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QCD phase transition

Tempe“rature Chiral condensate (at m=0)
probes SU(2) xSU(Z)r
symmetry breaking/
restoration :

~150MeV

t0us _ For T>Tc, <(jq> — 0
For T<ITc, <q—q> 7& 0




Chiral susceptibility

QCD partition function A : gluon fields
Z(m) = /[dA] det(D(A) +m)Nse=9c(A)

chiral condensate _ 1 0
—{qq) = In Z
\q9) NV om (m)
| . o
chiral susceptibility X(m) — 5 <qq> (m)
m

In this talk, N¢ =2 (M, = mq =m)
* strange quark is just a spectator.



Temperature(T) and mass(m) dependence
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When the transition is 1st order

* But finite V effect makes the transition not sharp.
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Chiral phase transition

Chiral condensate probes
SU((2).xSU(Z2)r symmetry breaking/restoration :

For T<Tc, <ch> 0 For T>Tc, <ch> = 0

But <ch> also breaks U(1)a symmetry.

Question:
How much does U(1)a (anomaly) contribute to the transition?



Naive expectation: U(1) anomaly exists at
any energy scale (does not change much)

Symmetry
breaking at m=0

——

U(1) anomaly

\ SU(2)xSU(2) SSB

T

, Symmetry

breaking at T>Tc
\—/U(U anomaly

/SU(Z)xSU(Z) SSB

m

You may think that T and m dependences of chiral condensate
should reflect SU(2) .xSU(2)r breaking rather than U(1) anomaly.



But in early days of QCD

QCD founders in 70’s and 80’s thought

instanton — axial U(1) anomaly — SU(2)xSU(2) breaking.

q . ' |
Callan, Dashen & Gross 1978: o m SO X5
P+q
FIG. 9. The structure of the diagrams that produce
a tachyon in the ¢ channel. The + (—) blobs refer to

the effective determinantal four-fermion interaction
induced by instantons (anti-instantons).

IT this inverse is true, we should have

instanton disappears — anomaly disappears — SU(2)xSU(2) restored.
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It has been difficult issue.

Analytic method:
Semi-classical QCD instantons are not enough to describe the low-energy
dynamics of QCD.

Lattice simulations :
Staggered fermions explicitly breaks ~ Moreover, we found that

SU@2)xSU2)rxU(1)a — U(1)a lattice artifacts are enhanced at
Wilson fermion explicitly breaks high temperature
SU((2).xSU((2)rxU(1)a — SU(2)v (even for domain-wall fermions)

[JLQCD 2015, 2016]
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Our work
In this work we study chiral condensate and its
susceptibility in 2- and 2+1-flavor QCD
with exactly chiral symmetric Dirac operator.
We separate the axial U(1) breaking (in particular
topological ) effect from others in a clean way.

Our result shows that

signal of chiral susceptibility iIs dominated by axial U(1)
breaking effect (at T>=Tc),

rather than SU(2).xSU(2)r.
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Dirac eigenmode decomposition

Z(m) = / [dA] det(D(A) + m)Nre=5e(4) / AT [TGA(A) +m)Nre=se )
A

O(100) eigenvalues can be computed on the lattice.

) 1 9 1 !
—(qq) = N,V om InZ(m) = v <z/\: iANA) +m> ’

chiral susceptibility

1 82 con. dis.
o (m) = — 2 (g
X B 8mfvalence 1 Moyalence =m0
: 0
dis. . —
X7 (m) = o <€I€l>‘m . OO
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Chiral rotations (with angle )

SU( )L X SU(2)r

= qq( . PUz) = qivstq(2)
I exp(imy57y /2) I
exp(i77s5/2)
=aele) e §%(a) = arq()
ISOspin isospin

singlet triplet



Relation to scalar susceptibility

1 B .
Lqep = [ZTrFWFW +q (v (0, —igAu) +m)q




Relation to pseudoscalar susceptibility

Z(m,0) = /[dA] det(D(A) + m)Nfe—SG(A)+i0Q(A)

