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A B S T R A C T 

We study long-term evolution of the matter ejected in a black hole neutron star (BH–NS) merger employing the results of 
a long-term numerical-relativity simulation and nucleosynthesis calculation, in which both dynamical and post-merger ejecta 
formation is consistently followed. In particular, we employ the results for the merger of a 1 . 35 M � NS and a 5 . 4 M � BH with the 
dimensionless spin of 0.75. We confirm the finding in the previous studies that thermal pressure induced by radioactive heating 

in the ejecta significantly modifies the morphology of the ejecta. We then compute the kilonova (KN) light curves employing 

the ejecta profile obtained by the long-term evolution. We find that our present BH–NS model results in a KN light curve that 
is fainter yet more enduring than that observed in AT2017gfo. This is due to the fact that the emission is primarily powered by 

the lanthanide-rich dynamical ejecta, in which a long photon diffusion time-scale is realized by the large mass and high opacity. 
While the peak brightness of the KN emission in both the optical and near-infrared bands is fainter than or comparable to those 
of binary NS models, the time-scale maintaining the peak brightness is much longer in the near-infrared band for the BH–NS 

KN model. Our result indicates that a BH–NS merger with massive ejecta can observationally be identified by the long lasting 

( > two weeks) near-infrared emission. 

Key w ords: gravitational w aves – hydrodynamics – nuclear reactions, nucleosynthesis, abundances – radiative transfer – stars: 
neutron. 
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 I N T RO D U C T I O N  

eutron star (NS) mergers are known to be among the most promising 
argets of the ground-based gravitational wave (GW) detectors 
LIGO: Aasi et al. 2015 , Virgo: Acernese et al. 2015 , KAGRA:
uroda 2010 ) as well as one of the most important sources of high-

nergy astrophysical transients, such as gamma-ray bursts (GRB, 
aczynski 1991 ; Nakar 2007 ; Berger 2014 ; Abbott et al. 2017c ),
ilonovae (KNe, Li & Paczynski 1998 ; Kulkarni 2005 ; Metzger 
t al. 2010 ; Kasen, Badnell & Barnes 2013 ; Tanaka & Hotokezaka
013 ), jet heated cocoons (Nakar & Piran 2017 ; Hamidani & Ioka
023a , b ), and synchrotron flares (Nakar & Piran 2011 ; Hotokezaka
 Piran 2015 ; Hotokezaka et al. 2018 ; Margalit & Piran 2020 ).
S mergers are also considered to be important production sites of

lements heavier than iron in the universe (Lattimer & Schramm 

974 ; Eichler et al. 1989 ; Freiburghaus, Rosswog & Thielemann 
999 ; Cowan et al. 2021 ). The first detection of GWs from a
inary neutron star (BNS) merger (GW170817; Abbott et al. 2017a ) 
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nd its multiwavelength electromagnetic (EM) counterparts (Abbott 
t al. 2017b ) demonstrated that those simultaneous observations 
ill provide a valuable opportunity to extend our knowledge of 

undamental physics in the extreme (strongly self-gravitating, high- 
ensity, and high-temperature) environments. 
Among NS mergers, the mergers of black hole neutron star (BH–

S) binaries can provide us with interesting insights that are different
rom BNS mergers. While the mass ratios of the compact stars in
NS binaries are expected to close to unity, BH–NS binaries can be
ore asymmetric in the mass ratio, and hence, will provide valuable

pportunity to study higher order GW multipole moments (Abbott 
t al. 2021 ). Also, if the NS is tidally disrupted before reaching the
nnermost circular orbit of the BH, an applicable amount of NS matter
an remain outside the remnant BH and be ejected from the system.
uch ejecta formed during the NS tidal disruption as well as the
atter subsequently ejected during the evolution of the remnant BH- 

