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We have calculated the energy and the angular momentum fluxes of gravitational waves induced
by a test particle of mass g, the orbital radius 7 and the Carter constant C moving around a Kerr
black hole of mass M >y and the angular momentumn @M. In this case the orbital plane of the
particle precesses around the symmetric axis due to the spin-orbit interaction. It is found that the
energy flux is approximately written as a linear function of cosf; for cosf;=0.8, where @: is the
inclination of the orbital plane to the equatorial plane. It is also found that the orbital precession
drastically modifies the wave pattern of gravitational waves. We propose a method to calculate the
back reaction to the Carter constant and show a table of the fluxes of the Carter constant as well as
the energy, angular momentum for various combinations of @, 7 and C. Using those fluxes, we
perform a rough estimation of the time evolution of the inclination angle. It seems that the inclina-
tion angle of the orbital plane gradually becomes small for a<0 case and becomes large for a>0 case
due to the back reaction of the gravitational radiation.

§1. Intrdduction

We know there exist at least three binary neutron star systems in our Galaxy,
PSR1913+16,° PSR2127+11C? and PSR1534+12,° which will merge within the
Hubble time radiating gravitational waves. Statistical studies using the above
binary pulsars®® showed that coalescence of binary neutron stars may occur about 3
events per year within a distance of 200Mpc. They also showed that the coalescence
of black hole-neutron star binaries may occur approximately at the same rate. Inthe
final few minutes before merging, such a binary emits gravitational waves of the
frequency 10—1000 Hz and the effective amplitude ~107*—107® Furthermore the
wave form is so clean in the sense that the effects except for the gravitation are not
important” that it is predictable. Hence coalescing compact stars binary, such as

neutron star-neutron star and neutron star-black hole binary, is regarded as one of the

most promising sources of planned laser interferrometric gravitational wave observa-
tory, such as LIGO® and VIRGO.”

Recently to prepare the theoretical template in the frequency band 10—1000Hz,”
efforts are paid to calculate accurate wave forms of gravitational waves during the
inspiral of such a binary. As pointed out by several authors, there is a possibility to

determine not only the various parameters of the binary, such as mass, radius, spin,-

etc., but also the cosmological parameters such as the Hubble parameter from the
relativistic wave form of gravitational waves from binary.”'® Hence it is important
to investigate the relativistic features of gravitational waves in detail. To see
various relativistic effects, in previous two papers'”*? we calculated the energy flux
of gravitational waves induced by a test particle orbiting around nonrotating and
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596 M. Shibata

rotating black holes. We found that the relativistic effects such as the contribution
of the higher multipole parts(/=3) of the energy flux, curvature scattering effect of
gravitational waves and the spin-orbit interaction effect are important.

In the case that the particle moves around a nonrotating body, the orbital plane
does not change. Even in the case that the particle moves around a spinning body, if
it moves on the equatorial plane, it leaves on it. However, if the particle moves on
a plane except for the equatorial plane around the spinning body, the orbital plane
precesses around the symmetric axis due to the spin-orbit interaction effect.’® Since
a companion does not always move on the equatorial plane of the primary star in a
binary system, we should consider the case in which it has a precession orbit. To
study the effect of the precession to the orbital evolution of a binary, it is appropriate
to investigate gravitational waves induced by a particle on a Kerr spacetime because

" the particle has the fourth constant of motion, the so-called Carter constant, which
specifies the degree of the precession of the particle.'™® Hence in this paper to
investigate the precession effect, we perform numerical calculations of gravitational
waves from a Kerr black hole of mass M and angular momentum M induced by a
test particle of mass ©< M with the Carter constant C. As a first step we restrict the
case that the particle moves at a constant radius (7 =7).

In §2 we review the Sasaki-Nakamura formalism and show the formula of
calculation of the energy flux and all components of the angular momentum fluxes.
We propose a method of calculating the change rate of the Carter constant using those
fluxes. In § 3 we mention numerical methods and the accuracy. In § 4 the numerical

results are shown, and from those we consider the orbital evolution of a companion

which precesses around a spinning star. Section 5 is devoted to the discussion.
"§2. Formulation

2.1.  Basic equations

To calculate a perturbation on a Kerr spacetime, the Teukolsky formalism'® is
often adopted, in which the perturbation is expressed as the Newman-Penrose quan-
tities.'” In the Newman-Penrose formalism, the perturbation of the outgoing gravita-
tional waves is described by Weyl scalar ¢.. On a Kerr spacetime, the equation for
¢4 is completely separable and ¢ can be written as

$a=(r —dasing)~ f dwe"“”’Ze"’”’ ‘% (O)Rinw(7) . 2-1)

-2SH is a spin-weighted spheroidal function, which obeys

aw . 2
sir11 6 dat; {sin&’ d(_:i@lm }+{_“2‘”25in29“%6l+4awcosﬁ
_2+2maa)+/1} _2SEP =0, ' (2+2)

and is normalized as
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Gravitational Waves Induced by a Particle Ovbiting : 597

[(lstrsingds=1. (2-3)
On the other hand, Rumo(7) obeys the Teukolsky equation
. d ( 1 dRumw >_ _ ' .
4 dr \ A dr V(V)lew—Tlmw(V) . (2 4)

Here, A is the separation constant, Time(7) is a source term, 4=7»*—2Mr +&* and

_ K*H4i(r—M)K
4

V(r)= +8iwr+A, 7 (2+5)
where K=(#*+a*)w—ma. To calculate gravitational waves from a test particle
" with a circular orbit, Detweiler'® solved the Teukolsky equation by the Green func-
tion method. The solution of it at infinity is written as

Rino =R Wy [ TnoR® 272l (2-6)
T+
where 7, denotes the radius of event horizon, RY and R are two homogeneous
solutions, and

