BF7zILZSAVEE

DS 7BiEEMNEARAZEDIIENS-

Tatsuhiro MISUMI

3 KINDAI

UNIVERSITY

LQFT and QFT@YITP, Kyoto 07/19/22



Table of contents

|. Reflection on Naive & Wilson fermions

Tanizaki, TM(19) TM,Yumoto (20)

2. Lattice fermions as spectra graphs

Yumoto, TM (21)

3. New conjecture on fermion doubling

Yumoto, TM (22)



Back to Wilson (fermion) !



|. Reflection on Naive & Wilson fermions



Wilson fermion : species-splitting mass fermion

4 5
Lattice fermion action with species-splitting term ) %Tﬁn(mﬁn — Vntp — Vn—p)
n,
1 L
=2 Dy (p) = - Z[wﬂ sinap, + (1 —cosap,,)]
L

Physical (0,0,0,0) : Dy (p) = iv.p. + O(a)
Doubler(z/a,0,0,0) : Dy (p) = iv.p. + 2 + O(a)

Only one flavor is massless,
while others have O(1/a) mass.

¢ |5 species are decoupled = doubler-less N
Re 0 2/a— ®

¢ 1/a additive mass renormalization — Fine-tune x /Y

¢ Domain-wall & Overlap fermions — costs




Wilson fermion : species-splitting mass fermion

r 5
Lattice fermion action with species-splitting term Z %Tﬁn(mﬁn — Vntp — Yn—p)
n,
1 . :
=2 Dy (p) = - Z[Wﬂ sinap, + (1 —cosap,,)]
L
Physical (0,0,0,0) : Dy (p) = iv,p. + O(a) m A m A

Doubler(z/a,0,0,0) : Dy (p) = iv.p. + 2 + O(a)

I6 Re A !% 7
m=0

Only one flavor is massless,
while others have O(1/a) mass.

¢ |5 species are decoupled = doubler-less N
Re 0 2/a— o

¢ 1/a additive mass renormalization — Fine-tune x /Y

¢ Domain-wall & Overlap fermions — costs




Wilson fermion as U(l) SPT phases

Topological # of SPT ~ index of modes with negative mass

A

m>0

y=0 (trivial SPT)

These indices reflect topology of Berry connection for free fermion,
while gauge field topology plays the same role in gauged theory.



Wilson fermion as U(l) SPT phases

Topological # of SPT ~ index of modes with negative mass

A

2la<m<0

v=1

Domain-wall fermion : gapless mode emerging at boundary
between v=0 and v=1 SPTs, where 't Hooft anomaly cancels.



Wilson fermion as U(l) SPT phases

Topological # of SPT ~ index of modes with negative mass

-4la<m<-2/a




Wilson fermion as U(l) SPT phases

Topological # of SPT ~ index of modes with negative mass

-6/a<m< -4/a




Wilson fermion as U(l) SPT phases

Topological # of SPT ~ index of modes with negative mass

-8/a<m< -6/a




Wilson fermion as U(l) SPT phases

Topological # of SPT ~ index of modes with negative mass

A

m < -8/a




Flavor-chiral symmetries of Wilson fermion

Naive . Wilson
| > Cu
16 _ ‘ |
' Cpo = (Typ+T-)/2
Ti,uwnz n,:l:;ﬂ#ni,u




Flavor-chiral symmetries of Wilson fermion

Naive x Wilson

————— : Im

| D> Cu

16 ' ‘ |
: Cu = (T4 +T-,)/2

Ti,uﬂvbn — n,:l:u¢n:l;u

L, (-1, (<1, (<D, (-0 22

- ni+...+n n n hV777V
00 e i, s (1P, ()P, (-1 D0k

b — v =exp [i 3 (7T + 00T [0n, = ) = daexp [i 30 (00T 400 TE) |
X X



Flavor-chiral symmetries of Wilson fermion

Naive x Wilson

————— : Im
| 2 Cu

R ] *

_ | Cp=(Tyu+T-,)/2

Ti/ﬂvbn — Un,ﬂ:uwnj:,u

Fg?) < {14, }



Flavor-chiral symmetries of Wilson fermion

Naive Wilson’
_ Z C1C2030,
6] Sym'_’ 8 8
: Co = (T + T)/2
Tipn = Un+p¥ntp u
U(4)xU(4) = U(2)xU(2)
I e 1y, (m1mtetng, (— 1) Mé%]}

{
o |



Flavor-chiral symmetries of Wilson fermion

Naive
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o |



Flavored-mass and generalized Wilson

Adams (09)
Hoelbling (10)
Creutz, Kimura, TM (10)

) Dirac eigenvalues

My = Z Cm Vector (I-link)
U

My = >: >: C.Cy, Tensor (2-link)

perm. sym.

