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In our previous paper, we reported the presence of a new resonance of an incompressible star orbiting a
spinning black hole and showed that it can set in before the tidal disruption limit if the star has an inclined
spherical orbit around the black hole. Using the affine model developed by Carter and Luminet, we extend
our result to the stars with polytropic equations of state. We give further credence to the result previously
found. We also derive the formula for the growth rate of the resonant motion, which is useful for checking

the results of hydrodynamics simulations.
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I. INTRODUCTION

Tides play an important role in numerous astrophysical
phenomena, ranging from tidal disruption events to the
dynamics of binary objects [1-3]. As such they have been
long studied [4,5], using both analytical and numerical
methods.

Tides are generally studied assuming Newtonian gravity.
Such studies have thus elucidated valuable effects of tides
in binary systems involving planets and main-sequence
stars, in particular on their orbits [1,6,7]. However in order
to understand the impact of tides on binary compact
objects, relativistic effects have to be taken into account.
Many articles have explored how a relativistic framework
modifies the tidal effects. For example, tides are known to
have an appreciable impact on the late inspiral of binary
compact stars [8—12]. The condition for the tidal disruption
is known to be modified appreciably by general relativistic
effects [13-17].

However, until quite recently, there have been few studies
delving into the case of a star orbiting a Kerr black hole (BH)
in a nonequatorial orbit [18], for which there is an orbital
precession with respect to the equatorial plane. This orbital
precession can be also induced for a star orbiting a highly
deformed companion with a quadrupole moment. To fully
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understand the effects of tides in general binary systems, it is
necessary to investigate the impact of orbital precession.
Using the virial equations to model the star as an incom-
pressible fluid [19], we studied the influence of the tidal
forces of the BH on stars in a precessing spherical orbit with a
small orbital separation [20] and found that resonances could
arise in such systems, giving a further example of tidal
resonances in astrophysics.

Tidal resonances are a particular class of tidal phenom-
ena which can play an important role in many astrophysical
systems, from planets to neutron stars. They typically
happen when the tidal forces acting on an object excites
one of its normal modes. Tidal resonances have been
encountered for f-modes, g-modes, as well as inertial
modes (relying on the Coriolis force) [21-29]. They could
modify the orbital evolution of binary systems. This
indicates that understanding their effects is paramount
for a better understanding of the dynamics of such systems.

Our previous study found the tidal resonance for stars in
precessing spherical orbits around Kerr BHs assuming an
incompressible fluid with which all the analyses can be
analytically carried out [20]. In this paper, we do not
assume this anymore. To enable us to derive important
formula analytically, we use the affine star model [30]
assuming a polytropic equation of state (EOS). This model
has already been widely used to study particular tidal
problems analytically but still quite precisely [31,32].
In [30], the authors also prove a conformal correspondence
theorem, which links the results found using the virial
equations, with more realistic models of stars. In this paper,
we use this theorem to extend our previous result, and
figure out whether we can see the previously found tidal
resonances in stars modeled with polytropic EOS.
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As in [20], we carry out a perturbative analysis for a star
of precessing spherical orbits using the result found for the
star with a circular orbit in the equatorial plane as the
zeroth-order solution. We show the presence of the same
resonances if the EOS is not extremely soft. This stems
from the similarity between the equations used in incom-
pressible and affine models. We also show that as the EOS
becomes softer, the resonant distance diminishes.

This paper is organized as follows: In Sec. II, we review
the affine model, and show how it describes our system. In
Sec. III, we present our method for a perturbative expansion
with respect to the inclination angle, which we apply up to
the second order. We also derive a formula for the growth
rate of the resonant motion. In Sec. IV, we compute the new
resonant distances of our system focusing on white dwarfs
orbiting massive BHs, and show how it changes for
polytropic EOSs with different polytropic indices. We also
indicate that in the presence of the resonance, mass ejection
is likely to be induced from the stellar surface. Throughout
this paper, we use the geometrical units of ¢ = G =1,
where ¢ and G are the speed of light and gravitational
constant, respectively, and the FEinstein summation
convention.

I1. AFFINE MODEL
A. Setup

In our previous paper [20], we modeled the orbiting star as
an incompressible ellipsoidal object on which the tidal forces
by the BH are exerted. Newtonian gravity was assumed for
the self-gravity part of the star. To go beyond the incom-
pressible hypothesis, we employ the affine model, which was
originally defined by Carter and Luminet [30,31].

The affine model was introduced in [31] to analytically
investigate stars which are tidally deformed by massive
BHs. This model was further developed in [30], which
allowed the authors to show that most of the properties of
the incompressible model could be carried over to stars
with more general EOSs. Our present purpose is to
investigate the presence of the resonance found in our
previous paper [20] changing the EOS from the incom-
pressible one to a softer one (changing the polytropic index
from n = 0 to <3). The affine model enables us to extend
the aforementioned resonance to compressible EOSs.

The affine star model assumes that the position vector
r; in the center or mass frame of any material element is
given by

A

i =4diq"a> (1)

where indices from the middle of the Latin alphabet
i, ], k, ... refer to spatial components in the physical frame,
while letters from the beginning of the alphabet a, b, c, ...
refer to the spherical reference state. Whenever the same

subscript appears like g;,7,, we assume to take the sum for
the three spatial components.

qi, 1s the deformation matrix and is assumed to be
spatially uniform. The spherical reference state is the state
that the star should have if it is static and completely
isolated: In this case, the self-gravity of the fluid should
enforce the star to be spherical.

Since we assume that ¢;, is spatially uniform, the affine
model applies a linear transformation to the reference state.
Hence the kinematics of the star is completely contained
within the nine components of the deformation matrix g;,.
Furthermore, as the deformations are assumed to be linear,
the star has an ellipsoidal shape, and the surfaces of
constant density are self-similar ellipsoids as in the incom-
pressible case [19].

This idealized affine model can also be derived as
approximate equations of the full hydrodynamics equa-
tions. This can be seen by expanding the relative position
vector r; in a Taylor series of 7,:

ri:qiafa+Qiabfafh+O(|ﬂ3)' (2)

From this perspective, it can be seen that neglected terms in
the Taylor expansion will be in general important in the
outer part of the star (unless g;,, is extremely large), and
thus only for a small portion of the total mass. Overall the
affine model can be seen as a good approximation when
considering linear forces acting on a self-gravitating object.
As we assume only linear tidal forces acting on the star, we
may expect that the results found using this model should
be robust.

This model was shown to be suitable for exploring tidal
deformation of stars with moderate degrees of penetration
within the tidal disruption radius [31-33]. However, when
the penetration is too deep, the nonlinear deformation of the
star becomes so important that the affine model breaks
down. We can also expect it to fail in other scenarios. For
example, if the star gets quite close to the black hole,
we have to consider nonlinear contributions to the tidal
tensor [17]. Another case would be when the star gets past
the Roche limit, i.e., when stellar matter gets ejected from
the star. In this paper we do not consider these cases.