W,=—4"'RQdRY |dr + 4" R{Y dR{}/dr =constant . 2-7)

R and RYY satisfy the following boundary conditions at infinity,

Ré?l)t_’ 7,361'0)7* ,

RRY - 7*Coue™ ™+ 77 Cine™ ™", (2-8)

where Cout and Cin are two complex constants and »* is the tortoise coordinate defined
by

ar* _r’+ad* ‘

dr — 4 (2-9)
From Egs. (2-7) and (2-8), W, becomes 2iwCin. Hence to obtain gravitational waves
at infinity, we must carry out the accurate numerical calculation to solve R and Cin.
However it seems difficult to obtain Cin accurately because of the bad behavior of R
at infinity. Thus, instead of the Teukolsky equation we use the Sasaki-Nakamura
(SN) equation,’”~*" which is transformed from the Teukolsky equation. In their
formalism the equation becomes

[ Fo) 5~ U | x()=5(), (2+10)
where -
F(r)="2 —2 (2-11)

y=cotcifr + co/rit+cs/ri+cafr?,
Co= —12in+/1(/1v+2)—12aa)(aa)— my,
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598 M. Shibata

a=8ia[3aw—ANaw—m)],
o= —24iaM(aw¥ m)+12a*[1—2(aw—m)?],
cs=241a*(aw—m)—24Ma®,

c=124" : (2-12)
and
_ 4 2, 4G,
U(V)—(7,2+a2)2+G [ FG,
G 20r—M) vd

>+ a? + (724 a?)?

v o), e )

Y Aé 6A

24 ) (2-13)

BZZA(-iK+r—M—7

The potentials F(») and U(») behave, respectively, as O(»™") and (GK/(»*+a?))
+0(r™"), n=2, at »*-> +oo, This means that the boundary conditions of the homo-
geneous equation at »*— oo become

X e™

X0 Aowe™ + Aine™ ™", * 00 ,

Xo(gf):_) Bouteikr* + Bine_ikr* ,

X e™ ™, r¥——oco, (2-14)

where k=w—ma/2Mr,. S(r) is related to the source term of the Teukolsky equa-
tion by '

S e ) - w15

where

W=l exp< [ a’r) (2-16)

The solution of gravitational waves at infinity is obtained by the Green function
method,

X0

K= X800 70— [ Sy (2:17)

Therefore to obtain gravitational waves at infinity, we must also perform the accurate
numerical calculation to solve Xi¥ and Am. Contrary to the Teukolsky equation, in
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Gravitational Waves Induced by a Particle Orbiting 599

the SN’s one, the absolute values of the ingoing and outgoing parts of X are
comparable for large »>2x/w, so that it is possible to obtain A accurately.

2.2.  Source term

A test particle obeys the following equations of motion,

o _ gl 21— w2 QZ_}]”ZZ
de—i[c cos 8{(1 (1 E>+Sin2<9 =6(0),
. 2 i
%z —<aE— Sﬁ; ) >+%(E(7’2+d2)—aLz) )
‘ 2 2 2
L —<aE— L. )asin20 + 4 (BG4 @) - aLa),
z%ziﬁ, (2-18)
where

Y=¢*+a’cos?l
R=[E(r*+a®)—aL.P—Ad[(Ea—L.)*+*+C].

In this paper we consider the case in which a particle moves along a constant radius
¥ =7, but precesses around the symmetric axis. Then the energy momentum tensor
of a test particle is written as '

T b2 L5~ )50 ()3 (1)) (2:19)

If »0o and C are given, the energy E and the z-component of the angular momentum
L. of a test particle are obtained by the two equations, R=0 and dR/dr=0.
The source term of the Teukolsky equation is written as

T =4 [dQdso* 5-'1(B§+Bg*)e-im+fwt%, (2-20)
where
Bi=—0*L [0~ Lo(o™ 57 Ton)]
—2%/508 pA L [0~ 0% (0 207247 Tin)],
By =—1 oL ][0 (o7 0 Tiw)]
—2—1508 pA T L0 5247 L (0% P ‘zfan)] , | (2-21)

o=(r—1acosf)™", : : (2-22)
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600 M. Shibata

Le=0s+—2— qwsinf—+scotl ,
sind

Jo=0r+ K, (2+23)

and  denotes the complex conjugate of . From the equations of motion of a test
particle, Tnr, Tm» and Tmm are written as

T = 26(r = 7)3(0~ ()30~ p(0)),

Tan=28(r = r0)3(0— 0()3(p— (1))

=5 — )0 — 6()3(p~ (1)) (2:24)
where

Con= 2‘; AAE(r +a")—alLP,

= — éf 7 LEC e~ aL:)| isino(aB—_E55 )+ 0(0)],

W’Z/‘g,)t [zsm&(aE L’j9>+@(0)}z  (2-25)

and { =dt/dr. Substituting Eq. (2-21) into Eq. (2-20) and performing integral by
part, we obtain the following expression,

— e m[_—m{p *Lo*(0°S)} Cun0 ™ 0728(r — 72)

2 =2 ’
+f’pr(S’9+ ia(p—0)sindS+ f2.S)J {Crnp™ 2 072471 8(r — 70)}
0

ZfLZ {0*S(8%07).7} Caindp™ 5726(7 — 1)

— OS] Ao (P Camdr =)} | (2-26)
where

Lo =08——2 + qwsinf +scotd
sinf

__m - :
fo= <ind + awsinf +scotd (2-27)

and S denotes _»S%(8(¢)). Noting the relations
O(t+4t)=0(¢t), o(t+4t)y=o(t)+dp, (2-28)
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Gravitatiovial Waves Induced by a Particle Orbiting 601

where 4t is a period of the orbital rotation and de is the phase shift during 4¢, we
can rewrite the source term of the Teukolsky equation as follows,