Ma= > > HCV, AxiakV (3-ink)

perm. sym. —

4
Mp = Z H Cus Pseudo-S (4-link)

sym. p=1

* Hypercubic sym, gammab-hermiticity, C, P, T..

- Lattice laplacian Z% Mp— 1), — —a / e (@) D2y(z) + O(a)

* Generalized Wilson ferm:ons



Central-branch Wilson

Creutz, Kimura, TM (1 1)
Kimura, Komatsu, TM, Noumi, Torii, Aoki (I 1)

¢ Wilson without onsite terms My =m +4r =0

1 _
S = 5 > bl Usptboty = Usmutbop) = Usutoru + Vs, oy )]
T, 1

* Extra U(1) for 6 flavors!

; x1+xo+xr3z+x — _ )
wxﬁezﬁ(—l) 1tzoatx3 4¢x7 wxﬁﬁbxew(_l

I 4Y 61 4

Re A
)¥1 tx2t+z3+tTy
~N

p
* Flavor-chiral symmetry

()

00 e g e (1 (D), (-2

X s {14’ ()™M (1) ey, (—1)™ s, (—1)%,VM}

2

2




Central—branCh Wilson Creutz, Kimura, TM (11)

¢ Wilson without onsite terms My =m +4r =0

1 _
S = 5 > bl Usptboty = Usmutbop) = Usutoru + Vs, oy )]
T, 1

Kimura, Komatsu, TM, Noumi, Torii, Aoki (I 1)

* Extra U(1) for 6 flavors! I~ 4Y 6

i0(—1 r1+xTot+xr3z+tITy — — i0(—1 r1+xTot+xr3z+tITy
(=1) Vo, hy — e

Yy — €

p
* Flavor-chiral symmetry

Fg;'v_) < {14,

Fg(_) c {(_1)n1+...+n414 ,

Prohibits additive mass renormalization !
No fine-tuning !




r N
< Lattice Per’turbation TM (12) Chowdhury, etal. (13) TM,Yumoto (20)

* quark self-energy

g(% ZO . Z E p—k
Tom2 \ @ | ePusa T 0% (@5@% + =
l ; ; 5 7 —

>\ = $1 (gun) + B (tad) = 0 [No additive mass renormalizationj

N y
g g2 N
4 Strong-coupling QCD |_F;:Irj$:;oKforr1(;tg)lJ,TM,Noumi,Torii,Aoki(II) c
* Massless meson a/w extra U(1) R R
" QE(—l)Zn@b Aokiphaseﬂo ;
cosh(m,) =1+ 2]\{‘2‘/(_1(13;]\4]\24‘%) . =0
W AN/ A

* Pseudo-scalar coqdensate
(pysp)y 0 (Pp) =0

Parity is also broken!

NG boson emerges due to
SSB of the extra U(1)




-
‘ CB for Other flavored masses de Forcrand et.al. (12) TM (12) TM,Yumoto (20)

T : U(2) restored Mu : C7’ restored for staggered
r{ e {14’ (=1t (—1)7”’2”%27 2 ) (_1)n3’4i[732’74]} :
r) e {(_1)7@1,3@[712,73]’ (_1)ﬁ2,4i[722, 74]7 (_1)711742'[712,74]’ (_Dm,gi[vzé 73]}
N
p

¢ - ﬂavor CB TM(I2) TM,Yumoto (20)

§4DZC — ZC +3Cs. =P

(2 3y @G 1
-6 ‘-4 '—2 ‘O '2 ‘4 /6

* Hypercubic symmetry — Cubic symmetry (1,3,3,2,3,3,1) splitting

. 2-f|avor fermlon

5) 4
§5D ) Cu — > C;+4C; =P (1,4,6,4,2,4,6,4,1) splitting
u=1 71=1

* 5D 2-flavor fermion
* 5D hypercubic — 4D hyperubic




Flavor-chiral symmetries of Wilson fermion

Naive CB Wilson’
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U(4)<U(4) B> U(2)xU(2)

ri e {14, (=)™ (_1)711,2@[712,%]7 (—1)n3,4i[’732m4]}

F_();) c { (_1)711,37; [7127 ’73] : (_1)73,2,4@ [/7227 74] , (_1)7“7,1,42. [7127 /74] : (_1)ﬁ2,3i [7227 ’73] }