We neglect the general relativistic effect for the self-
gravity of the star, so there could be an error of order
Gmgy/c*Ry,,. However, for typical-mass white dwarfs
with mg,. = 0.6-0.7M, which we consider in this paper,
such a correction is minor.

As we already mentioned, we assume that the EOS of
the star is polytropic, P = kp' = kp'*!/", with P being the
pressure, p being the rest-mass density, ' =14 1/n, n
being the polytropic index, and x being the polytropic
constant. The spherical reference state is then computed by
solving the Lame-Emden equation [34]:

1 d 2d6’ -
?ig(‘f d?)” =0 G)
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where £ and 6 are related to the radial coordinate r and the
density of the spherical reference state p by

(n+ I)Kpl/” !
A (@)
b= p.O", (5)

and p, is the central density of the star. 6 is unity at the
stellar center and zero at the surface.

The hydrodynamics equation for self-gravitating stars
subject to tidal forces in an inertial frame is written as

p P = _paq) aP pCl] j (6)

where @ is the self-gravitational potential, determined by
the Poisson equation, A® = 4zp, and C;; is the tidal tensor
determined by a BH, which is appropriately defined in the
local inertial frame [35]. 7; denotes the derivative of r; with
respect to the timelike affine parameter that characterizes
the motion of the inertial frame.

The first step to obtain the basic equations satisfied by
the affine model is to recover the tensor virial equation. For
this, we take the tensor product of the preceding hydro-
dynamics equation with the position vector and then
integrate over the volume of the star V' as

Apummfr:_[}uwpuym%-[ﬁfuym%

_[/ ( )Ctjrjrkd X. (7)
By introducing the following integral quantities
Mik—//’(”)”i”kd%” (8)
v
1 . 3
Jik =5 | p(r)(ritx = Firg)dr, )
2 )y
1 ..
Tu = [ o0 (10)
2)v
Qik:/p(r)aiq)rkd3ra (11)
14
H:/Pd3r, (12)
14

we obtain the tensor virial equation [36]

1 . .
EMik + i = 2Ty = Qyy + 16y — C;jM ., (13)

where 0;;, is the Kronecker delta.

In the spherical reference state, we have

/ AP)E Py F = M5, (14)
\%

where

wuzl/pmﬁmﬁ (15)
3Jv

As we apply the linear transformation ¢;,, the mass of an
infinitesimal material element is conserved, and hence, we
have the relation p(7)d*# = p(r)d®r. We then obtain the
following relations for the integral quantities:

Mik = M*qmq}cu’ (16)
M, . .
Jix = T (Qiaqka - qiana)v (17)
M,
Tik - D) QWQka’ (18)
and thus,
Mg = G (g +6y) — CiiM.qjq,. (19)

If we introduce B;; by

M.Bj; = g3} q, (6 + ), (20)

the equation for g;, becomes

Gia = (Bij = Cij)qja- (21)
B;; thus encodes the internal forces of the star, namely the
pressure and the self-gravity. In particular, if we set C;; to
zero, the resulting equation describes the evolution for an
isolated star. As we assume that the self-gravity is
Newtonian, we have

L=

We then define the matrix S as S;; = ¢;,4,- By denoting
the identity matrix as 1, we introduce the dimensionless
matrix A;;:

P&’y
2lry — rk‘s '

(22)

(S + ul); ldu

y/det( S —I—ul

From the theory of incompressible fluids [19,30], we have

(23)

= VTS [

Q
Q=
2/det(S)

Aiijk’ (24)
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where Q. is the self-gravitational energy in the spherical
reference state given by

PP FdP 7

S

and V, designates the volume of the star in the spherical
reference state.

If we also introduce the integral of the pressure in the
spherical reference state I1, by

, (25)

m = / P(A&F, (26)
V.,
we must have
Q
I, = ——=. 27
: 1)

This is equivalent to the virial relation for isolated spherical
stars. We can now rewrite B;; as

5 —H*< RPN
Y MO\ 24 /det(S) I,

q,i q;}) (28)

Then the equation of ¢;, is written as

1T 3 11
i = (o [~y + — g5 -!)—ci)
q <M* < 2 det(S) J H* th qb./ J q/

(29)

B. Equations in a rotating frame

In the affine model, we assume that all the degrees of
freedom of the system are contained within the deformation
matrix g;,. Thus in the most general case, we have nine free
variables.

For any g;, that satisfies det(q;,) #0, we can find
two independent orthogonal matrices P;; and Q, ie.,
P;; = P3;' and Q;; = Q7', and write
qib = PijbjaQpa- (30)

This defines b;, as a new deformation matrix written in a
new frame. This frame is defined through a rotation in real
space P;;, and a rotation in the spherical reference state
Q.- Since we do not impose any constraint on b;, at this
stage, it has the same nine degrees of freedom as g;,.

To relate quantities between the inertial frame and our
new frame, we define the rotation rate of the inertial frame

ij — Pkipkj' (31)

Likewise we define the vorticity inside the star through

Aab = Qcanb’ (32)

Both of them are anti-symmetric matrices, i.e., w;

and 1., =

freedom.
We then have the relations

ij — Wji

—Apq> and thus, each of them has three degrees of

b—|—2wb

i0ja = 2bipApa +Wib);

ijYja — bibiba
2wijbjblba + bicﬂ'cbiba' (33)

PjiGipOpa =

+ w; ijbka

Thus the equation of the affine model becomes

big + ZWUbN

= 2w;ibjpApa + bicAcpApa

2bp Ay + Wb

iibja = DinApa + Wijwikbia

I1 3 ~
172 —b7! A:b

ia T = *ijYja
I, 2./det(S)

I,/ M,, Slj =Dbiybjq C,] is the tidal tensor
C;; in the new frame, and A has the same expression as A;;
but with S;; replaced by Sij in Eq. (23). The new
equation (34) explicitly shows the contribution of rotation
and vorticity on the star through the terms containing w;;
and 4,,. 7, approximately denotes the sound crossing time
in the spherical reference star.

If we choose a frame in which b;, is diagonal, i.e.,
bi, = b5, this promotes w;; and 4, to dynamical vari-
ables which always enforce the relation g;;, = P;jb;qQp,-
We still have nine degrees of freedom, but in this case each
of b;, w;; and 4, has three degrees of freedom.