ours system will be the source of various EM counterparts to the GW
vent. In addition, since BH–NS mergers can potentially produce a 
arge amount of very low ( � 0 . 1) electron fraction ( Y e ) ejecta, the
ucleosynthetic abundances can be different to those in the case of
NS mergers. In fact, it has been pointed out that BH–NS mergers
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1 The experimentally e v aluated neutrino-energy loss for each β-decay is 
adopted from the ENDF/B-VIII.0 library (Brown et al. 2018 ). For those with 
no experimental e v aluation (rele v ant to the entire phase of r-processing), the 
fraction of neutrino-energy loss is assumed to be 0.4 according to Hotokezaka 
et al. ( 2016 ). 
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an provide an explanation to the observed elemental abundances of
 subclass of r-process-enhanced stars, so-called ‘actinide-boosted’
tars (Wanajo et al. 2022 ). 

To extract the physical information from the observation of EM
ounterparts, accurate modelling of the light curves and spectra con-
istent with the source properties are crucial. Since the detection of
W170817, light-curve modelling of EM counterparts, particularly,

or KNe has been significantly developed in this decade. In particu-
ar, the studies by employing numerical-simulation-based/moti v ated
jecta profiles and by performing radiative transfer (RT) simulations
ith realistic heating rates and/or detailed opacity tables enable us

o directly connect the properties of the progenitor binary to the
bservables (e.g. Kasen et al. 2013 ; Kasen, Fernandez & Metzger
015 ; Barnes et al. 2016 ; Kawaguchi, Shibata & Tanaka 2018 , 2020 ;
 anaka et al. 2018 ; W ollaeger et al. 2018 ; Wu et al. 2019 , 2022 ;
otokezaka & Nakar 2020 ; Nativi et al. 2020 ; Barnes et al. 2021 ;
ulla et al. 2021 ; Kawaguchi et al. 2021 ; Korobkin et al. 2021 ;
hu et al. 2021 ; Just et al. 2022 , 2023 ). Previous studies showed

hat the complex ejecta profile in the presence of the multiple
jecta components of different mass ejection processes induces
ignificant spatial dependences in radioactive heating as well as
trong geometrical effects in RT, which have great impacts on the
esulting light curves (Kasen et al. 2015 ; Kawaguchi et al. 2018 ;
ulla 2019 ; Darbha & Kasen 2020 ; Kawaguchi et al. 2020 ; Zhu
t al. 2020 ; Almualla et al. 2021 ; Korobkin et al. 2021 ; Collins
t al. 2023 , 2024 ; Kedia et al. 2023 ; Shingles et al. 2023 ). Hence,
he employment of the realistic ejecta profile consistently taking

ultiple ejecta components into account is essential for the accurate
rediction of KN light curves. 
One of the important missing links for the accurate prediction of

Ne is the long-term hydrodynamics evolution of ejecta after the
ormation. While the ejecta formation takes place on a time-scale
f � 1–10 s after the onset of a merger (Hayashi et al. 2022 , 2023 ),
he KN emission peaks in a much longer time-scale of 0.1–10 d
Li & Paczynski 1998 ; Kulkarni 2005 ; Metzger et al. 2010 ; Kasen
t al. 2013 ; Tanaka & Hotokezaka 2013 ), at which the homologous
xpansion of ejecta has been achieved. Since ejected matter can be
ccelerated by the pressure gradient in it and interact with different
jecta components during these epochs, the ejecta profile at the time
f the KN emission is non-trivial just from the ejecta properties at the
ime of formation. In f act, Rossw og et al. ( 2014 ) and Grossman et al.
 2014 ) performed pseudo-Newtonian hydrodynamics simulations for
NS mergers, and studied the long-term evolution of the dynamical
jecta component until they reached the homologously expanding
hase. They found that the thermal pressure induced by radioactive
eating in ejecta significantly changes the ejecta morphology (see
lso Foucart et al. 2021 ). Fern ́andez et al. ( 2015 , 2017 ) performed
ong-term simulations for BH–NS mergers to investigate the effect
f the interplay between the dynamical and post-merger components
nd found that the interaction of the multiple ejecta components
an modify the ejecta profile. Thus, to accurately predict KN light
urves, it is also important to follow the hydrodynamics evolution of
he multiple ejecta components until the homologously expanding
hase. 
Recently, the development of numerical simulation techniques and