— ik(wAat—md
T__Tonezk:ez (w. mae) ,

_2n _ : .
T Tone;(s(w CUn), (2 29)

where Toe denotes the source term due to the contribution from one period and

- 2%%2;%1]{0 ' (n=0, £1, £2, --+) _ (2-30)

Using those equations, 7 can be written as the following form,
T=2255(w— (A + Asns-+ As) 3 — 70)

F+(Amm + Amz) (7 — 70),r + Ams (v — #0),7r] (2-31)

where A, et al. are shown in Appendix A. Substituting this equation into Eq. (2-16),
we find

Wz%g So—w)[(Ev—EvLr+ Eo,rr)lrere H(ro— 7)Y (10—7)

—(Er—2E)| rere H(ro— )+ E28(r0—7)], o (2-32)

where

2 |
Eo=( A+ Ass+ Avns) 27 exp<z' %w) ,

. 2
Ei=(Azm+ Azmz) % EXD< if§d7’> ,

EZZAWIZ_Z exp(if%dr) ] (2-33)
H(»— ) is a step function, which is defined by
H(n—7v)=1 for »<mn
=0 for 7»>7%. v : (2-34)
Then, substituting W into Eq. (2-15), we obtain the source term of the SN equation.

2.3. Wawve form, energy and angular momenium fluxes of gravitational waves

¢4 at infinity is written as

_8r 2 Ximwr —2Stm" _imn(re—i)+ime .
ey T N Pl : (2-35)

Then the wave form of gravitational waves is given by
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602 M. Shibata

A 167 lewn —ZS?ﬂCzon iWn(r*—t)+ime ‘.

Note that in the above equation we can make use of the relations of the symmetry as
S8 0)=_2S#(n—0) and Xi—n-n/co=(—1)"Ximn/Co. :

The energy and the z-component of the angular momentum flux are, respectively,
calculated from

dE__ 1 .. Cn .
:: ——167T/(h+h++ B i) 72 dQ (2+37)
and

‘Zz ——/(h Beot Fochin.s) 72d2 . (2+39)

.Using Eq. (2-36), these are rewritten as follows,

%: (2652 h;ﬂ dwdw’ wo==22- Xl’”“’ Xl’”“" L 5 — wn) 8@ — wp) e TTTH@=@Y (2.39)
CZZZ (1;,3;52 lrr;n dwdw’ a)mXc””“’ Xl”“‘" LTS — wa) @ — Wiyt TTTH@=eD(2.40)

where ct=—12i0’M+A(A+2)—12aw'(aew’—m). These formulae are the time depen-
dent energy and angular momentum fluxes. In the numerical calculations, however,
we use the averaged energy fluxes defined as '

_ l6x . gl len [2
S EY |

<d]z> —lim Jztotar

dt Tow 1
(125;;2 > wum Ximn (2-41)
where we used the relation,
hm—[8(cu ) P=8(w—wx) . (2-42)

7w T

For a test particle staying on an equatorial plane, we need only these fluxes to
consider the evolution of the trajectory of a test particle due to the back reaction of
gravitational waves. However when an orbital plane of a test particle is not the
equatorial plane and precesses around the symmetric axis, we must consider the
change rate of the Carter constant as well as those of the energy and the z-component
of the angular momentum. It is non-trivial problem to calculate the change rate of
the Carter constant because it cannot be simply related to dE/dt and dJ:/dt. Thus let
us first consider the meaning of the Carter constant. The square of the total angular
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Gravitational Waves Induced bj) a Particle Orbiting 603

momentum L7 is written as

LZ
2_- 4 2 z
L*=bst5i7g

=C+L72 —az(l E*cos? . (2-43)

For a=0, C is equal to L.*+L,? and both L. and Ly of the system are lost by
gravitational waves. Hence for a+0, C should also decrease mainly according to the
loss of x and v components of the angular momentum due to the emission of gravita-
tional waves. The time dependent loss rate of C is written as

dC de \ dLy +d2 d{(l Ez)coszﬁ(t)}

2 2

where L.=L.%iL,., We note that dL./dt denotes the total change rate of the

~ particle angular momentum. In Eq. (2-44), L+ are not constants of motion in the case
a+0 unlike E and L., so that the loss rate dL./di cannot be simply written by the
fluxes of gravitational waves, dJ./dt. If we write dL+/dt as.

dLs _ dj: +%
dt dt dat
where dl. /dt denote the change rates of L. by the precession, then Eq. (2-44) becomes

2

dC _L+(t) dl— iy (t) dZ+ -+ 2(1_E2) dcos 0(t)

dt _ dt

2
Lty Lot L (Ve — drcos?6() 2 (2:45)

In general case, it seems impossible to estimate the averaged loss rate of the Carter
constant by the fluxes of gravitational waves using the above expression. However,
we now consider the nearly quasi-periodic orbit of a test particle, i.e., the time scale
of the back reaction of gravitational radiation (cc#»*/M?/x) is much larger than
At(cc7'%) and the period of the precession of the orbital plane (cc#?/aM). In this case
the back reaction of the gravitational radiation to £ and L. can be ignored. This
means that sum of the first three terms of Eq. (2-45) becomes zero because the Carter
constant is the constant of motion if the back reaction of the gravitational radiation
is not taken into account. Furthermore if we note the relation that 4t is much
shorter than the period of the precession, we can define the averaged loss rate of C due
to the gravitational radiation as

()~ (42) +<ny () —2E (4F) <cos0), (2:46)

dt dt

where the quantities expressed by <@> denotes those averaged over the period 4¢. It
may be rough estimation of the loss of C, but if we assume the quasi-periodic
evolution of a test particle for a—0, it is a correct expression of the loss rate of the
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604 M. Shibata

Carter constant.