We introduce the rotation vector €, and the vorticity
vector A, such that w;; = €;;,€2 and 4., = €4, A, where
€;jx 1s the completely antisymmetric tensor. We can then
decompose Eq. (34) as

—Ciibja,  (34)

where 772 =

bi = bi[(A2 + A7) + (92 + Q)] + 2(b; A + biA,Q))

biAii> = —Ciib;, (35)

L/ 1 3
_r 0
ILb, 2b,bybs

2b,A; —
- ZbkAle -

20,9 + biAy — by + biAA; + b;Q;Q

_Cyb, (36)

where we suspended the summation convention, and

assumed i # j # k. Using b;, Aij is written as

~ By 5l]dl/l

Aij - b1b2b3 5 5 5 5 .

0 /(b7 4 u)(b3 + u) (b} + u) (b 4 u)

(37)

It is found that A, ;j is written in a form well-known in
the incompressible case [19]. Equations (35) and (36)
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correspond to the evolution equations for the diagonal and
off-diagonal components of Eq. (34), respectively. Thus
rewritten, we have similar equations to the ones of the
Dirichlet problem as shown in [19].

C. Equatorial plane: order 0

Our purpose in this paper is to study the tidal effect on a
polytropic star orbiting a Kerr BH using the affine model.
Apart from using a compressible EOS, our setup com-
pletely mirrors the one presented in [20].

As such, we assume that the star has a geodesic orbit
around a spinning BH of mass m and of spin parameter a.
To reference the position of the star relative to the BH, we
will use the Boyer-Lindquist coordinates. The metric and
the geodesic equations are written down in Appendix A.
We will assume spherical orbits of the star; the star stays at
constant radius r of the BH, but its orbital plane slightly
precesses around the equatorial plane. We assume that the
mass ratio between the two objects as mg,/m < 1
(typically 107> in this paper). Thus, we can safely treat
the spacetime as fixed because the modification of the main
results by changing the equations of state (see Figs. 1 and 2)

0.09
0.08 Incompressible
0.07
0.06
%0.05
2
0.04 .
—— Roche limit
003 Resonance 1st order
0.02/ — Resonance 2nd order
0.01) —— OQrbital freq. of WD
0.007¢ 8 10 12 14 16 18 20
r'm
0.12
0.10
0.08
o
G 0.06 —
—— Roche limit
0.04) —— Res. 1st order
002l Res. 2nd order
| —— Orbital freq. of WD
0.00—¢ 8 10 12 14 16 18 20
rfm

FIG. 1. Q® = Q?/(zp) as a function of r/m for the first- and
second-order resonances, along with the tidal disruption limit Q2
as well as the orbital frequency of Q? for a typical value of
supermassive BH-white dwarf binary, namely a 10* km large,
0.6M , white dwarf orbiting a 10° My, BH (red curve with arrow).
The orange and green curves denote the location of the first- and
second-order resonances, respectively (see Sec. IV for details). For
all the plots, we assumed a/m = 0.8 and prograde orbits. The
upper panel shows the results for the incompressible model, and the
lower panel the result for compressible stars with n = 1 (I' = 2).

is much more significant than the correction from the
mass ratio.

The equation of the affine model (29) is valid in a local
inertial frame. Thus, we need to use Fermi-normal coor-
dinates on the geodesics, such as the ones found in [35].

In this inertial frame, we refer to the axes of the
corresponding orthonormal basis as 1, 2, and 3. We assume
that the axis 3 points in the same direction as the orbital
angular momentum of the fluid or in other words, the
direction of —(d/d0)*. Note that our 2 and 3 axes agree with
the 3 and 2 axes of [35], and that we changed the direction
of our 2 axis. In this case, the tidal tensor has the form given
in Appendix B.

As the zeroth-order solution, we need to obtain the
solution of a star with an equatorial orbit. As in [15], we
assume that the semiaxes of our ellipsoidal star point in the
frame rotating at the orbital frequency and put ourselves in
this frame. We thus use as ansatz

bja - baéja’ (38)
Wij = W€;j3, (39)

where w is the orbital angular velocity which satisfies
w? = m/r’. For equatorial orbits, we then have ;; = 0. In
this paper, we pay attention only to the case that the star has
no vorticity; thus 4,, = 0, i.e., the corotating case.

We can assume that b;, is constant in time for the

equatorial orbits case. Then, Eq. (34) reduces to

0.12:

0.10

& 0.081
0.06. —— Roche limit
—— Res. 1st order

—— Res. 2nd order
002/ Orbital freq. of WD
0.00

0.04;

6 8 10 12 14 16 18 20
rm

0.175
0.150
0.125

& 0100
0.075

Res. 1st orde

0.050
—— Res. 2nd order
0.025 .
—— Orbital freq. of WD
0.000—¢ 8 10 12 14 16 18 20
rim

FIG. 2. Same curves as Fig. 1, but the upper and lower panels
show the results for compressible stars with n = 3/2 and 2
(' =5/3 and 3/2), respectively.
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NG 3 .
Wijokbka —1*2(H—*bml _MAUbJa) = Cijbja‘
(40)

To utilize the results previously found [20], we introduce
the conformal correspondence theorem [30]. This theorem
relates the result of the equation previously written to the
results found in the incompressible hypothesis. For this, we
first rescale the variables as

a = (bybybs3)'", (41)
bi, = al;ia’ (42)
Wij = 0_3/27*_1\/’1\71']'. (43)

We then obtain
. O B .
WiWikbra — | Pbia — zAijbja =

where all/II, = P. In a polytropic EOS [30], we have
a= P30 Due to this expression, we cannot extend
this formalism to the particular case I' = 4/3.

To solve the equation verified by a compressible star, we
thus need to find a solution for the virial equations of an
incompressible one. By solving these equations, we get the

values of I;l, 132, and 133. This allows us to compute P which
gives us a. We can then rescale the star appropriately.

It is also worth noting how rescaling affects the density
of the compressible star. If the spherical reference state of
our compressible star has a central density of p., in its
physical state, it will have a density of p, = a~3p,.,.

However if we want to actually find the right physical
values, we need to proceed carefully. Indeed when we
rescale the angular velocity w, we change the separation
of the star to the BH, r. As in the incompressible case, we
take w> = m/r?, and thus, by rescaling w, we rescale r
as r = ar’*F.

Here, in our equation, C; ;j depends on r. In particular, we

can write it as C;; = w?¢,;;(r). When rescaling, we have

éij = vfzzc]j(arf/ 3?). Thus we cannot fully remove all «
and 7, from the rescaled equations. More specifically we
cannot compute all the equations all at once. Therefore, we
can solve the equations only by using an iterative scheme.