_ /[dA] det(D(A) _I_mei,%g/Nf)Nfe_SG(A) '_ U(] )A rOtathﬂ

1 92 O, . /N
_NfV3(92 InZ(m,0)|g=0 = m %@2/7567 / Pq) | lo=0

Xtop. (m) —

#> %xmp.(m) == _(P'()P’(0)) - @%m)' P°(z) = qivsq(x)



Symmetry structure of scalar/pseudoscalar
susceptibilities

x(m)
N\ SU(2)1 x SU(2)x

> (8%(2)5°(0)) < » > _(P(z)P*(0))
I U(1)a iso-triplet

iso-singlet I U(1)a
> (P(x)PO(0)) <« > ) (S%x)S%(0))

Ny - Zlaa(m) See also LLNL/RBC Collaboration 2014, Nicola
i i & Elvira 2018, Nicola 2020.




Connected/disconnected
pseudoscalar susceptibilities

From a Ward-Takahashi identity 0= (052 P"(0)) — (0512 SP*(0)),
we have mz Pa <SO> —0.

Therefore,




Connected/disconnected scalar
susceptibilities x(m) = x°™ (m) + x&* (m)

Xt (m) =Y (54(x)S%(0)) = Y _(S%(x)S*(0) — P(«)P(0)) + Y _(P*(x)P*(0))

i —(qq)(m)

x

—Agyay(m) +

X (m) =Y (8°(2)8°(0) — §%(2)8%(0)) — V(5°(0))

=) ([$°(x)8°(0) = {8°(0))* = P*(x) P*(0)] + [P*(2)P*(0) — 5%(2)S(0))])

A (D )(m) + [Pa(x)Pa(O) . PO(CL’)PO(O)} i [Po(x)PO(O) — Sa(aj)Sa(O)D
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Separating U(1)a breaking part

: dis.

X(m) — Xcon (m) + X ® (m) .7 Qquadratic divergence
A —(G0) IS subtracted using the

X" (m) = —Ayay(m) + <‘Q(2V)‘> _ —{@)swv.(m) data at reference quark

N -~ m 2 J,n v mass mref=0.005.
U(1)a breaking contribution mixed
dis. () — LV AW _A®
X (m) = 2 Xtop. (M) + SU(Q)(m) SU(Q)(m)

N

SU(2)xSU(2) breaking
where Ayay(m) = Z(P“(x)Pa(O) — S%(x)S%(0)) axial U(1) susceptibility

x

ALYy (m) =Y (S°(2)8°(0) — P(x)P*(0)) AL, (m) =) (S*(2)S(0) — P°(x) P°(0))

X xZ



Lattice formulas

Using Am = eigenvalues of Hy, = v5[(1 — m)D,y, + m]
1 2m?(1 — A2 )?
Ay(ny(m) = V(1 — m2)2 <Z AL )

Am

1 m(1 — \?
—(qq) = V) <§: (A?n ’m)>.

(1 _1Tn2)2 <<Z m(l)\; )‘m)> > . ’<qq>lat‘2v2
A m

Remark.1 eigen functions do not matter.
Remark.2 chiral symmetry is essential for this decomposition.
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Simulation setup (Nf=2)

Nf=2 flavor QCD

1/a=2.6 GeV (0.075fm)

Symanzik gauge action

L=24,32,40,48 [1.8-3.6fm] (at T=220MeV)

Mobius domain-wall fermions with mres<1MeV

(and reweighted overlap fermion)

Quark mass from 3MeV (< phys. pt. ~4MeV) to 30MeV.
T=165 (~Tc), 195, 220, 260, 330 MeV (Lt=8,10,12,14,16)
Tc is estimated to be around 175MeV (from Polyakov loop)

Simulation codes : Irolro++ (
Grid ( )

23
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Simulation setup (Nf=2+1)
[preliminary]

Nf=2+1 flavor QCD

1/a =2.453GeV

L=32 (2.58,fm)

Mobius domain-wall fermion with mres<1MeV

(and reweighted overlap fermion)

up-down quark mass from phys. pt. ~4MeV to 30MeV.
strange quark mass at phys.pt.

