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QCD Theory

QCD Lagrangian: ψ = (u, d, s, . . . ) = Nf -quark, ta = SU(3)-color matrix

LQCD := ψ̄(iγµDµ −m)ψ︸ ︷︷ ︸
quark

− trF a
µνF

µν
a /4︸ ︷︷ ︸

Yang-Mills

, Dµ := ∂µ − igtaAaµ

F a
µν := ∂µA

a
ν − ∂νA

a
µ + gfabcA

b
µA

c
ν (a, b, c = 1, 2, . . . , 8)

Chiral transformation: For UR/L ∈ SU(Nf )

ψL =
1− γ5

2
ψ → ULψL, ψR =

1 + γ5
2

ψ → URψR

LQCD is invariant under the chiral transformation when m = 0.
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Effective (Low-Energy) Theory

A simplest effective theory: Nambu-Jona-Lasinio (NJL) model.

LNJL := ψ̄(iγµDµ −m)ψ + g [(ψ̄ψ)2 + (ψ̄iγ5ψ)
2]︸ ︷︷ ︸

4-fermion

(without gluon)

LNJL has the chiral symmetry when m = 0.
In physics literature, it shows that the dynamical mass M ∼ ⟨ψ̄ψ⟩ ̸= 0 when g > gc →
Spontaneous breakdown of chiral symmetry ≃ quark mass generation.

Main issue in this talk
Proof of mass generation in a mathematically rigorous way.

Lattice model: Some known results...
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Staggered Fermion: Lattice NJL

We consider the staggered fermion + four-fermion interaction (NJL).
Two formalism:

Lagrangian: ψ, ψ̄: Grassmann
When m = 0, the action is invariant under

ψ(x) → eiαε(x)ψ(x), ψ̄(x) → eiαε(x)ψ̄(x), ε(x) = (−1)
∑ν

µ=1 xµ , α ∈ R

Theorem (Salmhoter-Seiler ’91)
In Λ → Zν , the mass generation ⟨ψ̄ψ⟩ ̸= 0 occurs when ν ≥ 3.

Hamiltonian: ψ : Fermion operator
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Kogut-Susskind Hamiltonian

Λ = [−L+ 1, L]ν , {ψ†(x), ψ(y)} = δx,y, {ψ(x), ψ(y)} = 0, κ−1 = a = lattice spacing.

H(m) := iκ
∑
x∈Λ

∑
µ

(−1)θµ(x)[ψ†(x)ψ(x+ eµ)− ψ†(x+ eµ)ψ(x)]

+m
∑
x

(−1)
∑

µ x
(µ)

ρ(x) + g
∑
x,µ

ρ(x)ρ(x+ eµ), ρ(x) = ψ†(x)ψ(x)− 1

2

θµ(x) :=

{
x(1) + · · ·+ x(µ−1) for x(µ) ̸= L

x(1) + · · ·+ x(µ−1) + 1 for x(µ) = L,
x(0) := 0

H(0) does not have chiral symmetry.
H(0) is invariant under a certain discrete chiral transformation.
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Particle-Hole Symmetry and Mass Generation

UPH :=
∏
x∈Λ

∏
y ̸=x

(−1)ψ
†(y)ψ(y)(ψ†(x) + ψ(x)) ⇒ U †

PHψ(x)UPH = ψ†(x)

∴ U †
PHH(0)UPH = H(0) ⇒ ⟨ρ(x)⟩β,m=0 = 0, ⟨A⟩β,m := Z−1

β,m tr(Ae−βH(m))

Theorem (in preparation)
Assume ν ≥ 3. For |κ|/g ≤ gc, β ≥ βc we can show that

lim
m→0

lim
Λ→Zν

⟨OΛ⟩β,m :=

〈∑
x

(−1)
∑

µ x
(µ)

ρ(x)

〉
β,m

̸= 0.

Breaking the discrete symmetry
If we can take the continuum limit, then the chiral symmetry is broken.
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Strategy of Proof 1: Reflection Positivity
Fermion Reflection Positivity (RP): Jaffe-Pedrocchi ’15, Koma ’21.
Divide Λ = Λ− ∪ Λ+ and take r s.t. r(Λ±) = Λ∓.
E.g. Λ− = {x : − L+ 1 ≤ x(1) ≤ 0}, r(x(1)) = −x(1).
Define A± = polynomials of ψ(x), ψ†(y), x, y ∈ Λ±, and anti-linear θ : A± → A∓
s.t. (θψ)(x) = ψ(θ(x)) etc.
In usual, RP is

tr(Aθ(A)e−H) ≥ 0 A ∈ A±

if H = H+ +H− +H0, with H± ∈ A±, H0 =
∑

iAiθ(Ai), Ai ∈ A±.
This fails for fermions.
Fermion RP: tr(Aθ(A)) ≥ 0 holds for A ∈ A±.
For functions hµ, the modified interaction is defined as

Hint → Hint(h) =
∑
x,µ

(ρ(x) + ρ(x+ eµ) + (−1)
∑

i x
(i)

hµ(x))
2.

⇒ Gaussian domination: tr exp(−βH(m,h)) ≤ tr exp(−βH(m)). 7 / 9



Strategy of Proof 2: Infrared Bound
Infrared Bound (IB): Dyson-Lieb-Simon for Heisenberg anti-ferro. ’78.
Define the Duhamel two-point function:

(A,B) = Z−1
β,m

∫ 1

0

dse−sβH(m)Ae−(1−s)βH(m)B.

Then for ρp = |Λ|−1/2
∑

x e
ipxρ(x), we have the IB (≃ BEC):

lim
Λ→Zν

|Λ|−1
∑
p ̸=0

(ρp, ρ−p) ≤
C

βg

∫
|pi|≤π

dp

Ep
(Ep = v −

∑
i

cos p(i) ∼ |p|2)

Long-Range Order: IB implies

lim
Λ→∞

m
(Λ)
LRO = lim

Λ→∞
|Λ|−1

〈
O2

Λ

〉1/2
β,m=0

> 0.

Mass Generation: By Koma-Tasaki ’93

lim
m→0

lim
Λ→Zν

⟨OΛ⟩β,m ≥ C lim
Λ→∞

m
(Λ)
LRO > 0.
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Summary and Other Problems

Kogut-Susskind (KS) Hamiltonian: Lattice version of NJL model.
KS Hamiltonian does not have chiral symmetry.
Mass term ⟨ρ(x)⟩ = 0 when m = 0 in KS Hamiltonian.
For a large coupling constant, we can show the mass generation in the
infinite-volume limit.
Fermion reflection positivity is crucial.
If we can take the continuum limit, the chiral symmetry is broken.

I don’t know
KS Hamiltonian ↔ Grassmann theory?
Proof of mass gap (spectral gap).
Existence of the continuum limit.
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