However there is another problem; if we calculate <dJ:/dt> by the same method
as that for <dE/dt> and <d];/dt> (Eq. (2-41)), using

df+ 1 - -
C.Z{LL_ :_W-/‘(h+aih++ hxaihx)rzd.g, (2'47)

where 0:=e**"(+i0s—cotfd,£2i/sind),*® they become zero. This is because the
orbital plane precesses around the z-axis and, if we average x and v components of
the angular momentum fluxes for the long period >4¢, they cancel out. Thus we
define the following fluxes,

_ a;{;’ :_16% exp<,4—r i%(t—r*))(l/i+8¢h++ hxdshx)72dR , (2-48)

where dp=Adp—2n. These fluxes are interpreted as those observed by an observer
comoving with the precession of the orbital plane around the z-axis. Note that we
can use these expressions only in the case in which the time scale of the radiation
reaction of gravitational waves and a period of the precession are much longer than
a period of the orbital rotation (we now consider such a situation).

Using the above expressions, the averaged fluxes are written as

(a) =y B g E B (nF ) )

Kimn Xvmzinz
Ko Bt (1 (o 21) i),

where

Bziz'mn:_/d@Szmn(Sinesz'mﬂn;l,eiZSz'milnn) ,

C?zrng/dﬁcos QSlmnSl’mi-lrﬁl s (2°49)

and Sm» denotes _»S%H™
§3. Numerical methods and accuracy

Methods adopted in the numerical calculations are as follows. 1) To obtain a
particle trajectory, the fourth order Runge-Kutta method is used to solve the equa-
tions of motion (Eq. (2:18)). 2) To perform the numerical integrals in Eq. (2-17),
(2-26), (2-49) and (A-1), we use the trapezoidal rule. 3) Method to solve the
eigenvalue problem in Eq. (2-2) is shown in Appendix B.

Although the contributions of the higher multipoles or the higher frequency
modes to the fluxes are important when a test particle moves near the event horizon
or the inclination of the orbital plane increases, in the numerical calculation, Xime, are
solved up to /=6 and at most »= =210 to save the computational time. If an inclina-
tion angle of a test particle is large (8:<90°), contributions of large # modes to the
energy and angular momentum fluxes are important, so that the neglect of the large
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Gravitational Waves Induced by a Particle Orbiting v 605

»n modes causes an inaccuracy. Hence in this paper, we consider the case §:<30°. In
order to see the effects of the precession of the orbital plane, it is sufficient to calculate
such cases.

As shown in a previous paper,'® the errors incurred by neglecting the higher
multipole modes />7 are less than 107 for »=10M. To estimate the size of the
errors by neglecting large » modes in the present calculations (6:<30°), we compared
_ the energy fluxes for various values of C(#0) and a=0 with those for =0 calculated
in a previous paper'? at various radii. We find that the relative error is less than 107
We also compare the energy flux for various values of ¢ and C=0 with those in a
previous paper,'® as a code check. We confirmed the relative error of the energy flux
are <107 for »>30M. Hence we believe that the numerical accuracy is <107 in
total.

§4. Numerical results

In Table I, we show the parameters of the orbits of a test particle adopted in the
calculation and the averaged fluxes. Each column shows the orbital radius 7/M, the
spin parameter of a Kerr spacetime a/M, the Carter constant C, the inclination angle
of an orbital plane to the equatorial plane 6; (see Fig. 1), <dE/dt>, {dJ:/dt>, <dJz/dt>
and <dCJdt>, respectively. We omit <dJy/dt> because it does not contribute to
{dC/dt> within the numerical accuracy in the present calculation. Since we deter-
mine that at £=0, a particle is located at (8, ¢)=(8,, 0), {Lz> is negative for 0<¢ <At
and <{dJ./dt> is also negative. Note that |d¢|/27~0.01 for »=30M and a=+0.9, and
it becomes small for large 7 or small a. Therefore for most of the orbit, a period of
the precession is much longer than a period of the orbital rotation (4¢).

From Table I, it is found that the energy flux decreases for ¢ <0 and increases for
a>0 as the Carter constant increases. The post-Newtonian formula of energy flux
induced by a spinning binary calculated by Kidder et al.? is convenient to understand
these results. Using their formula, the energy flux including the spin-orbit interaction
is approximately written as

dE _ _ 32M*1? 2{ Scost:(or 2 12M> .
a5 YU 3T, } (4-1)

where S denotes a spin angular momentum of a compact star. As the inclination of
the orbital plane increases, the spin-orbit interaction effect is weakened and the
energy flux decreases (increases) for a<0 (a>0). To see the dependency of the
energy flux on the inclination angle in the present calculation, as an example, we show
the relation between the energy flux and the inclination angle for »=30M, 70M and
a==10.9M, £0.3M in Fig. 2. Although the coefficients of cosf; do not agree with
those in Eq. (4-1) probably due to the lack of the higher post-Newtonian terms, we can
see that the energy flux is denoted as a linear function of cosé..

The spin-orbit interaction also affects the place of the last stable orbit of a test
particle. In Fig. 3 the radius of the last stable orbit for a==20.9M is shown and it is
found that for larger C, it approaches »=6M, i.e., the last stable orbit in the case a
=(. This also indicates that for large C, the spin-orbit interaction effect is

9202 1940100 Z0 UO Josn SoisAUd [BUONENABIS |dIN Ad 0Z/EZ8 1/S6G/S/06/0101He/did /w00 dno"ojwapee woiy papeojumoq



606

M. Shibata

Table. I. The energy and each component of the angular momentum fluxes are shown. Each column
denotes the orbital radius »/M, a/M, C, <dE/dt>, <dJ:/dt>, {dJ./dt> and <dC/dt>.