At the beginning of the iteration, we fix ¢;;(r) using
the actual separation r between the star and the BH.
Furthermore 7, is fixed from the spherical reference state
of the star for which we want to solve the equations. Then,
we assume o = 1. This fixes w, and we can then solve
Eq. (44), in the same way as in [15]. Indeed as we assumed
that the only nonzero components of b;, are diagonal, we
have the equations

3.. P ;
0=—->bAy +—=—bCyy —#?by, (45)
2 b,
3. P :
0=—2byApy +— — byCyy — Wby, (46)
2 b,
3.2 P
0= —_b3A33 + - b3C33' (47)
2 bs

From these equations, we can compute P, which yields a
new value for @, = P43 ). In general this new value
will be different from the one used previously.

Thus we change the value for a accordingly, and this
changes the value for w. We then solve again the equations.
We continue this process until there is a good agreement
between the value of « used to solve the equations and the
one we get from P.

As in previous works [13,15,16], we find a distance
below which there is no more possible solution. This will
correspond to the Roche limit. We plot the maximum
angular velocity Q® = Q?/(zp) as a function of the
separation between the star and the BH in Figs. 1 and 2
(line delimiting the shaded region from the non-shaded
one), where p is the average density of the star. If a star is
more compact than another one, then its value for Q will be
lower. Thus it will reach the Roche limit at a closer
distance.

Figure 1 shows the results for stiff EOSs, i.e., the
incompressible EOS and polytropic EOS with T' =2,
and Fig. 2 for the soft EOSs with I' =5/3, and 3/2. We
note that for higher angular velocity, i.e., when entering the
gray zone, there is no solution. This gives us the Roche
limit for different EOSs. As we already noted, the maxi-
mum angular velocity in terms of Q increases for softer
EOSs. Indeed as the EOS gets softer, the core of the star
gets more compact, and hence, the star becomes less
susceptible to tidal disruption.

The meaning of the other curves in Figs. 1 and 2 will be
described in Sec. IV.

III. PERTURBATIVE EXPANSION

A. Framework

We then consider a star in a slightly inclined spherical
orbit around Kerr BHs. As before [20] we study this case
using a perturbative expansion assuming that the inclina-
tion angle of the orbital plane with respect to the equatorial
plane is small. For this, we write

bia = bO,ia + 6':Bia + 0(62)’ (48)

where b ;, is the equilibrium solution for equatorial
circular orbits and f;, is the perturbation. € is our small
parameter for the expansion (see Appendix A).
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To facilitate the subsequent computations, we assume
that « stays constant and equal to (b,b,b5)'/3. Thus, we
have at first order

biy=a"! (boja + €Pia) = I;O.ia + eBia- (49)

Then by expanding Eq. (34) and rescaling it in the same
way as seen in the conformal correspondence theorem, we
obtain the order 1 equation:

Tia3éia50. ja 20" 2wikﬁka50, ja
+ Wikwkl(ﬁlabAO,ju + bAO.laﬁ ja)
+ % (dA (ﬁla)BO,kaO. jb Tt Ay (/;)kabAO, ja T bAO.ka/} ia))
= —éo,iz(ﬁlaéo,ja + Eo.zaﬁja) - él.ileO.lal;(),ja + 51651']-,
(50)

where dA;(f,,) is the differential of A, ; and a linear
function in its argument ﬁla. The linear function dA;; is
computed using the deformation matrix of the unperturbed
star by ;,. The exact expression of dAy;(f,) is given in
Appendix C. CA'O,,-J- and CA'IJ- ; are the zeroth- and first-order
forms of the rescaled tidal tensor.

As of now, we have 9 equations for 10 unknowns, the
nine components of ﬁia and 6P. Contrary to the incom-
pressible case, we cannot assume that the star has a fixed
volume. We thus need one more equation. For this, we
assume an adiabatic transformation from the equilibrium
state to the perturbed state. Thus,

— =T, (51)
and we have at first order

8P = —T'Phg} fia- (52)

Using this, we can compute the difference of the integral IT
between the equilibrium and perturbed states as

851—[ = H] - HO
= / (P(¥) + esP(r))d*r —/ P(r)d®r
V, Vo
et 1) | POl (53)
Vo

where V, designates the volume enclosed by the perturbed
star and V, the equilibrium one. Note that this last equation
can be seen to be equivalent to the conservation of volume

bAa}a/}ia =0, (54)

when I' — 0. This corresponds indeed to the incompress-
ible case.

We expect to be able to split the equations in two parts:
one will describe the normal oscillations of the star, and the
other the feedback of the perturbed geodesics and the lower
order perturbations of the star. The equations can then be
seen as an excitation process of the latter term on the
former one.

B. Case of an inclined orbit: order 1

Since ¢ varies in time (see Appendix A), we assume the
form of &(7) = gye'®”, where g, is the maximum precess-
ing angle of the perturbed orbit and only the real part in €
has the physically relevant value. Thus, we can also write
C1,j(r) = €V je'™, where

0 age m\/r* + Ko(r* + 5K) (55)
1,13 = 2a€o 3 ,
\/Kor

with K, being the Carter constant of the equatorial orbit. As
the time varying period of C| ;; is fixed as 27/ @y, which we
rescale as wy = a~/?7;'d,, Eq. (50) is written as

— @} Biaby, jat 2idgWitSabo, ja
+ Wikwkl(ﬁlabAO,ja + I;o,laﬁ i)
3 - A A ~ PN ~
+ 3 (dAikim (Pmabo.1a + PomabPia)Ponbo b

+ Ail(ﬁlabAO,ja + Bo,laﬁja))
= _CO,il(ﬁlaEO,ja + bAO,laﬁja) - él,iII;O,lal;O,ja + 51355,’-
(56)

Thanks to the rescaling, we obtain similar equations as in
the incompressible case. In particular, as C’? ;j only contains
off-diagonal terms, we only need to look at the equations
for the off-diagonal terms with i # j, which are the same
as the ones for the incompressible model. We thus expect
the first-order resonance to be present as in [20], although
the resonant orbital distance may differ from those in the
incompressible star.

If we introduce A such that @3 = (1 + 1)Q3, where 1
is a purely relativistic correction [see Eq. (A8)], we have
Cii=(—2-293, Cpn=03 and Ci; = (1+21)Q}.
Then, similarly to the result in [20], we find the first-order
resonance when

38,34

APl =
B+ +/1)

(57)

where B3 is defined in Eq. (C7).