T=1b63(~Tc), 175, 220 MeV
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Low-mode approximation

In the eigenvalue summations,

1 2m?(1 — \2))?
Ay(y(m) = V(1 — m2)2 <Z ()\;ln ) > ’

Am

1 m(1 — N2,
—(qq) = VA ) <; (A?n )>.

m

(1 —1mz)2 <<Z m(l)\; Am)) > — {ag)' ™ 1Pv?| .
Am " _

where Am = eigenvalues of H,, = v5[(1 — m)Dy, +m]

we truncate at 30-40th lowest mode (Athreshold ~ 150-300 MeV).




Low mode approximation

0.04 s T
" m=0.015 —a—
m=0.01 —e—i
0.035 - m=0.008 +—s—
=, m=0.005 —eo—i
- 003+ -Xcon' m=0.015 —=—
o p— sub.
jqun| m=001 —e— T=260 MCV
£ 0025 L m=0.008 v
k=9 m=0.005 +—e—
Q direct MDW +—8—
Q 002
A
=
90]
— 0015 -
[av]
L]
o p—
= 001 |
2~
0.005 -
0

! ! ! ! !
0.05 0.1 0.15 02 2

For T<= 260MeV, we find a good saturation and consistency with direct
inversion of Mobius domain-wall Dirac operator (direct MDW) but T=330 MeV,
It Is not good; we use direct MDW.



AS Index = eta invariant [cf. Yamaguchi’s talk]
IndDg, = 77(75 (Dov + m))

T data_eigen — -zsh — 80x24

—0.005000025807555366 9.302609233991046 1.6064951657562172e-05
—0.00500029626669336 @).302609233991046 5.4431872816092406e-05
0.005702514532165167 @.302609233991046 0.0027420539675677316
—0.005702652525898806 [9.302609233991046 0.0027423409419665675
0.008534378975613608 0L 302609233991046 0.006916416732666278
—0.008534900200446262 9.302609233991046 0.0069170598938072675
6008 0.0114336277222442 0.302609233991046 0.010282533061119956
-0.01143389118468538 @.302609233991046 0.01028282602381281
0.01482478910676644 0.302609233991046 0.01395633338456557
—0.01482490275384444 0).302609233991046 0.013956454106477945
0.01927599474870225 0.302609233991046 0.01861646147547765

data at beta=4.30, m=0.005, conf=600
Index=-2.
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Nf=2 Result at T=220MeV

005 T T T T T 01 d T
_Xcon.sub. =32 7‘ X 5.7 39 ——

2 ol | K al=2-m | < 008 A =32 - .
2T g myim =32 —e— & 7=220 MeV 3 T A 1=32 —o— o 7=220 MeV
g 'Xcon-sub L=24 -5 'f: T ; § @ :
80031 M L=40 A— I Y I
= K o - <
g % o
2 002 ’ 2004 ‘
5 connected 2 , :
5 ool | b .3 ol ? disconnected -
Z (w/ subtraction) | 2 ‘ o
— < Yy
< .= [
% 0 @ @ % 0 & </ %

0 0] | | | | | _002 | | | |

0 0.002 0.004 0.006 0.008 0.01 0 0.002 0.004 0.006 0.008 0.01

. " _ _ Open squares : data "nfor chiral susceptibility
Axial U(1) anomaly dominates the signal: 64 squares : axial U(1) anomaly part

connected part ~ U(1) susceptibility crosses and stars : data on different Vs
disconnected ~ topological susceptibilityx2/m2.
Finite V effects look under control.



chiral susceptibility/2(MeV)