/M alM C 6; dE/dt dj/dt dJz/dt dCldt
30 —0.9 1 9.79 2.5810E-07 4.1548E-05 —7.2833E-06 1.4543E-05
30 —0.9 3 17.15 2.57T7T4E-07 4.0205E-05 —1.2598E-05 4.3573E-05
30 —0.9 6 24.67 2.5719E-07 3.8107E-05 —1.7789E-05 8.7015E-05
30 —0.9 10 32.65 2.5643E-07 3.5130E-05 —2.2922E-05 1.4474E-04
30 —0.3 1 9.92 2.5163E-07 4.0650E-05 —T7.1439E-06 1.4285E-05
30 —0.3 3 17.36 2.5153E-07 3.9361E-05 —~1.2369E-05 4.2841E-05
30 —0.3 6 24.96 2.5137E-07 3.7348E-05 - —1.7482E-05 8.5629E-05
30 —0.3 10 33.03 2.5115E-07 3.4488E-05 —2.2551E-05 1.4260E-04
30 0.3 1 10.03 24577E-07 3.9843E-05 —7.0176E-06 1.4033E-05
30 0.3 3 17.55 2.4585E-07 3.8600E-05 —1.2155E-05 4.2101E-05
30 0.3 6 25.24 2.4598E-07 3.6652E-05 —1.7198E-05 8.4243E-05
30 0.3 10 33.39 2.4617E-07 3.3878E-05 —2.2215E-05 1.4048E-04
30 0.9 1 10.13 2.4047E-07 3.9122E-05 —6.9037E-06 1.3790E-05
30 0.9 3 17.73 2.4066E-07 3.7909E-05 —1.1969E-05 4.1412E-05 -
30 0.9 6 25.49 2.4098E-07 3.6011E-05 —1.6943E-05 8.2902E-05
30 0.9 10 33.71 2.4144E-07 3.3305E-05 —2.1901E-05 1.3835E-04
50 —0.9 1 7.82 1.9954E-08 6.9707E-06 —9.6391E-07 1.9270E-06
50 —-0.9 3 13.63 1.9946E-08 6.8341E-06 —1.6684E-06 5.7769E-06
50 —0.9 6 19.47 1.9935E-08 6.6238E-06 —2.3592E-06 1.1553E-05
50 —0.9 10 2549 1.9919E-08 6.3333E-06 —3.0435E-06 1.9241E-05
50 —0.9 15 31.83 1.9899E-08 5.9514E-06 —3.7243E-06 2.8836E-05
50 -0.9 21 38.63 1.9873E-08 5.4586E-06 —4.4027E-06 4.0333E-05
50 —0.3 1 7.86 1.9730E-08 6.9040E-06 —9.5559E-07 1.9111E-06
50 —0.3 3 13.70 1.9728E-08 6.7698E-06 —1.6550E-06 5.7327E-06
50 —0.3 6 19.57 1.9724E-08 6.5635E-06 —2.3397E-06 1.1462E-05
50 —0.3 10 25.63 1.9720E-08 6.2777E-06 —3.0208E-06 1.9104E-05
50 —0.3 15 32.00 1.9714E-08 5.9022E-06 —3.6979E-06 2.8642E-05
50 —0.3 21 38.83 1.9706E-08 5.4173E-06 —4.3738E-06 4.0084E-05
50 0.3 1. 7.90 1.9521E-08 6.8420E-06 —9.4789E-07 1.8957E-06
50 0.3 3 13.77 1.9523E-08 6.7100E-06 —1.6418E-06 5.6873E-06
50 0.3 6 19.67 1.9525E-08 6.5070E-06 —2.3215E-06 1.1372E-05
50 0.3 10 25.76 1.9529E-08 6.2257E-06 —2.9979E-06 1.8960E~05
50 0.3 15 32.15 1.9535E-08 5.8548E-06 —3.6729E-06 2.8449E-05
50 0.3 21 39.02 1.9541E-08 5.3768E-06 —4.3459E-06 3.9829E-05
50 0.9 1 7.94 1.9325E-08 6.7847E-06 —9.4081E-07 1.8810E-06
50 0.9 3 13.84 1.9330E-08 6.6545E-06 —1.6297E-06 5.6434E-06
50 0.9 6 19.77 1.9337E-08 6.4537E-06 —2.3056E-06 1.1291E-05
50 0.9 10 25.88 1.9347E-08 6.1757E-06 —2.9779E-06 1.8828E-05
50 0.9 15 32.30 1.9361E-08 5.8104E-06 —3.6473E-06 2.8241E-05
50 0.9 21 39.20 1.9379E-08 5.3369E-06 —4.3190E-06 3.9570E-05
70 —0.9 1 6.68. 3.7184E-09 2.1595E-06 —2.5408E-07 5.0806E-07
70 —0.9 3 11.63 3.7178E-09 2.1291E-06 —4.3999E-07 1.5239E-06
70 —0.9 6 16.56 3.7170E-09 2.0828E-06 —6.2211E-07 3.0472E-06
70 —09 10 21.60 3.7157E-09 2.0192E-06 —8.0328E-07 5.0794E-06
70 —0.9 15 26.80 3.7141E-09 1.9371E-06 —9.8314E-07 7.6139E-06
70 —0.9 21 32.25 3.7122E-09 1.8337E-06 —1.1628E-06 1.0655E-05

—0.3 1 6.70 3.6937E-09 2.1473E-06 —2.5278E-07 5.0554E-07

70

(continued)
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1033
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28.33
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10.35
14.72
1915
23.69
28.38
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10.37
14.75
19.19
23.74
28.44

5.38

9.35
13.28
17.26
21.31
25.47

5.41

9.40
13.35
17.34

3.6935E-09
3.6932E-09
3.6928E-09
3.6924E-09
3.6918E-09
3.6702E-09
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3.6705E-09
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8.6896E-07
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8.9043E-07
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8.6599E-07
8.4592E-07
8.2018E-07
7.8814E-07
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4.1858E-07
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4.4398E-07
4.4001E-07
4.3399E-07

4.2582E-07 .

