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Motivation

Every curved manifold can be isometrically embedded into
some higher-dimensional Euclidean spaces.

Embed as
domain-wall
(Nash [1956]) 0

o K

Euclidean lattice space

Curved space

Localize the edge modes of the curved domain-wall fermion.
= they feel "gravity" by the equivalence principle.



Embedding a curved space

For any n-dim. Riemann space (Y, g), there is an embedding
f:Y = R™ (m > n) such that Y is identified as

xuzxu(yl,... ) (p=1,---,m)

z# : Cartesian coordinates of R™
y' : coordinates of Y

and the metric is written as
ozt ox”
9ij = EW:(SW EN

— vielbein and spin connection are also induced!
(Y, g) can be identified as a submanifold of R™!

Cf. Nash [1956].



Our Work

We consider a Hermitian Dirac operator

n+1 P
H =7 iiA i
7(;’7 o +mslgn(f)>
{’YI?’YJ} - 251]7{’77’7J} - 07 :}/2 =1 7(Iaj - 17' o 7n+ 1)

where the smooth function f : R**! — R determines the
domain-wall Y = { f = 0}. The edge modes are

* localized at Y,

« the chiral eigenstate of Yhorma =71 - 7,

+ and feel gravity throguth the spin connection on Y.

—— We confirm the above properties on a square lattice .
Y = S! or S? in this work

Cf. Continuum analysis in condensed matter physics: [Imura et al. [2012], Parente

etal. [2011]]
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Flat Domain-wall (review)

Domain-wall=A bounday where a sign of mass is flipped.

We put a mass term m(s) = msign(s) in )

5-dim space.
4 .
EoM : (Z ¥ 0; + 05 + m(s))Y(x,s) =0 \
=1
Sol : (z, 8) = ns(2)e ™, y*ny =+ 0
——m

A state with D, = 3>} | 7'9; = 0 and v* = +1 is localized at
s = 0!

Domain-wall



Curved case

Curved domain-wall case:

2m+1 o
D = 0= i
; Y g + msign(f)
2m—+1 0
= ot + F + msign(f
+7 (ea + - Zwbc a7 7

DY

In the large m limit, D — DY = DY 1(1 4+ 2™+
— A zero mode of DY only appear as the edgemode of D
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Hermitian Dirac operator

We consider a Hermitian Dirac operator

n+1
H=7 (Z P msign(f)> — (D + msign(f))
=l

Y =-0207% Y =01®1, y=03®1
{,7(17,717} = 25(171)) ((I,b: 17"' ,7’L)

where the smooth function f : R**! — R. The edge modes are
* localized at the domain-wall Y = {f = 0},
» the chiral eigenstate of Yhorma =1 - v,
+ and feel gravity throguth the spin connection on Y.

11



Induced spin connection

We take an appropriate coordinate (y',--- ,y",t) and vielbein

(e o).

vielbein on Y

1
We put ¢ = (gU%%>4¢’, H acton ¢/ as

em uDY+§t+F>

H =
<z‘JDY -2 -F —em

DY =iy (ea > wbc,aaba6>
a=1 be

19 wO0f of \\ 1
F=1u (1°g<g 92197 ) ) ~ 2
ANNN-

mean curvature

Spin connection on Y is induced!



Edge mode

In the large m limit, we find an edgemode as

= <91J§L£]>iemt| exp<_ /Ot dt’F(y,t')> (ig;)
1
2

10 of of
F=>"(log(g" -
( 10t < Og<9 Bh aﬂ)) trh)’
where y is a massless Dirac fermion:
iD" [ OX—ZZ’Y <6a+ Zwbm*“ ) X = AX
t=0
Y is a eigenstate: Hy = Ay and vy = (o1 @ 1) = +4

Spin connection on Y is induced and detected by solving the
eigenvalue problem of H!

13
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S domain-wall

Domain wall:

e(r) =sign(r — ro)

-1 (r<m

+m
N

me et
(3 + 7 20) —me

R
N
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Spectrum of Edge modes

Effective Dirac operator:

ps L ;9,1
ZDeff—TO 289+2

-

Spin¢ connection

——The edge modes is effectively anit-periodic spinor.

