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Energy gap

We consider energy gap from band crossing

N

When we consider two bands,
energy gap does not depend on interaction.
Energy gap exists just because,

there are two bands.
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Energy gap

We consider energy gap from band crossing

\/ 2.
Next, we add another band.

Additional band has band crossing

with the existing band.

E 42



Energy gap

We consider energy gap from band crossing

\/ 5.
When there is no reason, s.a. symmetry,

energy gap open from interaction
\M (anticrossing)

E 43



Energy gap

We consider energy gap from band crossing

not from anticrossing

from anticrossing

E 44



Energy gap from anti-crossing

Among energy gap from anti-crossing, there is special class

We have energy band in parameter space.
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Energy gap from anti-crossing

Among energy gap from anti-crossing, there is special class

We have energy band in parameter space.

From symmetry, we have replicas of
energy band.




Energy gap from anti-crossing

Among energy gap from anti-crossing, there is special class

We have energy band in parameter space.

From symmetry, we have replicas of
energy band.

Between energy bands, there are band
crossings.
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Energy gap from anti-crossing

Among energy gap from anti-crossing, there is special class

We have energy band in parameter space.

From symmetry, we have replica of
energy band.

Between energy bands, there are band
crossings.

Anticrossing opens energy gap.




Energy gap from anti-crossing

Among energy gap from anti-crossing, there is special class

The position of crossing is determined
by the symmetry.

When parameter space is momentum,

and symmetry is translational
symmetry, this is Bragg lines.

k 49



Classification of energy gap

- N

N/ Not anticrossing
VA VAN N

Ener a = x

gy gap Not from symmetry
N ) .
IR e V/ Anticrossing

NN

From symmetry
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Classification of energy gap

Accidental €nergy gap

/ Not anticrossing
Ener a -
gy gap \ w Not from symmetry
Anticrossing <

—

—)

From symmetry

51



Classification of energy gap

Accidental €nergy gap

/ Not anticrossing

i —

nergy gap \ - Not from symmetry
Anticrossing <

—

—)

From symmetry
Geometric energy gap
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Energy gap from anti-crossing

Accidental (Interband)

e Between different energy bands Interband effect

e Position of energy gap depends on the detail of energy bands (unstable).
(" Geometric (intraband) N

e Between replicas of energy band intraband

e Position of energy gap is determined by the symmetry.

Does not depend on the detail of Hamiltonian (stable)

\_

We consider the geometric gap of multilayer thin films
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Gap labelling theorem
(GLT)




Importance of GLT in the QP system

In the quasiperiodic system, the energy spectrum is complicated

Physicist |l
Uhm.., | fies
this region is a gap L
‘:' |,
& | |
( (),1.3. ( 0.37 [l_(::i 0.750 0875 1.000

0.500
filling
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Importance of GLT in the QP system

In the quasiperiodic system, the energy spectrum is complicated

Physicist L L
But, how about here? —

Is it gapped in the TDL? > ~

(i“ “1
- \o | ol
L

0625 0.750 0875 1.000

Ener
\

0.500
filling
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Importance of GLT in the QP system

In the quasiperiodic system, the energy spectrum is complicated

Physicist L L
But, how about here? e

Is it gapped in the TDL? 1 B

Ener
\

0.500 0625 0750 0875 1.000
filling
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GLT and energy gap

Accidental (Interband)

e Between different energy bands Interband effect

e Position of energy gap depends on the detail of energy bands (unstable).
(" Geometric N

e Between replicas of energy band intraband

e Position of energy gap is determined by the symmetry.

Does not depend on the detail of Hamiltonian (stable)

\_

Gap labelling theorem treats geometric energy gap
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GLT and energy gap

Energy gap in the QP system

Geometric Accidental
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GLT and energy gap

Energy gap in the QP system

Geometric Accidental
wr § )
IDoS(p) = num. of states below energy gap p : N 1' .............................
num. of all states 2 ‘
z |\
g | -

60



GLT and energy gap

Energy gap in the QP system

Geometric Accidental
wr § )
IDoS(p) = num. of states below energy gap p : B 1' .............................
num. of all states 2 ‘
g
Ex. 8 i

Harper model : IDoS(p) c 7 07 label is two integers
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GLT of
Harper model




Parameter space of aperiodic system

Harper model = lattice + incommensurate periodic potential

In Harper model ( V(x+60) = V(x) ), we can label the Hamiltonian by ¢

H‘P:Z [|n—|— 1) (n| + |n) (n-|-1|—|-V(n-|—<p> In) <n|]

n

Redefining n’ = n-1
Hypq = Z {|n' + 1) (0| + |n) (0" + 1] + V(n' + o+ 1) n") (n'|]

n/

Clearly, H, and H describes the same model of different basepoint.
From the periodicity, ¢ ~ p+6 and ¢ €S".

Parameter space of the Harper model is S' 62



Fourier expansion of potential

Hy =" [In+ 1) ¢nl +[n) (o + 1]+ V (n+ ) |n) (nl ]

We expand potential term V n
V(iz+0)=V(z)=V(z)= que%qi%
qEZ
D Vn+e)In)in] = Y 0, T n) (]
nez n,qeZ
= Z qu%qi%Uq (U = Ze%i% In) <n|>
n,qeZL n

After this transformation,

V =sum of (scalar 8 U)
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Algebra of Harper model

Defining § =) " |n+ 1) (n|

We can rewrite the Hamiltonian of Harper model as below

Hy =" In+1) (nl + |n) (n + 1]+ V (n+ ¢) [n) (nl ]

H, =S+ ST+ vU? | [US = e?m'%szj]
q

phase factor is renormalized to v,

H, Is a polynomial of U and S, which commutes with a phase factor.
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There are two approaches to calculate I1DoS

E,.: energy inside gap p

D(E) = ; 5(E — EF)

Density
H i) = E; |;)

we also write projector below the energy gap p as p
70
p= Y | (¥

E,<FEr
Projector

/ B D(E)

IDoS(p)

~ 1 (p) = 7(p)

6F



There are two approaches to calculate I1DoS

E,.: energy inside gap p

Density
H [v;) = E; [1;) IDoS(p)
4 we also write projector below the energy gap p as p N\
‘ P = Z i) (il iTr (p) — T(p)
Ei<Ep N
\_ Projector s,




Noncommutative torus

For noncommutative torus [7g — o27ig g7 we can define
Projector (P =p2, pT =p)
p=f(U)S +9(U) + 5"/ (U)'
Normalized trace (1)
7: Ty = R, 7(AB) = 7(BA),7(1) =1

From it, following relation between projector and trace is known.

1
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Noncommutative torus

For noncommutative torus 79 — 627”1%51] we can define
Projector (p =p2, pT — p)
p=f(U)S +g(U) + STF(U)T
Normalized trace (1)
7: Ty = R, 7(AB) = 7(BA),7(1) =1
From it, following relation between projector and trace is known.

T(p) €EZ @ %Z GLT of Harper model
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