(continued)
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—6.1932E-07
—7.9938E-07
—9.7903E-07
—1.1582E-06
~2.5156E-07
—4.3587E-07
—6.1640E-07
—7.9570E-07
—9.7463E-07
—1.1532E-06
—2.5042E-07
~4.3391E-07
—6.1366E-07
—7.9221E-07
—9.7045E-07
—1.1489E-06
—9.3796E-08
—1.6240E-07
—2.2969E-07
—2.9652E-07
—3.6308E-07
—4.2953E-07
—9.3471E-08
—1.6184E-07
—2.2891E-07
—2.9554E-07
—3.6190E-07
—4.2818E-07
—9.3163E-08
—1.6131E-07
—2.2817E-07
~2.9460E-07
—3.6077E-07
—4.2688E-07
—9.2872E-08
—1.6081E-07
—2.2747E-07
| —2.9370E-07
—3.5969E-07
—4.2563E-07
—4.2269E-08
—7.3222E-08
—1.0354E-07
—1.3362E-07
—1.6370E-07
—1.9364E-07
~4.1962E-08
—17.2693E-08
—1.0280E-07
—1.3275E-07

1.5171E-06
3.0339E-06
5.0555E-06
7.5831E-06
1.0615E-05
5.0311E-07
1.5099E-06
3.0197E-06
5.0323E-06
7.5495E-06
1.0569E-05
5.0076E-07
1.5029E-06
3.0058E-06
5.0095E-06

* 7.5158E-06

1.0528E-05
1.8757E-07
5.6250E-07
1.1251E-06
1.8752E-06
2.8121E-06
3.9362E-06
1.8694E-07
5.6062E-07
1.1214E-06
1.8691E-06
2.8032E-06
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1.8632E-07
5.5878E-07
1.1178E-06
1.8632E-06
2.7945E-06
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1.8573E-07
5.5702E-07
1.1143E-06
1.8574E-06
2.7859E-06
3.9005E-06
8.4533E-08
2.5363E-07
5.0721E-07
8.4506E-07
1.2679E-06
1.7746E-06
8.3920E-08
2.5180E-07
5.0359E-07
8.3951E-07
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Fig. 3. Dependence of the last stable radius for a

=%0.9M on C is shown.

608 - M. Shibata
110 0.9 15 21.41 3.8636E-10 4.1539E-07 —1.6256E-07 1.2591E-06
110 0.9 21 25.58 3.8640E-10 4.0252E-07 —1.9232E-07 1.7625E-06
130 -0.9 4.96 1.6948E-10 2.5012E-07 —2.1766E-08 4.3529E-08
130 —-09 8.62 1.6948E-10 2.4821E-07 —3.7700E-08 1.3059E-07
130 —0.9 6 12.24 1.6947E-10 2.4532E-07 —5.3314E-08 2.6117E-07
130 —0.9 10 15.88 1.6946E-10 _ 2.4141E-07 —6.8820E-08 4.3524E-07
130 —0.9 15 19.58 1.6945E-10 2.3645E-07 —8.4267E-08 6.5270E-07
130 —-0.9 21 23.36 1.6943E-10 2.3034E-07 —9.9709E-08 9.1380E-07
130 0.9 1 4.98 1.6822E-10 2.4855E-07 —2.1643E-08 4.3284E-08
130 0.9 3 8.65 1.6823E-10 2.4667E-07 —3.7487E-08 1.2985E-07
130 0.9 6 12.28 1.6823E-10 2.4381E-07 —5.3016E-08 2.5971E-07
130 0.9 10 15.94 1.6824E-10 2.3995E-07 —6.8440E-08 4.3284E-07
130 0.9 15 19.65 1.6825E-10 2.3503E-07 —8.3808E-08 6.4915E-07
130 0.9 21-| 2345 1.6827E-10 2.2899E-07 —9.9176E-08 9.0894E-07
3 Zraxis dE/dt
2.60 10°7 ; r=3M
Equatorial Plane 2.55 10 = ]
C -0.3M N
.77 -1
2.50 10 o o =
- 0.3M ]
2.45 107~ 3
L 0.9M ]
Fig. 1. A schematic particle trajectory is shown. 2.40 10-7L 1 1
0: denotes the inclination of the orbital plane to 0.83 cos6; 1
the equatorial plane. (a)
dE/dt r=70M
3.72 10T [T T T
r . . K =-0.9M ]
9 Last Stable Circular Orbit C a=-0. ]
= LI I i 1T ' T T 1 I T T T l LI B 3.70 10.9__ R —
3 2=-0.9M 3 B 0.3M ]
8 — - sl =1
- - C oo O ]
7 - ] 3.68 10'9_— 0.3M ]
6 oo = B ]
i a=0 3 3.66 10°%— 1
- 3 — 0.9M T
5 — ~— M
E E .Q_ 1 1 L I 1 1 L] I i | I l 1 H i _
4 B 4 3 Wsa oss o092z 0.6 1
3 ; _g cos0j
c 3 (b)
2 E
0 1
Fig 2. (a) The energy flux dE/dt for »=30M, a