(trivial element of the spin bordism group)

Eigenvalue:

E=+

— Gravity appears as the gap of the spectrum

16



Lattice domain-wall fermion

Let (Z/NZ)? be a two-dim. lattice.
The domain-wall is given by

-1 (r<mp) / N
6('%.) - )
1 (r>mp) / \
o |
and the (Wilson) Dirac op is (\ /'
ot
H=O’3<Z |:C77;Vl 2vi +;V1VI] +ema>, al \\_‘//
i=1,2
(Vith)o = ¥y 45 — Wur (V0o = 0,5 — a ‘ ' '

+ PBC for all direction.
Cf. Kaplan [1992] studied a flat domain-wall in R?7+1

17



Spectrum
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Fig 1: The Dirac eigenvalue spectrum: ma = 0.7,70 = L/4, N = 20

The color = chirality: ynormai = £01 + 402 .
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Edge modes

6.0
@ Lattice (N=20) Bulk mode
| X Conti

Edge mode

2.0

4
[ ]
X
[ ]
R
Bulk mode
i 4

-12 -8

6.0 T T T
0 4 8

The edge modes

« are chiral: yporma = 01 + Lo
* have a gap from zero (as a gravitational effect )

+ agree well with the conWM
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Continuum limit and Finite-volume effect

Continuum limita = 1/N — 0

0.000

Large volume limit L = Na — ~

1
® m=10/L 129 |
R . V m=14/L :
~0.050 & m=20/L 10 :
."v” - 1
~0.075 4 0.-'.— . o :
o~ LE I 4 |
S -0.100 oY v § :
= v e ~ >
Ll .15 . o 06 . ' L=4r
v
0090000000000 0000000000
~0.150 * 04 .c' T
. |
—0.175 H
02 ° !
200 4 . . . 1 . ..
01 «—Continuum limit o : Large volume limit—
0.00 0.01 0.02 0.03 0.04 0.05 20 30 40 50 60 0 80
1
a=— N = L/a
N

Fixed parameter:

L=Na,ro=Na/4,m=14/L

Agree well with
the conti. prediction!

Fixed parameter:
ro = 10a
Saturates when L > 4rg!
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S? domain-wall

Domain-wall:

e(r) =sign(r — ro)

Hermitian Dirac operator

0 me 00
H = ‘77. = . J
7(7 o —I—me) (—aﬂaj _m€>

(F=03®1 ¥ =01 ®0)

acts on two-flavors of two-component spinors.
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Spectrum of Edgemodes

DSt — 78 0g+0 1 ng i 7Z,c0590
e 0, A B

Spin¢ connection

41 Eigenvalue:
n=2 eeeeee
2 1 n=1 eeee E — :tLH
n=0 ee 7o
w 0 I Spin conn. induces this gap. (n=0,1,--+)
ee n=0
-2 eeee n=l Degeneracy:
00000 n=22
o] 2n+2
G S ; : T
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Lattice Domain-wall Fermion

Let (Z/N7Z)? be a three-dim. lattice.
The domain-wall is given by

and the (Wilson) Dirac op is

+ ema) .

(Vz"/))z = 1/13,;_;,_% — Yo, (Vidj)z = wm—i — Y2

V-Vl o1
H=75( > {71 12 1+§viv3
i=1,2,3

+PBC for all direction

Lo
wdod
Seollovaoany

5
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Spectrum
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Fig 2: The Dirac eigenvalue spectrum: ma = 0.7,70 = L/4, N = 16

The color = chirality: ynormal = 7" + €% + 243
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Edge modes
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The edge modes
« are chiral: Ynormal = 27! + %92 + 243
* have a gap from zero (as a gravitational effect )

+ agree well with the conmlbw 26



Continuum limit and Finite volume effect

Continuum limita = 1/N — 0 Large volume limit L = Na — oo
v ® m=10/L 0ss { . o o o
V m=14/L o
o % . m=20/L i L= 4r
§ " Vv . Y . . § 070 E
i v | & :
055 E
«—Continuum limit o . E Large volume limit—
0.00 0.02 0.04 0.06 0.08 0.10 10 12 14 16 18 20 2
a=1/N N=L/a
Fixed parameter: Fixed parameter:
L= Na,ro=Na/4,m=14/L ro = 4a
Agree well with Saturates when L > 47!

the conti. prediction!
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T-Anomaly

“Anomaly” is a phenomenon in which a partition function Z[A]
does not have a symmetry of the classical action S[A].

We assume S[A] = [, ¢ DY+ has time reversal symmetry.
However, the partition function

A
ZreglAl = | | +——7—
glAl I:IZ)\—l-MpV

breaks T-symmetry since PV regulator has no T-symm.

= |Z[4]| exp(~i5nGDY))

Ate
LY\ s g
n(iP )_el—lgrloil—% Z oo At
AeSpec(z’D )
= sign(A) + #{\ = 0}
A#0

29



Anomaly inflow

T-anomaly is cancelled by exp(im [ ch(F)), so

mAxy:wmﬂmﬂﬁ(éfmFy—;mmﬂ>}

has T-symmetry! W
—> Anomaly inflow (Cf. Witten [2016])

Y

anomaly
(Bulk)

Anomaly Free!