Next, we derive a formulation for analyzing the growth
rate of the resonant motion. We notice that Eq. (50) can be
written as linear ordinary differential equations of the first
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order. For this, we introduce (e;;, f;;) such that f;; =

7,032

é;j and ¢;; = ﬂAmbAO, ja- Equation (50) then becomes
. @2 f i+ 20 frj + Wabu(ey + ejr)

3 . A~ A -
+ 3 (dAiim(eim + em)bo wbo jp + Ai(ex; + i)

= —éo,il(ezj +ej) — él,ill;O,IaEO,ja + 5135[/- (58)

If we introduce a state vector E, which encodes all the
variables of the system (e;;, f;;, P), the preceding equa-
tion can be schematically written as

T*(IS/ZE(X + MaﬂEﬂ = Ca, (59)

where C, encodes the tidal perturbation. From this equa-
tion, we can see that the eigenvalues of the matrix M
correspond to the normal modes of the star.

At the resonance, we have ioyE, + M zEz = 0. We then
need to assume another ansatz for the time dependence of
the perturbation as

E,= ,upafeid,gr =+ Vaeiw(ﬂ? (60)

where u, p,, and v, are constants, and ¢ denotes the growth
rate of the resonant motion. While at some point the first
term will be large enough that our linear analysis is not
valid anymore, this ansatz allows us to compute the growth
rate as the star is at or near the resonance.

The equations satisfied by these constants can be
decomposed into two systems of equations, one depending
on time as 7e'?", and the other as ¢/”*. The one depending
as ze!®? reflects the resonance condition, i.e., one the
normal modes of the star w,, coincide with @, and involves

only p,:
(Dgpg + Maﬂpﬂ =0. (61)

This implies that p, is an eigenvector of the matrix M .4,
which we will assume to be normalized to one. Then we
find that y can be interpreted as the growth rate of the
perturbation at the resonance.

By replacing @, with any o, one can find the normal
modes w, with their associated eigenvectors E!,. From this
one can deduce the existence of P,; a projection operator
such that P,gps = p, and P,zE} = 0 for any value of n.

One can then write v, = 6pp, + »_,0,En The equa-
tions for v, are

Hpa + iDgly + Maﬁ’//} =C,. (62)

Then by applying the projection operator P4, we obtain the
equation

HPo = Paﬂcﬂv (63)

from which we can obtain the growth rate of the perturba-
tion p at the resonance. o,, can then be determined from the
initial conditions.

Using similar notations, we can also study the growth
rate of a perturbation when the star is nearby the resonance.
In this case, there is a normal mode @, in our system
whose value is close to @y. If we assume that the response
to the tidal disruption is mainly dominated by oscillations
of frequency @, and @y, we can assume that E, =
H0P0.a€' ™" + pgpo o€, where py, is the eigenvector of
M, with the eigenvalue i@,. As before, we can construct
the projection operator P,; associated with p,,. We must
then have i(@y — dg)ugpo o = PupCp. If we assume that
our initial conditions are E,(r =0) =0, we have
o = —Ho. Thus for 7 <« 1, near the resonance, we obtain
E, ~ P ;Cyre'®r.

C. Order 2

In the previous paper, we also found resonances at the
second order of perturbation in € [20]. To identify this, we
extend our perturbation equations by one order further.

For the second-order equations, two types of contribu-
tion, which did not appear at the first order, are present.
First, one needs to add second-order contributions to the
rotation rate w;;. For this, we write

_ 2 4

Wij = Woij + €Wy + O(€). (64)

Wi like Wy ;; is a rotation around the axis 3. Second,

quadratic terms in ﬁia are necessary. However, it is soon

found that these terms are not relevant for the condition of
the resonances.

We write the deformation matrix up to the second
order as

bia = bO.ia + gﬂia + 82}’,'“ + 0(63)' (65)
As before, we rescale them by « as
bAia = bA(),iu + ‘c’ﬁia + 82},;1'11 + 0(83)' (66)

Then the basic equations are written in the form
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T£a3<7;;ial;0,ja + ﬁiaﬁja) + 27,03 %Wg 4t (fkalgo.ja + [;ka/}ja) + Wo,ikWO.kl(flal;O.ja + l;o,lafja +ﬂAlaﬂAja)
3
+ 5 (dAikim (Pmabo ja + bomaia + BiaPma)boiwbo.jb + Ait(Fiabo ja + Po1a? ja + PraBja)
+ JZAiklmno (ﬁmalgo.la + bAO,maﬁla) X (BnbbAO,ob + EO,nbﬂAob)I;O.kchO,jc + dA~iklm (BmabAO,la + bAO,maﬁla)

< (Biboss + bowPin)) = CokFrabo ja + bosa?ja + BraPja) + C1 ik (Brabo ja + boxaBia)
=+ é2,ikl;0,kai;0, ja T 5, P 0ij — wA’2,1'1<l;0,1<al;0. ja — zwz.ikwo,kll;o,lal;o, ja- (67)

d?A ;1 mno is the second derivative of A; ; computed from the
unperturbed state. The explicit form for it is given in
Appendix C.

For the second-order change of the pressure 6,P, we
proceed as before:

1

52ﬁ - (F_ 1)p<_56}a?ia - (36}0'3"“)2

o

Lay A o~ o« A
+ 5 bO,%aﬂjubO,}bﬂib + F(bo,%aﬁm)z) . (68)
In the incompressible limit, I' — oo, we have

N I P
- bO}ayia ) (bO}a:Bia)z + Ebo,}aﬂ jabo.}bﬁib
+T(bylafia)? = 0. (69)

Here, F(l?g ! Bia)? vanishes in the incompressible limit.
Indeed, from Eq. (53), I“l;a } Bia=—6P/P, and ];5,}'aﬁia -0
as ' —> oo, as established in Eq. (54), and thus,
F(l?a L Bia)? = 0. The equation then becomes

AL 1A aA Ay 4
bo.}a%‘a = Ebo.iaﬂ jabo,}'bﬁih- (70)

Each source term can be decomposed in two parts as in
our previous paper [20], depending on its time dependence.
The first component is constant in time, and the second one
varies as e?®#*, One then has to solve the equations for each
of those time dependencies. However, we only want to find
the resonant distances. As seen in the previous paper, we
thus need to solve the equations for the time dependence in
e*@* Then by looking at the contributions linear in 7,
one should recast the equations in matrix form and identify
the orbital separation at which its determinant vanishes.

D. Correspondence between affine equations
and virial equations

In order to clarify the continuity between the previous
paper and current work, we now make the link between the
current formalism and the virial equations clearer.

In the incompressible hypothesis, our starting point is an
ellipsoid. We then assume that a displacement is written in

|
the form of x; — x; + &;;x;, where &;; denotes the dis-
placement tensor. This is equivalent to performing a linear
transformation £;; on our equilibrium state: x; — L;;x;,

In the affine model, on the other hand, every variable is
defined in relation to the spherical reference state. We apply
a linear transformation from this reference state. Our
perturbative expansion then concerns the transformation
b;,. In particular at first order, we apply the transformation
biq = boja + Pia = (8i; + efinby ;)0 ja- This is equiva-
lent to applying a transformation L, ;= (6 + ePipby, }, j) to
the equilibrium state which is defined using b ;.