=+09M,+0.3MandC=1,3,6,10. Atransver-
sal axis denotes cos §;.. We can see that dE/dt
depends on a linear function of cos@:. (b)
The same as in (a), but for »=70M, a=£0.9M,
+0.3M and C=1, 3, 6, 10, 15, 21.
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Gravitational Waves Induced by a Particle Orbiting 609

weakened.
Tt is interesting to see an evolution of the inclination angle due to the back

reaction of the gravitational radiation. Since the inclination angle is determined by

. L } '
_ 2n) 2(1_ 2 z .
C=sin Gz{a (1-E)+ oy (4-2)
the time variation of it is obtained from

= 28*EVE— C+y(C—2a*EE+2L.L2) (@-3)
TR0 —EYy— C—a*(1— E)— L.5sinf:cos 0; ’

where y=sin®6; and @ denotes d@Q/dt. Using values shown in Table I, we calculated
.. In Fig. 4, we show 86;= §.(E— p)/E, which denotes the change of the inclination
angle in a logarithmic interval of the energy, for various parameters. It is found that
for a<0, §; is always negative, and for
>0, it is always positive. These results

. o 2
seem reasonable because of the follow- 6i(E- W)/E(R /M)

ing reason: In the case a>0 (a<0), the 25 W[ TITIT
spin-orbit interaction works as the repul- | a>0 o r=50M *
sive (attractive) force and the interac- L R . i
tion energy is h.igher (lovs{er) than' that i.n oo 10 F ; : x : lgg% T
the case in which there is no spin-orbit : NERE 8 A 130M o |
interaction. Hence to decrease the | o | Mo
interaction energy, the inclination angle L ° o 4
should increase for >0 case and should <0 °  smM .
decrease for a<0 case. -2.5 107" 'SI = lllol ' '_'lls' = I2|0' Y
We note that §6; depends roughly on C
7o ", m=2. Hence it seems that the (@)
change” of the inclination angle occurs at O(E- w)/E(p /M)z
the P"N level below the quadrupole 380 10—+
level. This suggests that if we consider C o
the post-Newtonian back reaction only 44 1¢-4-2>0 . o TOM T
up to the P¥:N level, 6:; does not ro, oM.
~change® This result seems to show g, O L. . ) N
that our treatment for the loss rate of the e e, . ]
Carter constant is fairly good. 40 104 ° SMo 4
To see the effects of the orbital - a<0 o 7
. ° s ]
precession to the wave form, we show 80 10l el e 1900
the wave forms of gravitational waves 0 5 10 c 15 20 25
for »=30M, a=—0.9M and C=1, 10 in (b)
Figs. 5(a)~(c). Wave forms in Figs. Fig. 4. (a) Change rates of the inclination angle
5(a) and (b) are for an observer in the due to the back reaction of the gravitational
direction of 8=3x/4. For C=1 (Fig. radiation in a logarithmic interval of the
5(a)), the wave forms are slightly energy, 86:=0{E—up)[E, for a==09M,

=50,90,130M and C=1, 3, 6,10 15, 21 are shown.
(b) Thesame asin(a), but for a==%0.3M, »
=50, 90M and C=1, 3, 6, 10, 15, 21.

deformed from the sine curve due to the
higher multipole modes, /=3, but since
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610 M. Shibata

rhy/
A =T R
0.1% ﬂ &
0.050 &
0
-0.05[F J
-0.1fF H
-0.155"""""""""'E
0 2000 400r(:<_6t000 8000 10000M
(a)
N 09 30 l0
0.1
0.05
0
-0.05 |
‘ -0.1 i
T e o SN I TN /35 V-3 S S N S T Y AR
0 20000 4:20-0:) 60000  80000M 0 20000 120_0:) 60000 $0000M
b ansmen [ eeemen
‘ " 0.1 il
0.05 |
0
-0.05 , .
i 0.1 ;i" i ' il '”\Is-!llil‘::.;
m sl L L
20000 40000 60000 80000M 0 20000 40000 60000 80000M
r¥ -t r¥ -t
o) ©

Fig. 5. (a) The wave forms of gravitational waves for (», a, C)=(30M, —0.9M, 1) observed by an
observer in the direction of §=3#/4 are shown.
(b) The same as in (a), but for C=10.
(c) The same as in (b), but for an observer along the symmetric axis.

the effect of the orbital precession is small, we can see the regular wave pattern. In
contrast, for C=10 (Fig. 5(b)), a beating wave form is seen. The reason is as follows.
If the inclination angle is small, dominant modes of gravitational waves are only (/,
m, n)=(2, £2,0) modes. However if the inclination angle is large, other modes such
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: vaitazfional Waves Induced by a Particle Orbiting 611

as (2, =1, =1) modes also become large. S
The frequency of the former and latter 2T .a=.'0|'9.M. L I
modes are not the same, and the 1.5

difference of them are roughly ~P» ),
where P, is a precession period of the
orbital plane and it is about 100 times as

()
[V ]

=3
= Illl]lIlllll}Vrlllllllll'llll] TTT

lllllllll||||| IIIlIIIIIIIIII|I|I|

long as the orbital period for »=30M.
Therefore the beating occurs. 0.5EN e

Since Py < T for » =30M, where T+ N _7(3,3,0)
is the radiation reaction time scale -1 ST
~574/.(256'M2/1) and ﬂ.ﬁM/ﬁl, _wave 15011 4'5 T 9'0' t '1;5' L T80
forms in Fig. 5(b) are realistic during the o
inspiral of a binary. Therefore the Fig. 6. The spin-weighted spheroidal harmonics
inclination of the orbital plane may be _»S%" for modes which mainly contribute to
determined from the beating wave forms the wave form is shown. The parameters

shown denote (I, m, n). Note _2S5&7(9)

of gravitational waves.
:,Zsff’,;,"(n'— 6)

However we should note that it
cannot always be seen. In Fig. 5(c) we also show the wave forms for C=10 seen by
an observer along the symmetric axis. In contrast to Fig. 5(b), beating wave forms
are not seen. This is because the spheroidal harmonics for (2, £1, £1) modes, etc.
vanishes at the symmetric axis (Fig. 6). Hence whether we can observe the beating
wave forms or not strongly depends on the direction of an observation.