Flavor-chiral symmetries of Wilson fermion

Staggered

1C0; Zpps Isy Buw} X {US(1) ym=0

1(N12C12 + 134C'34)

=>

(U,uu):cy — e,uun,unydr,ya (E,ul/)a:y

=>

+ +
M+ 4+ +
( 1)1./14 +xV 5 % A &
T,y T J’ s +
L + *

CB staggered -Wilson

C%: Xz — )23;7 Xz — Xfa U,y — U;;,,u



-
‘ CB for Other flavored masses de Forcrand et.al. (12) TM (12) TM,Yumoto (20)

T : U(2) restored Mu : C7’ restored for staggered
r{ e {14’ (=1t (—1)7”’2”%27 2 ) (_1)n3’4i[732’74]} :
r) e {(_1)7@1,3@[712,73]’ (_1)ﬁ2,4i[722, 74]7 (_1)711742'[712,74]’ (_Dm,gi[vzé 73]}
N
p

¢ - ﬂavor CB TM(I2) TM,Yumoto (20)

§4DZC — ZC +3Cs. =P

(2 3y @G 1
-6 ‘-4 '—2 ‘O '2 ‘4 /6

* Hypercubic symmetry — Cubic symmetry (1,3,3,2,3,3,1) splitting

. 2-f|avor fermlon

5) 4
§5D ) Cu — > C;+4C; =P (1,4,6,4,2,4,6,4,1) splitting
u=1 71=1

* 5D 2-flavor fermion
* 5D hypercubic — 4D hyperubic




Semi-positivity of det(D) T T (19

r

o Use of extra U(l) symmetry D(_1)Zu I —(—1)Zu "up

D|Ry) = AR))
(LA|D = A(Ly|

.} D(—)""|Ry) = —A\(=)™"|Ry),

(Ly|(=)=*"D = —X{Ly|(=)>*™ N ‘ * ‘ e

It shows that +A and -A make a pair.

¢ Use of hermitian Dirac operator @ H = 5D

H(_l)z“ = —(—1)2“ " H * {:573}2':1,...,N Pair of +¢ and -¢

N
* det(D) = det(H) = [ ei(~=)

N
(-1)V ] [eF >0 N = N N3N3N, & even
1=1

This procedure shows semi-positivity det(D) > 0




¢ Wilson without onsite terms m + 2r = 0

2D Central-branch Wilson iz TM (19

m+2r=0

1 1
] =]
\ O‘ / Re A

Dirac eigenvalue distribution

SCB = Z (&nVuDuwn — T@Enc,uwn)

NT:

* Extra U(1) for 2 flavors!

Uy : o > V200, 4, 1 07720

-

* Flavor-chiral symmetry for central-branch Wilson fermion )
r'H e {1, 1
N e {(-1)m+m21, !
This extrla U(1) symmetry to prohibit mass term
y




Symmetries of CB Wilson T TH (9

(ZQ)lat.tranS.

¢ Relevant symmetries

Uy :hp — €%y, ), 1) e '@

U(l)v : wn — ei(—l)n1+n25wn7 @n — @nei(_l)nﬁ_nQB {ZZ)%rot.

(Za)1at.trans. = Y(z,9) = Y(x+1,y) Y(z,y) — P(r,y + 1)

(ZQ)X : Zp(CE, y) — ei%%w(% —CIZ‘), @(:E? y) — ¢(y7 _m)e_i%fyg

-
U(1l)y X [U(1)7 % (Z2)1at. trans.
GCB fermion — ( )V [ ((>ZV2)F( 2)1 ik ] X (ZQ)X

\ J

't Hooft anomaly matching tells CB-Wilson Schwinger model is
gapless or has SSB of Z;




Anomaly matching for QED with CB

& XXZ spin chain _3 ¥ v g 3 s 2 3 i) e—

H = —Z(JmXeXeH + Y Y+ J. 20 Z ) J=J,=Jy # J;
/

Symmetries : same symmetry structure
’ SO(2) % Zy X(Z2)at.trans. as CB-Wilson Schwinger model

¢ Known facts on the system

J./J| <1 gapless phase with spin-wave or spinon

J./J| > 1 Z2SSB :ferromagnetic or anti-ferromagnetic

* consistent to our mixed anomaly !

CB-Wilson Schwinger enables us to simulate Heisenberg spin chain




2. Lattice fermions as spectral graphs



Yumoto, TM (21)

Lattice fermion as spectral graph| @owsam

Definition 1. Agraph Gisapair G=(V, E). Visaset of verticesand E is a set of edges.