Nf=2 at different temperatures

1400

T T 2000 - T T
T=165 MeV ' T=165 MeV
T=190 MeV 1800 1 T=190 MeV .
1200 - 5 ¢ T=220 MeV —B— ]| — = T=220 MeV —H—
o ¢ T=260 MeV —6— > 1600 o T T=260 MeV —6—
1000 F1 4« 47 ~§ . T=330 MeV . S q400 L1, & T=260 MeV (stochastic MDW) + © =1 |
0{. . > = ® 72060 MeV (stochastic MDW) + © -1 g 1400 &ty s - T=330 MeV
K 4 Y T=330 MeV (stochastic MDW) > 12001 ' ® L 4 T=330 MeV (stochastic MDW) |
800 [y u, AN L U(1) breaking part = = = - = At x* U(1) breaking part = = =
/ 2 \
. v Y 2 1000 F, * 5 AN ¢
4
600 r 4 % 800 - ? ‘s
400 I g 600 A S S
200 3 e A WA S |
i j 200 |
0 T S TRl it e AR 0 A R N R AN
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
m(MeV) m(MeV)

The dominance by axial U(1) anomaly is seen at b different Ts.

In fact, ~90% of the signal is from axial U(1) anomaly.

Also note that the chiral limit of anomaly part looks consistent with zero.
T=165 results are new.



chiral susceptibility/2(MeV)

30

Nf=2 at different temperatures

1400 : . .
T=165 MeV
T=190 MeV
1200 m3 T=220 MeV +—H— |
B T=260 MeV —6—
U SRy O T=330 MeV i
1000 0{. ’ ? ®  T-260 MeV (stochastic MDW) = © =i
R 4 Y T=330 MeV (stochastic MDW)
800 [y 1, AN U(1) breaking part = = = -
V4
-, 4
600 | b 4
,
Y B e oo "
400 |
(4
’ A
200 ~ ’ 7! - Q.——E—_—_—&__._—*_l
————— |--‘-r---r---|-"""'---_—

0

m(MeV)

7

X(m) = ——(aq)(m)

The dominance by axial U(1) anomaly is seen at b different Ts.
In fact, ~90% of the signal is from axial U(1) anomaly.
Also note that the chiral limit of anomaly part looks consistent with zero.

T=165MeV results are obtained from OFP/SQUID.



At dlfferent lattice spacings

Ding et al.(HISQ) a=0. 12fm T=207MeV +—eo—i

g Ding et al.(HISQ) ¢=0.08fm 7=207MeV +—&—

25 Ding et al.(HISQ) a=0.06fm 7=207MeV +——a—i

' Ding et al.(HISQ) cont. limit 7=207MeV ------

this work (overlap) a=0.08fm, 7=195MeV +——

this work (overlap) a=0.07fm, 7=190MeV +——e—
this work (overlap) a=0.07fm, T=220MeV

20

HISQ a=0.06fm

2 dis., . 4
mg oy IT,
(U
()]

T

overlap a=0.08fm
10 +

f

overlap a=0.07fm

0

0 HISQ a=0.1 21005 0.1 0.15

mud/ms

QOur data at a=0.07fm and 0.08fm are consistent,

iIn contrast to HISQ results [Ding et al. 2020 ]
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- connected susceptibilityl/2 (sub.1) (MeV)

1200

1000 +

800

600

400 -

200 +

Nf=2+1 preliminary results

connected

. -
* T=153 MeV +—a—
: T=175 MeV +—e—i -
’ T=204 MeV
axial anomaly part - = -+
L L L L L L
0 5 10 15 20 25 30 35

m (MeV)

40

disconnected susceptibilityl/2 MeV)

1400

—_
[\
=
=]

—_
]
S
=)

800 -

600 +

400 -

200 +

disconnected

32

T=153 MeV —a—

T=175 MeV +—e—i

7=204 MeV
axial anomaly part «- = -+

| | | | | |
10 15 20 25 30 35
m (MeV)

The dominance by axial U(1) anomaly is seen at 3 different Ts.

But the peaks look not significant.
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The same in WHOT-QCD collaboration (?)