§5. Discussion

If 4; is large, the spin-orbit interaction effect is weakened, and the difference
between the energy fluxes of gravitational waves for ¢#0 and those for =0 becomes
small. Both our perturbation study and the post-Newtonian study by Kidder et al.*”
show that the energy flux is written as

%Z%b:o(l—f(a)cos 6,) . (5-1)
In a previous paper we find that for 6;=0, the difference of the accumulated phase of
gravitational waves is AN ~15 for da~0.1 due to the effects of the second term of
Eq. (5-1). However we should consider it is the maximum difference of the ac-
cumulated phase because such a difference becomes small, if the orbital plane inclines.
Can we specify the parameters a and 6; from a signal of gravitational waves? When
we detect the beating wave forms, the Fourier spectrum is different from that without
beating, so the parameters may be specified even if the accumulated phases of the two
cases are the same. However if we detect gravitational waves along the symmetric
axis, the beating wave forms cannot be seen. Therefore it seems that the measure-
ment accuracy of the spin parameter is worsened if such a situation occurs. v
In this paper we consider the case in which a test particle moves along a constant
radius. Contrary to the case in which a particle moves on the eduatorial plane in a
Schwarzschild spacetime,?® it is not clear that the particle keeps the circular orbit, »
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612 M. Shibata

=7y(¢), in spite of the radiation reaction of gravitational waves in the case when the
orbital plane of a test particle precesses around the symmetric axis. To investigate
the orbital evolution of a test particle on a Kerr spacetime in a general case, we should
consider gravitational waves induced by a particle with an eccentric orbit. We now
plan to calculate the energy and angular momentum fluxes induced by a particle
moving on the equatorial plane with an eccentric orbit on a Kerr spacetime as a first
step. We will report it in a future paper.

The author would like to thank Professor T. Nakamura, Professor M. Sasaki and
T. Tanaka for valuable discussions and comments. The numerical calculations are
mainly performed on a YHP-S720 work station.
Appendix A
In this appendix we show the A, etc. in Eq. (2-33)..
—9 rat ) ) L
Ann: dteza)t—mw(t)cnn 2 ——1
Nors A 0P
X [S 0007  —21asinbS,s — 3iacos S + £071S s+ iafisin S
+ f2,007'S +f1(p‘1S,a—Siasin€S+szp‘1)] ,

24 4 b imp(t) . —3 .. _
Azm:‘/—;l dte**= "9 03 Co[S s —iasinf(o— p)S+ £5] ,

Aminr=—7— f dte™*~ "’“”(“[d o ]+< C’”" >{Se—zasm<9(p 2)S+ £S}

+ 4007 Cn{(S,0+ £5)(# + 3iacos §) — 64asinfcos 6,6)8}] ,

A_ —_ AZ Atdtezwt imp(t) —3pc S
mml m o mm

Ammz=—

iwt—ime(t) —3pcmms< 5_}_4‘0_{_ Cmm T ZK>

Cam 4

. AZ 4t iwt—ime(t) ,—3 =/ __ |:<_ = CmmT ﬂ)

—_ Cm_m,r ﬁ _ = Cmmr ﬂ)}
R A +

where S denotes _»S%2.

(A-1)

Appendix B

In this appendix, we show a numerical method to determine an eigenvalue and an
eigenfunction of Eq. (2-2). At first to guarantee the regularity at the symmetric axis,
we use a variable defined as
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Gravitational Waves Induced by a Particle Ovbiting 613

o N )
St “(1+cos@)*(1—cosf)* . (B-1)

where k1%|m+2|/2 and k=|m—2|/2. Then Eq. (2:2) becomes

f,ae+{2(k1—|— kz)+1}f,ecot(9 —2(b1— k) S{E’leﬁ +{— a*w’sin’f

+dawcos@+2+A+2ama—(bi+ kXl + e+ 1)} =0. (B-2)

Here we omit subscripts /, m, a, w of f. Using the finite difference method with the
‘boundary conditions f,=0 at the symmetric axis, Eq. (B-2) becomes the matrix
equation as A;(2)f;=0, where

a1 b 0 o 0
1 Q2 b2 "o
A=| 0 - 0 . (B-3)
: “ Cnz Gno1 baa
0 - 0 c¢na1  aa

Since Eq. (B-3) has nontrivial solutions only when the determinant of A(2) is equal to
zero, the eigenvalues are calculated from detA(A)=0. In the case the matrix is
tri-diagonal, the determinant is calculated from

pi=aipi-1— bi—1Ci—1pi—2, . (B-4)
where
a1 b 0 0
C1 Qe b oo
pe=det] 0 w0 |, (B-5)
: Ci-2 Ai-1 bi-1|
0- 0 Ci~-1 Qi

and po=1, pr=au.
If A1 and A satisfy

p2(A)<0 and p.(A2)>0,

A has at least one solution between A; and 4. Hence solutions can be obtained if we
repeat this procedure until |1:—Ai| becomes sufficiently small.

Once we obtain an eigenvalue, the eigenfunction is solved by the inverse iteration
method as follows. 1) We put an arbitrary initial vector x:. We here put x:=1//#,
where # is the grid number of § direction. 2) We solve the matrix equation Asy,;=x:
for y:. 3) We make the new x:=v:/|v:|. The procedure 1), 2), 3) is repeated until
convergence, |x:;% — 2, * V| |x*|. If |x:| converges, it is an eigenfunction.
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