singlet pair 2> HE E X727 b ILIKAEE
Yo(Q ® 1) =tr(Q),

Po(1®Q) =tr(Q)
ZDIRFEDFEIREEZR A = Q[(_OO’O] & Ql[lpo) WZHETR
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Lo LMs osmo—fi

¥ 13 A OFEPLIRFET

P 1R ®Q-[+1® - ®Qo
®Q1®Q2 ...... ®QL®QL+1®1“‘)

[T %@k © Qiia)
k=0

’(p(Q) = t’I’(Q), ¢(Q/) = tr(Ql)7 Q€ Ql(—oo,O]a Q/ € Q[[l,oo)

W 23 split property Z 7z Z ¥ DFEFAICIZ 7 + >+ 7 4 <K
B D 71¥8 (Type of Von Neuman Algebras) DOHER%Z# 5,
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L3, Entanglement Entropy & Split Property

3.Entanglement Entropy & Split Property
Entanglement Entropy

p: A D pure state

Plag * P D Agp NDHIR
Pla)(P) © Play DEEATH

(p[a,b](Q) = tr(p[a,b](QD)Q) Q € Q[[a,b}

Entanglement Entropy:

81,5 () = =tr(plap (¥) In(pap) ()




Gapped Ground States
L3. Entanglement Entropy & Split Property

Theorem 3.1 (Area Law of Entanglement Entropy)
@ : gapped ground state

sup  S[ap)(p) < 00
0<a<b<oo

M. Hastings. An Area Law for One Dimensional Quantum Systems
(2007) ( finite range interaction)

Fernando G. S. L. Brandao, Michal Horodecki (2015)

Tomotaka Kuwahara and Keiji Saito (2019)



e —
Gapped Ground States

L3, Entanglement Entropy & Split Property

Cororally 3.2 (T.M. 2013)
{EE D gapped ground state p IZD\NT split property 73T S %,
D Ql(_oop] A DR (Q[[l,oo) ’\O)ﬂ%IJBE) Z IBITH B,

A(—oo0) NOHIRDB T RTH 2 . ((THIDH A XHHERK D)
Matrix Product State /A A]BE
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Vk:/C—>IC

n

Pl 1@ epgly © yly @ Ehyly = @ gty ©1---)
w(VkL co Vk1Vkovlsz)vl;k e VlL)

k=1

k=1

ViVi =1, > 9 iQV) = ¥(Q)
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Ground State Phase Diagram

S : BREIRENR—EWTH D, Spectral Gap 23H % K 5 71
MHER 2R
(o1 H(U) €S ¥ (o9, H(T)) € S BBAUS. Gap BT 20

T (1, H(U1)) EEBNCORS ZLIZTE SN ?
(ps, H(¥s)) €S (0<s<1)

1. o (Q) I3 RE %L

2. H55m>00HY o(Hy,) C{0}U[m,o00)
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G (global gauge) M MED D 2355
S EEIREN—EHNTH D, Spectral Gap 23D % £ 5 7
G FEMBAER 2

> (o1, H(W,)) €S ¥ (g2, H(Vy)) € S 23HAUL. Gap ZHIL
BT (p1, H(W1)) LEFNCORITRVEIDD %,

> GHOEREEOK,, FERIEIHOaRERY —TRINEZ I L
DoahoTWVW5b,
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Theorem 4.1 (Automorphic Equivalence)
(ps, H¥s) €S (0<s<1):
ARY MVE vy TH—HRICBAW 72 gapped ground states D
Z DI,
poof’=ps 0<s<1

% ATz FRERNCHRIET % Hamiltonian HS) p34: 583 2 5 & 85
DTEE

S. Bachmann, S. Michalakis, B. Nachtergaele, R. Sims (2012)
A.Moon,Y.Ogata (2019)
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1+ 1XIChFZED 7 £ )L 2 7 > D Gapped Ground State Tl
Ground State Phase Diagram 133845 T/ W,
=

Fermionic String Order

& Iy MR
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HEID D 5 AKLT AU D String Order

AKLT model (Spin =1)

Haxrr = Z{S(k) G+ 4 1/3(S(k) ] S(k—i—l))z}
keZ

S(k) . S(k-‘rl) — Z Sz(zk)Sc(Lk+1)

a=x,y,z

perturbed AKLT model

Hagrr = Z{S(k) . S(k'H) + (1/3 4 k)(s(lc) . S(k+1))2}
keZ

|k| << 1725 a unique gapped ground state Y ax 7 (k)
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Zy x Zo XTFME