By comparing the two formalisms, we thus deduce that
the displacement of the incompressible formalism can be
written as

&ij= ﬂibba,%,j- (71)

In the previous paper [20], we mainly used the variables

Vg;lj) = mstarcf,-jbjz» /5. Its correspondence in the affine for-
malism is then given as

1 m

Vg;j) = %ﬁibbo.bj' (72)
This can be also extended to higher orders, in particular for
the second order as

2 m
Vg;j) = %yibbo,b/’- (73)

IV. RESULTS

A. Resonance orbital distance

In our previous paper [20], we showed that when the
frequency of a normal mode of an incompressible star
coincides with the geodesic oscillation, a resonance is
triggered. As the overall equations have not essentially
changed, it is unsurprising to find the same resonances even
in compressible stars. There are, however, a couple of
noteworthy changes, which will be reported in this section.

Specifically, we here consider a white dwarf of mass
mwp in precessing spherical orbits around a Kerr BH of
mass m = 10°My > myp and spin parameter a/m = 0.8.
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We compute the resonances for polytropic EOSs with
indices of n=1, 3/2, and 2 (I'=2,5/3, and 3/2,
respectively). We note that the resonance, which we will
show below, appears irrespective of the BH spin.

In Figs. 1 and 2 we plot Q% = Q?/(zp) of the first- and
second-order resonances (orange and green curves, respec-
tively) in addition to that of the Roche limit as functions of
the separation of the star r/m. Here, using Q allows us to
compare the result found in the affine model with the ones
from the incompressible model. In the following we
consider the case of myp = 0.6M and the white dwarf
radius R = 10* km.

For both types of resonances, for a given value of r/m,
we observe that the value of  for the resonances increases
in the polytropic EOS compared to the incompressible case.
Moreover, with the increase of the polytropic index
(decrease of the adiabatic index I'), Q at the resonances
increases, approaching the curve of the Roche limit. In the
case of the second-order resonance, it even disappears for
n =2 (I' = 3/2). This implies that this resonance is absent
for high-mass white dwarfs for which the EOS should be
soft with n = 2 [34].

For the larger values of n (smaller values of I'), the core
of the star becomes more compact. Thus as we noted when
we discussed the Roche limit, the star is less easily tidally
disrupted (for given values of mwp and R), and this fact can
be seen in the increase of Q at the Roche limit as the EOS
becomes softer (n becomes larger). This change in the
phenomenology of the stars is also reflected in the
resonances. In particular, we observe that white dwarfs,
which may be approximated by a polytrope of n = 3/2-2
for mass <1M,, are tidally disrupted only at a very close
orbital distance to the BH. Likewise, the resonances are
triggered closer to the BH.

The first-order resonance comes from the coincidence of
the geodesic oscillation with a mode driven by the Coriolis
force [19]. It is thus a r-mode resonance. Both of them have
at every point a value of the same order as Q. As the
perturbative equations were the same for the polytropic and
incompressible stars, we could indeed find it again. For
different stellar structures, we might have slightly different
resonant frequencies, and thus the resonance might be
triggered at a different separation. However as the mecha-
nism of this resonance relies mainly on the Coriolis force,
we should always observe this resonance unless the EOS is
not very soft.

As we saw in Sec. I[I C, a less compact white dwarf will
reach one of the resonances at a more distant orbit. As long
as the white dwarf is less than or as compact as our
reference case with myp = 0.6Mg and R = 10* km, then
it will hit the first-order resonance. However if the white
dwarf is more compact, it may hit the second-order
resonance instead.

We highlight this behavior in Fig. 3, where we plot the
resonant distance for relatively low-mass (low density)

30
—— Roche limit

25 —— Resonance 1st order
—— Resonance 2nd order

rm

0.6 0.8 1.0 . 1.4
Mass of the WD in Mg

FIG. 3. Resonant distance for low density WD as a function of
its mass, orbiting a m = 105Mo BH. We assume I' = 5/3 for the
EOS of low density WD. We detail its EOS more in Sec. IVA.
The gray zone corresponds to the separation for which the star is
tidally disrupted. We further add a red dashed line to separate the
masses, below which the star first hits the first-order resonance.

white dwarfs as a function of its mass. We still assume that
the central BH has a mass m = 10°M,. Since our focus is
in particular on relatively low-mass white dwarfs, we take
I' = 5/3. For this case the radius and mass of white dwarfs
are approximately written in terms of the central density p,
as [e.g., [37]]

~1/6
R—1.122x104<%> km,  (74)

10° gcm
so64— P\ 5
=04964( ———— ) M. 7
Mwp (1 0% gcm_3) o) ( )
Figure 3 shows that for white dwarfs of mass

mwp = 0.68M, there will not be a first-order resonance.
Thus for such massive white dwarfs, there would only be a
second-order resonance, triggered close to the Roche limit.
In these cases, we might observe a fairly typical tidal
disruption.

Before closing this subsection, it is worth noting that
r-mode resonances have already been described for rela-
tivistic binary systems [25,27]. However, these come from
a gravitomagnetic tidal field, whereas the one we presented
comes from a gravitoelectric field. In the case of a tidally
locked star, the gravitomagnetic force is of O(m*R?/r),
whereas the off-diagonal gravitoelectric force is of
O(maR/r*). Therefore for rapidly spinning BHs, the
gravitomagnetic force is subdominant.

B. Growth rate of the resonant motion
in the first-order resonance

In Fig. 4, we plot the maximum velocity induced by the
BH tidal force for a white dwarf of myp = 0.6M, and
R = 10* km with I" = 5/3 at different separation r/m of
the BH, of m = 10°M, and a = 0.8 m. We assume that the
amplitude of the perturbation of the inclination is g5 = 0.5.

123044-10



RESONANCES OF COMPRESSIBLE STARS IN PRECESSING ...

PHYS. REV. D 111, 123044 (2025)

102

Surface velocity
S

—— Velocity due to displacement
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FIG. 4. Maximum velocity at the surface of the star due to the
first-order response to the tidal perturbation for a white dwarf
of myp = 0.6Mg, R=10* km, and with a polytropic index
n=3/2 (I' =5/3), as a function of the separation r/m, where
m = 10°M and a = 0.8 m. The amplitude of the perturbation
on the inclination is given as &y = 0.5. The dashed line shows the
escape velocity for this star \/mwp/R. The gray zone corre-
sponds to the separation for which the star is tidally disrupted. We
further highlight the red zone, the resonance window, where the
maximum speed induced by the tidal perturbation is of the order
of the escape velocity.