T-anomaly
(Edge)

30



B? with magnetic flux (continuum)

U(1) connection:

Uniform magnetic flux
AAA Y —a(m/z) a9 (r <ro/2)
—adf (ro/2 <r <mg)
B? 1-st Chern class:
To 1
— dA=—-a<0
S]- 2’/T S1

We consider DP* = 3" 07 (2 — iA;), then APS index is
1 1 .
Indaps(B?) = Q/dA - 577( Df}f)
:
2

:217T/dA <1<—i§9+a+;>>=[a+;.

31



S1 domain-wall with magnetic flux (lattice)

100
1 ——— W, covariant derivative:
em—
S,
“1 ___.__-—-'""_"/ - (v¢) =€ LA#I/(# 5 /llz)
i s oY/ — z+i x
-—"'_"'__—__—- R =
© 00 000 S
] emm—— -——'—_—_—_——- S
/-_-—-_—-——-— -0.25 H Y Z 1 l + v vT
20 _‘_._____-——-" 3
e 050 ST
/ J——
Y e —— 07 + o3zema
. . . . 100
00 02 04 05 06 08 10
a

APS index is given by (Cf. Fukaya et al. [2020],
Yamaguchi-san’s talk)

Idaps(B%) = —gn(H) = ~la+ 1.

— Agree well with continuum prediction !
32



Shrink the U(1) flux when ¢ = 0.5

\

| U@) flux |

—

Shrink the
magnetic field

[U@) flux |

y

Two zero-modes appear at the center and the edge?

33



Spectrum and zero modes

“Te® Lattice (N=20)
| x Conti

Bulk

mode

20{ Localized mode o

—mry
404 N—"

P

Bulk mode

-12 -8 -4 0

» Two zero modes appear at the domain-wall and the flux!!
* The flux mode tunnels with an edge mode.
» The flux has chirality —1 (Edge modes has chirality +1).
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Euler number of 5?2

We can consider H — (d 4 d) g2 (m — 00), but

Ker(H) =4=2x> B, (B : Betti number (ct. Misumi-san’s talk))
1

Extra zero-modes appear at the center!

0000000000
0751 Center: two zero-modes

0501 DW: two zero-modes eeeeee

—0.50 4 00000

=15 -10 —I5 (') 10 15

w4
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Summary and Outlook

[Summary]

In cases S! and S2, we embodied Nash’s thm in domain-wall.

» Masless chiral edge sates appear on the domain-wall.

« Edge states feel gravity through the induced spin
connection.

» We can see “Anomaly inflow” !
[Outlook]

+ Gravitational anomaly inflow
 Index theorem with a nontrivial curvature

» Formulate real projective space

37
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Periodicity of Edge modes

S admits two spin structures:
— periodic spinor and anti-periodic spinor.

(0 +27) gauge trsf
! %
=-x'(6) exp(o1020/2)

Can extend to the origin

Only anti-periodic spinors appear at the boundary.



Recovery of Rotational symmetry in the continuum limit (S')

1 «Continuum limit
0

0020

A = (max(peak) — min(peak))/a?

The rotational symmetry
automatically recovers in the
continuum limit!



Effective Dirac op for S* domain-wall

We consider a normalized edge state as

B x(0, )
¢edge = p(r) (m;‘a'x(07 ¢)>

oo
/ drr?2p% =1, / Yix =1,
0 S2

and we assume 2r2p? — §(r — ) (m — oo). Thus
& 1
/dx?’dJldgeHdJedge = / dr27‘2p2/ x'=(e-L+1)x
0 S2 T

1
— XT—(O'-L—i-l)X (m — 00),
S2 To

AVAVAVAVAVAVAVAVAV A Vo
Effective Dirac op Hg> !!
where L is an orbital angular momentum.



Effective Dirac op and Dirac op. of 5

The gauge transformation using

changes y — s~ 'y and

H52 4)57le28
o3 0 i 1 0 N i cos 6
e = _
! 72\ Sino O¢p  2sinf  2sinf o102

Spin conn. of S?

Edge states are affected by the spin connection of the spherical
domain-wall [Takane and Imura [2013]].



Recovery of Rotational symmetry in the continuum limit (52)

«Continuum limit

00 006
a=1/N

\\\\\

(slice at z = N/2)

A = (max(peak) — min(peak))/a>

The rotational symmetry
automatically recovers in the
continuum limit!



Construct /

We consider matrix valued function and two action of Pauli
matrix:

% =tho + Pic?,
O'i’L'lp :O,iw, O'i’RT/J _ wo,i

Hermitian Dirac operator H is defined by

L Vi—VIo1
D= Z obb Tt 4 fVZVZT + ema
i=1,2,3 2 2
Dl :szo.i,R lot RD
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