Definition 2. A directed graph isa pair (V, E) of sets of vertices and edges together with
two mapsinit : E — Vandter : E — V. The two maps are assigned to every edge g; with an

initial vertex init(g;) = v; € Vand aterminal vertex ter(g;) = v; € V. If init(g;) = ter(g;), the
edge g; is called a loop.

Definition 3. A welghted graph has a value (weight) for each edge in a graph.

Definition 4. A adjacency matrix A of a graph isthe [V| x |V| matrix given by

)
w;; if there is a edge from ¢ to j
Ajj = < :

0 otherwise

\

where wij isthe weight of an edgefrom i to].




Lattice fermion as spectral graph| vy

1
2)
—4 0 1 0 -1
—4 0 2 0
—1 2 —
0 0 0 O
—2 3 0 -2 0




2D

Lattice fermion

as spectral graph|  weema

¢ Naive fermion

n + 5k
N
§% 5@

Sl

D' = Py ®.

D=1y Pv®y + Py 1y



Lattice fermion as spectral graph

¢ 4D Naive fermion

Yumoto, TM (21)

D=1y 1IyR1Ny R Py Q71

+ Iy RINy PN Q1IN QY

o +5
@(é@@@ g1 +1N®PN®1N®1N®’73
“n _

—n él(y@fv *
+g\\@&7{ ﬁ)@ +5 (0 1 0 0 0 —1)
N\ 10 1--- 0 0 0
+%@({% 0 —-10 0 0 O

X4 py_ L

0 0 0 0 1 0
0 00--—-10 1
\1 00 0—10)

+ Py RINKQRQINQIN XYy




Lattice fermion as spectral graph| vy

¢ Diagonalization

2 4 2(N — 1
Pn X =1 Diag [O, sin%,sin%,---,sin ( N )™

] X = APNX-

UTDU:1N®1N®1N®APN®’71

* +1Iv® 1y ®@Apy, ® 1y ® 79 U =Q,_1 X ® 1y
+INQAP, @Iy Q1N @3

+Ap, QINQIN R 1IN @Yy

» Mf:lsm (Wk]“v_ D) Yu = 0. » |6 species



Lattice fermion as spectral graph| vy

¢ Wilson fermion

(D
+ +
@.\@Q@—Q@ﬁ@ DIl/[C}:PN@’Yl+m1N®14+TMw®14

+0_ 3\\4— My =1y — (E+ E")/2

1D @@ D =1y ®Py®7y1+ Py @1y @70
+\\ @7{) +m(Ay @Iy @1y) +7(Iv @ My + My @ 1n) ® 14
WS W)
@
+(v1 Frlg)/2 G (27?(16;([— 1)) 0

M=m-+r *
2 —1
m+4r—r§ COS(W(k“ )):O

N
0



Lattice fermion as spectral graph

¢ Domain-wall fermion

Spw = s+ ¥s [Dow + Mpwl, ¥

Dpwly =0st - (INQIN®@IN® Py @71 + 1y @1y ® Pv ® 1y ® 72

+1INQOPVRINQIN®@Y3+ Py Q1IN Q1IN @1y ® Y4 )

[MDW]St:%Agt‘)-1N®1N®1N®1N®75
+0u(—Mo-IN®IN®@IN®@ Iy @ 1y
+INQINRINOMy @14 +1I8vR 1IN @ My @ 1y R 14
FINOMy @INQINO L+ My @1y @1y @1y ®1y)

1
_|_§<255t—AS_))-1N®1N®1N®1N®14

Yumoto, TM (21)



Lattice fermion as spectral graph

¢ Domain-wall fermion

e Spw = s+ ¥s [Dow + Mpwl, ¥

Yumoto, TM (21)

A the solutions of £, the range of My the number of zero eigenvalues
0_'_ —s| |5 any k, =1 0< My <2

one k, = 1+ N/2 otherwise k, = 1 2< My<4

6) (4) :
@Q@(//)@ ,\. two k, =1+ N/2 otherwise k,=1 4 < My<6

—sl| |+s  three k, =14 N/2 otherwise k, =1 6 < My <8
Y any k, =1+ N/2 8 < My < 10

> =2 T SN




Lattice fermion

as spectral graph

Yumoto, TM (21)

+ Naive fermion on hyperball

A
3| |+¥
2
3| |+%
2
3| |+
\
A:

-3 [+3
(B S
N ‘_u A M

+ - +1/ -

Q

¢ B!

Q

B2

Dpi =QN®m

Dp: =18 RQN @7 + QN Q1N @72

Dpa =11y Q1 QN @M
+INQINQQN QLN @ 72
+IvROQNRVINR1IN Q3

+ONRINR1INy 1y ® 4.