The maximum velocity induced by the perturbation is
computed by first solving for the variable e;; in Eq. (58).
We can then compute the associated displacement tensor
&ij = Bunbiy; = eiby by}, from the first-order tidal per-
turbation. This displacement tensor induces a velocity field
u; = iwpé;;x; which takes its maximum value at the sur-
face. Here we plot u,, = Rwymax;;(&;;).

We compare the resulting velocity with the escape
velocity at the surface of the star which is of the order

\/mwp/R. When the induced perturbation is of the same
order as this limit, we know that the linear approximation
breaks down: In reality, at this stage, the growth of the
perturbation would be saturated. This allows us to identify
the resonant window of the separations » for which the
perturbation becomes large. We observe that the resonance
window is narrow as Ar~0.15 m (see the red region
of Fig. 4).

We expect that in real systems, the perturbation will grow
until the maximum velocity reaches the escape velocity.
Then, a fraction of the stellar matter will be ejected from the
white dwarf. By the mass loss, the radius of the white dwarf
should increase with time gradually; the compactness of the
white dwarf decreases. As long as the orbit of the white
dwarf remains in the resonant window, this process is likely
to continue. Because the orbital separation is close to that of
tidal disruption, this process may trigger the eventual tidal
disruption.

During the inspiral of a white dwarf, gravitational waves
are emitted. The frequency in the late inspiral phase is in
the band of Laser Interferometer Space Antenna for
m ~ 103M, [38], for which the frequency of gravitational
waves from a white dwarf in circular orbits at r/m = 8 is

= —— Numerical estimate
Tl —— Analytical estimate
Ov -3

- 10 --- Power fit : % o rd
ey ~

-

[e]

)

o

e

s 107

o

G

8 9 10 11
rim

FIG. 5. Two estimates of the growth rate of the angular

momentum in the (x;,x3)-plane due to the tidal perturbation
as a function of the separation r/m. The first comes from the
numerical integration of Eq. (58), and the second one is derived
using the analytical formula given in Eq. (63). We also fit the
numerical estimate of the growth rate at larger separation to a
power law dJ5/dt  r°, with § ~ —7.2. As before, we assume a
white dwarf of myp = 0.6Mg, R = 10* km, and with a poly-
tropic index n = 3/2 (I' = 5/3) and the BH of m = 10°M, and
a = 0.8 m, together with the amplitude of the perturbation on the
inclination &, = 0.5. The gray zone corresponds to the separation
for which the star is tidally disrupted, and the red zone is the
resonance window highlighted in Fig. 4.

~30 mHz. When the white dwarf enters into the resonance
window, it no longer behaves as a point mass, and thus, the
gravitational-wave phase would be modified. After the
mass ejection and subsequent tidal disruption, the gravi-
tational-wave signal should shut down. One noteworthy
point is that this shutdown occurs at an orbital frequency
slightly lower than expected for a tidal disruption on the
original configuration of the white dwarf.

As some stellar matter is ejected from the white dwarf,
the resonance should produce some electromagnetic signal.
It is however unclear if it could be distinguished from one
of a tidal disruption. Due to the special nature of the
displacement involved, the signal could be modulated by
the frequency of the precession wy. As this frequency is not
exactly equal to Q the orbital period, one could in principle
differentiate the cases where a resonance was triggered.

In Fig. 5, we plot two estimates of the linear growth rate
of the angular momentum in the (x;, x3)-plane J,3, for the
same system as in Fig. 4 assuming an initial state vector
E,(z =0) = 0. The first comes from the numerical inte-
gration of Eq. (58). The second is an analytical estimate of
the growth rate using the formula given in Eq. (63). We
observe a good match between these two quantities in the
resonance window. This is to be expected, as Eq. (63) was
derived assuming that we were close to the resonance. We
also notice that at the larger separation the growth rate can
be fitted as a power law % « %, with § ~ —=7.2, close to 7.
This power agrees with the order-of-estimate at large radii
(note that Cy5 o r~* (see Appendix B) and I, — I35 o r™>
for r > m where I;; denotes the quadrupole moment of

the star).
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Let us make an estimate of the number of orbits needed
for the displacement to have an important impact on the
white dwarf. In the system considered, the resonance is at
roughly r/m~8. Thus Qa1 (L)732 x4 x107Mg!. In
units c = G = 1, we have a growthrate dJ/dt ~ 107" M o c?.
We can very roughly approximate J ~ [u,,, /R, with u,,
being the maximum velocity typically occurring at the
surface. We have in this case /R ~8 x 10°M%. Thus
after one period, we have u = 2-% ~5x107%c. As

271Q di
the escape velocity u can be roughly estimated as

u = \/myp/R ~ 1072¢c, this indicates that the star needs
on the order of 10-100 orbits before being seriously
perturbed by the tidal forces.

Studies of tidal disruption events have often assumed
parabolic encounters of a white dwarf around a black
hole [39-41]. Let us assume that our white dwarf is in a
parabolic orbit around the black hole. To treat this case
rigorously we would need another mathematical
approach. However as the white dwarf only gets close
to the black hole once, it is probable that the resonance
will not have time to be triggered. Indeed from our
previous order of magnitude computation, we saw that
the white dwarf needs multiple orbits before the induced
displacement disrupts it.

V. CONCLUSION

In this paper, we extend our previous study [20] to
the case of a compressible star using the polytropic EOS.
We applied the affine model formulated in [30] and found
that compressible stars could exhibit the same resonances
but only in restricted cases, i.e., only for the relatively
stiff EOSs.

As remarked in [20], the same analysis can be performed
for weakly eccentric orbits. The perturbative equations we
introduced could also be used in this case. The principles
leading to the resonances can then be expected to still
apply. Thus we may also expect stars in slightly eccentric
orbits to have a resonance before they encounter the Roche
limit, if the EOS is not too soft.

This could be of relevance for the products of three-body
interaction or a tidal capture event. Indeed, we should
expect such systems to be eccentric and have a non-
equatorial orbit. Thus we might observe an even wider
array of resonances in such cases.

When stars are at the resonance, or near it, the induced
displacement becomes very large. The perturbative approach
then breaks down. To explore it further, we need to go beyond
a linear analysis. Doing this will allow us to study the impact
of the resonance on the evolution of the system. It will also
enable us to explore possible signatures of these resonances.
For this one needs to perform numerical hydrodynamics
simulations of the system. Furthermore it has been widely
shown that the actual result of a tidal resonance on an object
depends on the inner structure of the object. Thus while we

studied relatively simple stars, further insights could be
gained on this resonance by taking more complicated inner
structures into consideration.
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APPENDIX A: SPACETIME METRIC
AND GEODESIC

The metric of a Kerr BH in the Boyer-Lindquist
coordinates is written as

. 20
s [(¥2 + a®)dep — adt)?