By <S§>)=—SU Bi—(S9)) =

J) B (SU)) = 50
B*Jr( T ) = xj)7ﬁf+( y ) = _SgSJ)HB*Jr(S?EJ ) = _S(J)
B =B-g 0Py =P4-0B+
AT EWMEEZ D
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Theorem 4.2
(i)  Forakrr(k), String Order exists (a = x,y,2))
namely,
k—1
lim gy (k)(SP explim Y SPISH) >0
lj—k|—o0 I=j+1

(i)  String Order % ¥§D gapped ground state % Zy x Zy A

ERHEDD

AT 72 gapped ground state @ path C product state 12072 $ Z
XA ARE

(WD WABAERERIDT 2 &7 %,)
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3. Fermionic String Order

A = CAR algebra ( ffi LD 7z single component)
7 2V I F Y OAERIEIRIE AR ER S 5 %

CAR : Canonical Anti-Commutation Relations
{ejray =0, A{cjc} =0, A{cj e} =dl
A: Z, graded algebra
O(cj) = —¢jy O(eg) = —¢,

AP ={QeAl0@Q) =+Q}
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Ap

cj ¢ (j.k € A) DAERT 205K

Aoc = U|X|<oo~AX
LU TIIMHEAER 1 short Range Wi#EARZE U(X) DAE X 5,

H=) ¥(X)

XCZ
v

a (Q) =

e'itH Qe—itH
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3. Fermionic String Order

Definition 5.1
1.

{U(X)|X C 2} PMEMEHEE X CZ

U(X)* e Ax N AH)



S
Gapped Ground States
3. Fermionic String Order

A D o PIREDHEFIRETH 2 &1

(
(v
o)

o (A) N, (A) = Cl

7T<P(‘A)I = {B | [Q,B] = O,Q € 71-90("4)}

mo(A)" = (mo(A))
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Lemma 5.2
H LD o2 ADIERTHPARE (KFIKRE) Thiuk
%) &i @ ;FQO

A=A w0, Ar=Ap00)

Definition 5.3
O RE ¢ B split property Fo & ¢ ¥ 2 @z, Yr D5 (HE)
A

Theorem 5.4 (T.M. 2020)

7 )V VD gapped ground state \ZX} LT split property 73
D AYA
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3. Fermionic String Order

Fermion Zs index
O_ € Aut(A)
—¢; (10
©_(cj) = { ’
C]' (1
Lemma 5.5

© 1 © NEHIFEIRRE + split property
o DAL

AND IR FIKEET B 5 7= D DI
0¥ po0_ O AN ANDOHIRAFAMEREHRTHZ L
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3. Fermionic String Order

Definition 5.6 (Zy f5%%)
P Z O TER A DFIFHIREET split property DSRALT % & ARE
> o D Ap ~NOHIRDHFIRETH UL indz, p =1 LRE

» 5,
> o D AL NOHIRBEFRETRITNUS indg, p=-1%
ED B

T.M.2020, C.Bourne,and H.Schulz-Baldes 2019
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3. Fermionic String Order

> AS{EE= D ot uEHHEOXIT - D* O¥uEHHEOKIT

>  EAXRZ MUK T AS FE8 = T DA

» TERLT Zy 5803 Free Fermion DHED WFRMED
BWR®D) Zo HERE —H

>  HIZER L7z Spectral Gap ZEf U 72\ gapped ground
states DHEMETE T Zo EEUIERTH %,
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Fermionic String Order
AKLT B 355 3R

Definition 5.7
DY A DIMIERZEHPIRAE L T 5,
Y & Fermionic String Order 3% % ¥ 1%
H5 Qe () ﬂ%[n,_l] & Q€ Q[Z(O_C) ﬂQl[(]’m] (n<0<m )l
BLT
Jim $(Q1 5[0,2k 1] Q2) £ 0

DL T B, 22T

S[0,k — 1] :H (2¢ie; —1).
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3. Fermionic String Order

Proposition 5.8

DY A DIMIERNZEHPIRFE L T 5,
(1) & (2) DE&IRZFAME

(1) indg, ¢ =—1, (2)  Fermionic String Order %33 %,

u}

)
I

il
it
S
»
i)
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oy
=

i o
Theorem 5.9
p X HEARZE gapped ground state T&H D, String Odrer 3% % &
35,
=
@ (FEENR 7 4w 7R Yrock (Yrock(cfej) = 0 IZARZ R L
Fry T2HCRWTHEREIET 2 L idHkiaun,

Proof: Jordan-Wigner transformation ##HAEFH D & % R TILH
T 5,

7 2V IKFRD String Order = X9 ) 2 U HR A DRFRE
FRFF
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