(0 10 000\

-1 01-- 0 0 0

1 0 —10 0 0 0
QN:§

0 0 0 0 1 0

0 0 0--—-10 1

\0 00 0—10)




Lattice fermion as spectral graph| vy

¢ Naive fermion on 4D hyperball

2 N
QnNY = 1Diag lcos (N7_T|_ 1) , COS (Nj—l) , -+, COS (Nfl)] = Aoy X

VTDB4V:1N®1N®1N®AQN®W1

* +INRIN Q@ Agy @ 1IN ® 72

+INQAQy RIN Q1IN ® 3

V=Q,_ Y ®1y

+ Aoy ®INRIN® 1IN ® Yy

A,LLT‘- * ° .
p— '
* %jcos<N+1>w 0 | species in bulk !




Lattice fermion as spectral graph

Yumoto, TM (21)

# Naive fermion on sphere

8 9 8
H 6 5
2 3 2
9 :
—
1 :
- I
el i /
0 1 9

/2 ZEro

" 27er0

modes

Empirically
2 species !

modes



Lattice fermion as spectral graph| vy

2 )

Lattice field theory * Spectral graph theory

* Directed and Weighted

Lattice fermion
spectral graph

Nullity of

# of Fermion species * .
spectral matrix

- J

We can use known theorems to study lattice field theory.



3. New conjecture on fermion doubling



Nielsen-Ninomiya’s no-go theorem is just no-go theorem.
It never tells us how many fermion species emerge
given a lattice fermion formulation.

Is there a theorem which informs us of # of species!



Reconsider Naive and Wilson Yoo TM (22

4D Wilson

(0,00,00 (7,0,0,0) (7,7,00) (77,70 (7777
(0,7,0,0) (7,0,7,0) (7,z,0,7)
(0,0,7,0) (7,0,0,x) (7,0,7,7)
(0,00,r) (0,7,0,7r) (O,z,z,x)
(0,0,7,7)
(0,7,7,0)

What is the meaning of the numbers!?



Reconsider Naive and Wilson

(0,0,0) (7,0,0) (7r,7,0) (7,7,7)
(0,7,0) (7,0,7)
(0,0,7) (0,7,7)

What is the meaning of the numbers!?

Yumoto, TM (22)

3D Wilson



Reconsider Naive and Wilson Yoo TM (22

o 2D Wilson
1 0 Re 2
(0,0) (7,0) (7,7)
(O7)

What is the meaning of the numbers?



Reconsider Naive and Wilson

4D Nalve

| | 161 |
e
1 4 6 4 1
(0,0,00) (#,0,00) (7,700 (7,x,x,0) (7,77,

What is the meaning of the numbers!?

The reason why p=x becomes zero of Dirac
operator is "periodicity”

Yumoto, TM (22)



Reconsider Naive and Wilson Yoo TM (22

4D Nalve

| | 161 |
e
1 4 6 4 1
(0,0,00) (#,0,00) (7,700 (7,x,x,0) (7,77,

What is the meaning of the numbers!?

It means these numbers are related to certain
topological invariants



Reconsider Naive and Wilson Yoo TM (22

4D Nalve

| | 161 |
e
1 4 6 4 1
(0,0,00) (#,0,00) (7,700 (7,x,x,0) (7,77,

# of H c.>f #.of # of # of
Od holes |Id holes 2d holes 3d holes 4d holes



Topological invariants —

* Topological invariant

Betti number is an indicator how many n-dimensional holes
the space has.

,Bn(M) = rank of Hn(M):Ker@nllman+1

n-th Betti number is arank of n-th homology group

- R
* 4D torus

poM) =1 pi(M)=4 p(M)=6 fa(M)=4 psM)=1

\ 4

Sum of Betti numbersis 16 — # of naive fermion species !
N\ Y




Topological invariants —

* Topological invariant

Betti number is an indicator how many n-dimensional holes
the space has.

,Bn(M) = rank of Hn(M):Ker@nllman+1

n-th Betti number is arank of n-th homology group

e R
* 3D torus

Po(M)=1 pi(M)=3 fM)=3 (M) =1

\ 4

Sum of Betti numbersis 8 — # of naive fermion species !
N\ Y




Topological invariants —

* Topological invariant

Betti number is an indicator how many n-dimensional holes
the space has.

,Bn(M) = rank of Hn(M):Ker@nllman+1

n-th Betti number is arank of n-th homology group

~ R
« 2D torus

Po(M)=1 pi(M)=2 pB(M) =1

\ 4

Sum of Betti numbersis 4 — # of naive fermion species !
N\ Y




Topological invariants —

* Topological invariant

Betti number is an indicator how many n-dimensional holes
the space has.