A
ds* = —E(dt— asin?@deg)? +

+§dr2 + Zd6”, (A1)
where A = r> —2mr + a®> and T = r* + a” cos® 6.

The timelike geodesics on the Kerr spacetime are
described by the four constants of motion, E, specific
energy; L, specific angular momentum for the BH spin
direction; K, the Carter constant [43], and the mass of the
test particle. The resultant geodesic equations are written
as [e.g., [44]]

dt  [(r*+ a*)? — Aa?sin® ]E — 2mral

= _ 2
dr AY - (A2)
2 (dr\? 2 2 2 2
)y = ={E(r*+a*) —aL}* - A(r* + K)
T
= R(r), (A3)
do\? (aEsin* 6 — L)?
2( 0N _ o 220
pX <dr> K —a“cos* 0 oy . (A4)

dp 1 |2mraE 2mr\ L
A -0 = A
dr A[ ) +( Z)Sin29:|’ (A35)

where 7 is an affine parameter of the geodesics. In this
paper, we assume that the star has a spherical orbit with a
fixed value of r=ry; R=0=dR/dr=0 at r = r,.
These relations give us the two relations among E, L,
and K.

We assume a slightly precessing orbit, ie., € =6 —
/2 < 1. € then is a solution of the following equation:
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o) —e-elea- L o)

where C = K — (L — aE)?, which vanishes for equatorial

orbits. We took into account the terms at O(&?). Note that

Ey and L, denote E and L for equatorial circular orbits

while for C we need the second-order quantities in e.
Then, for r = ry, we obtain

(1) = gy cos(wyt), (A7)
where
L2+ a*(1 — E?
o= VBETI
_ r3 —da,/mr; + 3a29 (AS)
Py o

C
0=V (A9)

Wy

Here ¢, and /C are first-order parameters which are used
for the perturbative expansion. It is worth noting that
cosO(r) = —&(r) at the first order.

APPENDIX B: TIDAL TENSOR
The expression of the tidal tensor can be simplified by
changing the frame we are working on. In a rotating frame

of rotation Q along the 3-axis with magnitude Q = d¥/dfr,
the tidal tensor becomes [35]

~ ST(r* — a?cos* 0 ST
C,= (1 -3 ( )>Ia +6arcoseﬁlb,

K>?
(B1)
622 = Ia7 <B2)
- r2T? — a2 cos? 852 ST
C33: (1+3 KZZ >Ia—6a700591<221b,
(83)
612 = 0’ (B4)
- VST
Ci3 = 3[—arcos (S + T)I, + (a* cos? 0S — r*T)I,,] ok
(BS)

Cy; =0, (B6)

where
I, = g (r* — 3a® cos? 6), (B7)
1,="950 30 2 oogg), (BS)

z

S=r’"+K,T =K —a®cos’6, and ¥ is a time-dependent
angle obeying the following equation:

L —aEsin* 0
. B9
K — &% cos? 9> (B9)

Y VK (E(r2 +a®) —alL

dr T 2+ K

APPENDIX C: GRAVITATIONAL
SELF-POTENTIAL

We define here the quantities necessary to evaluate the
gravitational self-potential. This also establishes further the
links between the affine and incompressible models. In this
appendix, we do not make use of the Einstein summation
convention.

The formula of the gravitational self-potential, A;;, was

jo
given by Eq. (23). At zeroth order, the matrix b;, is
diagonal. In terms of its components, (131 , 132, 133), we have

Aaa [0 bdu
(0) ij
= bibaby [T = Ay ()
whereﬁ:\/(b?—l—u)(l;%—i—u)(l;g—l—u) and
ANaa [ du
2 o DB+ u) (€2)
In a similar fashion, we define
A A A 0o du
A,~~—bbb/ — - . C3
PR o DB+ w) (B + ) (©3)

At first order, we have S; = S alboiabo, ja
(Biabo ja + bojaPja)] + O(€?). Thus when only focusing
on first-order terms, we have
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det(S)

B 5 5 < +€Z/me0ta)

det(S +ul)™ = D! (1 _§<l;% + ul);!

Mw

(ﬂmbOJa + bO 1aﬂja)>

I
—_

a

3
(S+ul);' = (bg + ul)z! <5kj - EZ(ﬁkabO,la + bo xaPra) (b5 + ul)l_jl)' (C4)

a=1

Therefore

dA;(Bra) = ,,Eym%w—bmm

Z |:/°°(ﬁibéo,jb+50,ibﬁjb)du+/°°(5%+”1)i_jl (,Bihl;o.jb‘F[;O.ibﬁjb)du
0 0

BB+ u) (B2 +u) 2D+ ) } (©)

=1

If we introduce V;; = Zb(ﬁibéo,jb + l;(,.,»b/?jb), we have

v 1,
lJ ﬂka Aél]Z : Viinj_EéijZVllAil
=1

13 B,
Visdij +5) Vi (C6)
=1 [
where
N [0 udu
B;; = b,b,b — _ . C7
g 123A D(B? + u) (5] + u) (€7)

If we want to compare the preceding result with the equations provided by Chandrasekhar [19], we need to compare

33 525
U o ,b
Z Z (dAw(Bra)boswbo s + A Brobo s + bowwb)) = =VipAubi +5 Z Vi— + Vi A
k=1 b=1
3 f2
B b;s
iBij+5 E:wl’ . (C8)

The modification to the gravitational potential M;; in Chandrasekhar’s formalism is given as
13
r2
M =ViBij + 3 Z Vi Aibi6ij. (€9)
=1

The difference between the two equations comes from the term ), AS-» ﬂAihl;a}b, which is equal to O in the incompressible
case, due to the conservation of volume Eq. (54).
We proceed likewise for the second order. In Eq. (67), we introduced the term

3 3
~ 2 ~ A~ A A A A A A~ A
AEj) = Z Z JZAijlmno(ﬂmabO,la + b(),maﬂla) X (:BnbeJJb + bO,nbﬂob)' (CIO)

l,m,n,0=1 a,b=1

This term can then be computed as before. We introduce the variables V;.; = >, .BAibl;O.jh- We have V;; = V;.; + V;,; and
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ViVijAiji _ ViViAij

~(2 N
Az('j) = [Aijvi;lvj;lbl 2 Ay VaV +

=1

2 2b?

_ 51‘]‘ 23: (-Az Vl;kvk;l _ V%kAlki _ Alivlz;k _ Vllvkk-Ail + Alkivllvkk Aivllvkk>:| ’ (Cl 1)
k=1

bib; 4 263

where

4b; 8 8b7b;

du

A,.:;;;;;;/""M i I
IRy BB + u)(B? + w)(B} + u)

(C12)
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