We thank A. Baba, S. Ejiri and

K Kanaya for providing us the data. WHOT-QCD Collaboration, Phys. Rev. D 95, no.5, 054502 (2017)

A. Baba et al. (WHOT-QCD Collaboration), talk at 76th JPS annual meeting 2021
T T

14 B ud Scale muy —@— G+— ><7T_5/T2
12 — topological suscptibility —4A— -
10 - o N
8 | b
ak | (TQ'mid)
. : A disc. susceptibility ——— d; 9
E 1 — 1S.
X &  Xtop./ ™
> | Il i 2
0 _l _______________________ . gl --------- % -------- . are consistent.
0 100 200 300 400



Subtlety in the total contribution

SU(2)xSU(2) breaking

a large cancellation O(1/V1/2) effect

It Is difficult to see what survives in the total contribution.
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Summary

1. We simulate Nf=2 and 2+1 lattice QCD.

2. Chiral condensate/susceptibility are related to both SU(2)xSU(2) and
U(1)A.

3. In the spectral decomposition of the Dirac operator with exact chiral
symmetry, we can separate the purely U(1) anomaly effect.

4. Connected/disconnected susceptibilities are dominated by U(1) breaking
at T>=Tc.

Connected part ~ axial U(1) susceptibility.
Disconnected part ~ top. susceptibility x 2/m?2

Axial U(1) anomaly may play more important role in the QCD phase diagram
than expected.



Take-home message
O
5 (V)
Is probing not only SU(2)LxSU(2)r but also
U(1)a breaking/restoration.
At T>=16bMeV in Nf=2 QCD (>=153MeV in Nf=2+1),

U(1)a anomaly dominates the signal of
connected/disconnected susceptiblilities.



Comparison between
Ding et aI 2010.14836 and JLQCD

Dlng et al. (HISQ) a=0.12fm T=207MeV ——
Ding et al.(HISQ) a=0.08fm T=207MeV +—x—

15 1 Ding et al.(HISQ) a=0.06fm T=207MeV +——s— |
- JLQCD(overlap) a=0.08fm, T=195MeV +—e—
= JLQCD(overlap) a=0.07fm, T=190MeV +—s—
i 0l JLQCD(overlap) a=0.07fm, T=220MeV
i)
=

0 0.05 0.1 0.15 0.2
M M

1. Sharp decrease towards the chiral limit is similar.

2. Ding et al. shows a sizable cut-off effect, while JLQCD’s a=0.07fm
(T=190MeV) and 0.08fm(T=195MeV) data are consistent.



Cutoff dependence of Ding et al. 2010.14836

We See d power—like 20 | | | Ding et al. rhpi=160MeV —

: Ding et al. mpi=140MeV +——
INCrease. Ding et al. mpi=110MeV

Ding et al. mpi=80MeV

g
But they managed %10
x

to obtain w
“continuum limits”. 51

0 | | | | | : |
HOW? 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

a (fm)



2-parameter fit clearly fails.

x2/d.o.f. > 100.

Ding et al. fnpi=160MeV —
Ding et al. mpi=140MeV +———
20 - Ding et al. mpi=110MeV
Ding et al. mpi=80MeV

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
a(fm)



Global fit “magic’.

More free parameters

35 I I I I
Ding et al. mpi=160MeV +——
(from 2 to 6.) 30| Ding et al, mpi=140MeV —— _
Ding et al. mpi=110MeV
25 Ding et al. mpi=80MeV .
But the fitis unstable: = ElobnL € parmeters)
sensitive to the mg,, 15 |
O(a4) terms. 10
Inegative O(a2) terml > T
.. 0 w
~ |positive O(a*) term| 0 002 004 006 008 01 012 014

already at a~0.07fm. a(fm)



Summary of my comments

1. Sharp decrease towards the chiral limit is similar to JLQCD’s.

2. But data of Ding et al. 2010.14836 show a power-like increase
towards the continuum limit (due to some lattice artifact?).

3. By a global fit “magic”, Ding et al. obtained finite values
(which are much bigger than raw values).

4. But the 6-parameter fit is unstable : sensitive to O(a4) terms.

John von Neumann said

“With four parameters | can fit an elephant, and with five | can make him

wiggle his trunk.”
42