,Bn(M) = rank of Hn(M):Ker@nllman+1

n-th Betti number is arank of n-th homology group

s ™
* D-dim hyper ball

BoM)=1  Bi(M)=0 pB(M)=0 .....

\ 4

Sum of Betti numbersis 1 — # of bulk fermion species!
N\ Y




Topological invariants —

* Topological invariant

Betti number is an indicator how many n-dimensional holes
the space has.

,Bn(M) = rank of Hn(M):Ker@nllman+1

n-th Betti number is arank of n-th homology group

-
* D-dim hyper ball

po(M) =1 »

0 0 0
0O 0 0---—1 0 1
\0 0 0 0—10)

Sum of Betti numbersis 1 — # of bulk fermion species!
N\ Y

N | —




Topological invariants —

* Topological invariant

Betti number is an indicator how many n-dimensional holes
the space has.

,Bn(M) = rank of Hn(M):Ker@nllman+1

n-th Betti number is arank of n-th homology group

-

e T4 x R1
poM)=1 p(M)=4 fo(M)=6 ps(M)=4 paM)=1 ps(M)=0

\ 4

Sum of Betti numbersis 16 — maximal # of species!




Topological invariants —

* Topological invariant

Betti number is an indicator how many n-dimensional holes
the space has.

,Bn(M) = rank of Hn(M):Ker@nllman+1

n-th Betti number is arank of n-th homology group

g ™
e T2 x R2
PoM)=1 pi(M)=2 B(M)=1 B3(M)=0 Ba(M)=0
Sum of Betti numbersis4 — maximal # of species!
- Y




Topological invariants —

* Topological invariant

Betti number is an indicator how many n-dimensional holes
the space has.

,Bn(M) = rank of Hn(M):Ker@nllman+1

n-th Betti number is arank of n-th homology group

-

.
« 2D Spheres
BoM)=1 pi(M)=0 p(M)=1
* Kamata, Matsuura, TM, Ohta (16)
Yumoto, TM (21)
Sum of Betti numbersis 2 — # of fermion species!
Y




Topological invariants

Yumoto, TM (22)

sum of fn(M) maximum # of species
1D torus 1+1 2
2D torus 1+2+1 4
3D torus 1+3+3+1 8
4D torus 1+4+6+4+1 16
TD (1+1)P 2D
Hyperball 1+0+0+.... 1 for bulk
Sphere 1+0+0+...+1 2
TP x Rd 20+ 0 2D




Conjecture on fermion species|  vmemay

- Conjecture
4 )

A sum of Betti numbers of background space is
a maximal number of fermion species

when the fermion Is defined on the discretized space.
\_ J

How can we prove it!



Sketch of proof S

Prove each of Betti numbers (50=1 and 1=1) Is equivalent
to each of nullity of the Dirac matrix on 1D torusor 1D
ball by regarding lattice fermion as chain complex.

A

By use of KUnneth theorem, elevate the above argument to
higher dimensional space such as 4D Torus and Hyperball.

H,(C.®Cl) = @ Hy(C.)® Hy(CY)

pPt+q=n

Jv

Classify necessary conditions and complete proof.




Sketch of proof S

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

: : : Uk+1
| D torus lattice fermion as Chain complex (s Upor 1)
¢ N Uk
CHIW) = anert (i, vir1) | ar et € Z}
k=1
= {a1,2 (v1,v2) + az,3 (V2,v3) + -+ -+ an1 (vn, 1) | a1,2,023, - ,an,1 € L}

L' : simplical complex — graph (1D lattice)

(Vk, vk+1) : 1-simplices of complex Lg\?) — edges (links)

Ve . boundaries of smplices — vertices (lattice points)

ar,k+1 . coefficients of ssimplices (should be abelian ring)



Sketch of proof S

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

: : : Uk+1
* | D torus lattice fermion as Chain complex (Vg Vs 1)
(N Uk
Cl(Lﬁﬁ)) = 9 Zak,k+1 (Vky Vkt1) | Gk kt1 € Z}
\ k=1
= {a1,2 (v1,v2) +az3 (v2,v3) +---+an1{vN,v1) | ar12,a23, -+ ,an,1 € Z}
L' : simplical complex — graph (1D lattice)
(g, vp+1) : 1-simplices of complex Lg\?) — edges (links)
[ Vi . boundaries of smplices — vertices (lattice poi nts)j

ar,k+1 . coefficients of ssimplices (should be abelian ring)



Sketch of proof S

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by

regarding lattice fermion as chain complex.