he significant increase in the computational resources have enabled
s to consistently follow the NS mergers from the onset of the
erger up to the time that ejecta formation saturates (Fujibayashi

t al. 2020b ; Shibata, Fujibayashi & Sekiguchi 2021 ; Hayashi et al.
022 , 2023 ; Kiuchi et al. 2022 , 2023 , 2024 ; Fujibayashi et al.
023 ; Just et al. 2023 ; Gottlieb et al. 2023b ). In this paper, we
tudy the KN emission associated with a BH–NS merger employing
NRAS 535, 3711–3731 (2024) 
he results obtained by the numerical-relativity (NR) simulation and
ucleosynthesis calculation consistently following the entire ejecta
ormation from the merger (Hayashi et al. 2022 ; Wanajo et al. 2022 ;
ayashi et al. 2023 ). In particular, we focus on the KN emission from
1 d after the onset of the merger for the model of a large amount of

ynamical ejecta with ≈0 . 04 M � in this paper. 
This paper is organized as follows: in Section 2 , we describe

he method employed in this study. In Section 3 , we describe the
H–NS model we study in this work. In Section 4 , we present the
roperty of the ejecta obtained by the long-term hydrodynamics
volution. In Section 5 , we present the KN light curve obtained by
T simulations. Finally, we discuss the implication of this paper in
ection 6 . Throughout this paper, c denotes the speed of light. 

 M E T H O D  

.1 Hydrodynamics simulation 

n a BH–NS merger, matter ejected by various mechanisms is
 xpected to e xperience hydrodynamics interactions between different
jecta components before eventually reaching a homologous expan-
ion phase at ∼0 . 1 d (Kawaguchi et al. 2021 ). In order to obtain the
patial profile of the rest-mass density, elemental abundances, and
adioactive heating rate after 0.1 d, which are necessary for accurate
rediction of KN, we perform hydrodynamics simulations using the
utflow data obtained by NR simulations as boundary conditions, as
n our previous studies. To distinguish it from the NR simulation, the
resent hydrodynamics simulation is referred to as the HD simulation
n this paper. 

The simulation code for the HD simulation is a 3D extension of
he code developed in our previous studies (Kawaguchi et al. 2021 ,
022 , 2023 ). This code solves the relativistic Euler equations under
 spherical coordinate system. In order to incorporate the effect of
ravity, a fixed background metric for a non-rotating black hole
xpressed in isotropic coordinates is used (see Appendix A for the
ormulation of the basic equations). The effect of radioactive heating
s incorporated by considering the neutrino loss 1 in the same way as
n the previous studies (see Appendix A and Kawaguchi et al. 2021 ,
022 , 2023 ; see also Appendix B for the method of particle tracing
sed to employ the nucleosynthesis results in the HD simulation). We
ote that the equatorial symmetry is imposed for the HD simulation
ollowing the setup of the NR simulation. 

For the equation of state (EOS), we consider both contributions
rom gas and radiation: the total pressure P is given by P =
 gas + P rad with P gas = n B k B T /μ and P rad = a rad T 

4 / 3, where n B ,
 , k B , μ, and a rad are the baryon number density, temperature,
oltzmann constant, mean molecular weight, and radiation density
onstant, respectively. Here, we simplified the gas pressure assuming
hat atoms are fully ionized with μ = 1, and the gas pressure is
ominated by the contribution from electrons (since the average
tomic mass number is expected to be much larger than unity).
e note that, although this simplification may o v erestimate the

as pressure component, the contribution of the gas pressure is
ound to be nevertheless subdominant. In fact, we confirm that the
esulting ejecta profiles as well as the KN light curves are essentially
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nchanged even if we employ the ideal-gas EOS with the adiabatic 
ndex of � = 4 / 3, which corresponds to the case that the radiation
ressure dominates. 
Note that the magnetic field effects are not taken into account 

n our present HD simulations. As a consequence, and due to the
oarse grid resolution in the polar region, the collimated relativistic 
et launched in the NR simulation is not well resolved in the present
D simulations. The previous study suggests that the presence of the 

et may affect the ejecta profile and hence the KN light curves near
he jet axis (Nativi et al. 2020 ; Klion et al. 2021 ). Since resolving
he propagation of the collimated relativistic jet in long-term three- 
imensional simulations requires high computational costs, we leave 
he investigation of the effect of the jet for future work. 