: : : Uk+1
| D torus lattice fermion as Chain complex (s Upor 1)
F N Uk
CHIW) = anert (i, vir1) | ar et € Z}
\ k=1
= {&172 (v1,V2) + a2 3 (vg,v3) + -+ + anN, 1 (vn,v1) | @1,2,423, " ,AN,1 € A
(1) (0) (0)
0 1 0
represented as
o= | e _ Y linearly
1 Vo = UN = :
. . . Independent vectors

\0) \0) \1)



Sketch of proof

Yumoto, TM (22)

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

* prove f1=1 is equivalent to degeneracy of Dirac matrix

p

\_

o

$1(M) = rank of Hi(M)=Kero1




Sketch of proof

Yumoto, TM (22)

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

* prove f1=1 is equivalent to degeneracy of Dirac matrix

Cycle group Kero: e € CH(LY)

N

N
0101 =Y k4101 (Vg Ves1) = ¥ Gy (U — Vpp1)
k=1 k=

1
=a12(v1 —v2)+ass(va—v3)+---+ani(vny —v1)

= (a12 —an1)v1 + (ag3 —ai2)vea + -+ (a1 —an—1,.n)vn =0

a@—=day2 —=0a23 = ... = AN—-1,N

N
= a E (Vk, Ukt 1) ¢y € Ker 0y
k=1



Sketch of proof

Yumoto, TM (22)

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

* prove f1=1 is equivalent to degeneracy of Dirac matrix

Cycle group Kero: e € CH(LY)
N N

0101 =Y k4101 (Vg Ves1) = ¥ Gy (U — Vpp1)
k=1 k=1

=a12(v1 —v2)+ass(va—v3)+---+ani(vny —v1)

= (a12 —an1)v1 + (ag3 —ai2)vea + -+ (a1 —an—1,.n)vn =0

* a@=0ay2—=0a23 = ... =AaAN—-1,N

Hy(L'2)) = Ker 0, = {a ({vy,v2) + (va,v3) + -+ + (o, v1)) |a € Z} 2 Z




Sketch of proof

Yumoto, TM (22)

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

* prove f1=1 is equivalent to degeneracy of Dirac matrix

Cycle group Kero: e € CH(LY)
N N

0101 =Y k4101 (Vg Ves1) = ¥ Gy (U — Vpp1)
k=1 k=1

=a12(v1 —v2)+ass(va—v3)+---+ani(vny —v1)

= (a12 —an1)v1 + (ag3 —ai2)vea + -+ (a1 —an—1,.n)vn =0

* G4 =Aay2 —=0a23 = ... =AaAN-1,N
[ BiLY) =1 ]




Sketch of proof S

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

* prove f1=1 is equivalent to degeneracy of Dirac matrix

N
= a g (U, Vet 1) ¢y € Ker 04
k=1

» Orch = a5y 01 (U, Ups1) = @Yy (Vg — Upg1) = 0

* 816/1:a(UQ_U1‘|‘7J2_US‘|‘"°‘|‘UN_U1)

=a(—v2 +oy+vi—v3+--+oy_1— 1)



Sketch of proof

Yumoto, TM (22)

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

* prove f1=1 is equivalent to degeneracy of Dirac matrix

N
= a g (U, Vet 1) ¢y € Ker 04
k=1

» Orch = a5y 01 (U, Ups1) = @Yy (Vg — Upg1) = 0

* 810/1:a(UQ_U1‘|‘7J2_U3‘|‘"°‘|‘UN_U1)

:a(—U2+UN+U1—2}3—|—“'—|—UN_1—”Ul) =0




Sketch of proof

Yumoto, TM (22)

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

* prove f1=1 is equivalent to degeneracy of Dirac matrix

* 316/1Z&(Uz—v1+v2—U3+---+UN—111)

=a(—ve+ony+vi—v3+- - +UN_1— V1) =0
[0 (1) (1)
—1 0 0

0 —1

\ 1) \ 0 \ 0 )



Sketch of proof

Yumoto, TM (22)

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac ma
regarding lattice fermion as chain complex.

rix on 1D torus or 1D ball by

* prove f1=1 is equivalent to degeneracy of Dirac matrix

* 316/1Z&(Uz—m-HJz—U3+--~+UN—01)

=a(—vy+vN+v1 —v3+---FUN_1 — V1) =0

(0 )

0

1)

(1) (1)
\ ) \ 0
w9 WN

1
DlD — 5 (wl,wg wN)
(o 1 0 0 0 —1)
1 0 1 0 0 0
0 —10 0 0 0
1 . .
5 : :
0 0 0 0 1 0
0 0 0 1 0 1
\1 0 0 0 —1 0/




Sketch of proof S

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

* prove f1=1 is equivalent to degeneracy of Dirac matrix

N
= a g (U, Vet 1) ¢y € Ker 04
k=1

* Orch = a5y 01 (U, Upg1) = @Yy (Vg — Vpg1) = 0

Iy degeneracy (nullity)
* 16 = @V =V 02 g+ e+ UN — 1) of Dirac matrix
=a(—vo+vy+v1 —v3+---+UoN_1— V1)
_w1+w2+”'+wN_> Zero mode

(fermion species)



Sketch of proof S

Prove each of Betti numbers (50=1 and 1=1) is equivalent to
each of nullity of the Dirac matrix on 1D torus or 1D ball by
regarding lattice fermion as chain complex.

* prove fo=1 is equivalent to degeneracy of Dirac matrix

Bo(M) = rank of Ho(M)=keroo/Imos

* degeneracy (nullity)

of Dirac matrix
(wl — Wy + W3 — Wy +WN_]1 — WN :()) *

!

zero mode
(fermion species)




Sketch of proof S

Prove each of Betti numbers (50=1 and 1=1) is equivalent

to each of nullity of the Dirac matrix on 1D torusor 1D
ball by regarding lattice fermion as chain complex.

A

By use of KUnneth theorem, elevate the above argument to
higher dimensional space such as 4D Torus and Hyperball.

H,(C.®Cl) = @ Hy(C.)® Hy(CY)

pPt+q=n

Jv

Classify necessary conditions and complete proof.




Summary

Wilson fermion has an unknown aspect charming in both
theoretical and practical terms.

CB Wilson Schwinger model is in the same universality class of
XXZ spin chain.

Lattice fermions are interpreted as spectral graphs. It means we
can study them in terms of topology of graphs.

New conjecture on fermion doubling is proposed:
The maximal number of doublers is the sum of Betti numbers.




Summary

Wilson fermion has an unknown aspect charming in both
theoretical and practical terms.

CB Wilson fermion is in the same universality class of XXZ
spin chain.

Lattice fermions are interpreted as spectral graphs. It means we
can study them in terms of topology of graphs.

New conjecture on fermion doubling is proposed:
The maximal number of doublers is the sum of Betti numbers

* y

| hope you join Yumoto’s talk too!



Symmetry-protected
topological phase

~

AW —

- G-Symmetry Protected Topological phase (SPT) wen,etal, (13)

Unique ground state with trivial gap as long as G is unbroken
Gap should be closed when moving to another SPT

Massless modes at boundary btwn two different SPTs

't Hooft anomaly cancelled btwn bulk & boundary with gauged G

All ’t Hooft anomalies are (expected to be) classified by SPTs.

Kapustin (14),Witten (15),Yonekura (16),Yonekura, Witten (19)

J




Symmetry-protected
topological phase

~

m<0

ex.) (2+1)-dim free massive Dirac fermion = U(1) SPT = IQHS

m>0

Z — 6_27‘-7;77 Z — 1

(n: APSn-Invariant = ) _sen] ) \

2-dim chira fermions Zovndry

~




Symmetry-protected
topological phase

4 . N | )
ex.) (2+1)-dim free massive Dirac fermion = U(1) SPT = IQHS
m<O0 m>0
Z p— 6_27Ti77 Z — 1
APS index th .
cf.)FulLan?)é)nogi(,)rem — eﬁ f AdA ‘\
Yamaguchi,et.al.(17-19)

2-dim chiral fermions Zovndry

Ztotal = ZLbulk ° andry —— Zpulke*~ S andrye—ﬂ JF = Ztotal

't Hooft anomaly is cancelled between bulk and boundary

\_




Staggered symmetry

i —T — T
CO . Xx % E$X$7 Xx % —Gwa, Ux’]/ % U;,l/ .

E,u D Xz 7 C,Lb(x)X:U—l—,Em >_(a: — C,u(:B)Xx—I-/l? Uﬂ?aV — Ux—Hl,V’

(i) = (—1)%2F@t24 Co(x) = (—1)%3T%4 (3(z) = (—1)" and {4(z) = 1.

IN C Xa 7 (_1)33MX£U’7 Xz — (_1)33MX$’7 Ul’;V — UCI?/,Vv

~

RPU: Xz — SR(R_lx)X}?_laN Xz — SR(R 11’))—(1,{{_1%, Uxﬂ/ — URZC,V