We employ the same time origin for the HD simulations as in
he NR simulations. The uniform grid with N θ and N φ grid-cells
long the polar angle θ and the longitudinal angle φ, respectively, 
s prepared. For the radial direction, the following non-uniform grid 
tructure is employed; for a given j -th radial grid-node 

n r j = ln 

(
r out 

r in 

)
j − 1 

N r 
+ ln r in , j = 1 · · · N r + 1 , (1) 

here r in and r out denote the inner and outer radii of the computational
omain, respectively, and N r denotes the total number of the grid 
ells along the radial direction. In the present work, we employ 
 N r , N θ , N φ) = (1024 , 64 , 128), and r in and r out are initially set to
e 3000 km and 10 3 r in , respectively. We confirm that this grid
esolution is sufficiently high enough for our purpose of the study
y checking the results of the ejecta profile and KN light curves
eing semiquantitatively unchanged for the HD simulation with 
 N r , N θ , N φ) = (512 , 32 , 64) (less than 10 per cent and 3 per cent
ifference in the total bolometric luminosity at 1 and 2 d, respec-
ively). 

The hydrodynamics properties of the outflow are extracted at r = 

 ext in the NR simulations of Hayashi et al. ( 2022 , 2023 ), and the
ime-sequential data are employed as the inner boundary condition 
f the present HD simulations. The outflow data obtained from the 
R simulation run out at t > 1 s, and after then, the HD simulation

s continued by setting a very small floor value to the rest-mass
ensity of the inner boundary. To follow the evolution of ejecta 
ven after the high-velocity edge of the outflow reaches the outer 
oundary of our HD simulation, the radial grid points are added to
he outside of the original outer boundary, while at the same time
he innermost radial grid points are remo v ed so as to keep the total
umber of the radial grid points. By this prescription, the value of r in 
s increased in the late phase of the HD simulations. The outermost
adial grids are added so that the location of the outer radial boundary,
 out , is al w ays 10 3 r in . Note that the region of r � 10 −3 ct is al w ays
o v ered with the computational domain up to t = 0 . 1 d in the HD 

imulations. 
The so-called Courant–Friedrichs–Lewy (CFL) condition restricts 

he time-steps in the HD simulation to ensure the numerical stability. 
or our setup, the time interval should be approximately less than 

he smallest value among �r min /c, r in �θmin /c, and r in sin θmin �φmin /c 

ith θmin , �r min , �θmin , and �φmin being the minimum cell centre 
alue of the θ coordinate and the minimum cell sizes of r , θ , and
directions, respectiv ely. F or the present grid setup, the most strict

onstraint comes from the last condition of r in sin θmin �φmin /c, and 
his restricts the time interval to be so small that the computational
osts becomes practically quite high. To relax this condition, we 
v erage o v er the conserv ati ve v ariables of hydrodynamics in the
irection of φ for all the cells located in θ ≤ θc for each sub-
tep of the evolution (see Hirai & Podsiadlowski 2022 for the 
imilar prescription). By this prescription, the HD simulation is kept 
umerically stable if the time interval is within r in sin θc �φmin /c. 
or the present study, we choose θc to be π/ 24, while we confirm

hat the resulting LCs are essentially unchanged even if we employ
c = π/ 12. 

.2 Radiati v e-transfer simulation 

he light curves of KNe are calculated using a wavelength-dependent 
T simulation code (Tanaka & Hotokezaka 2013 ; Tanaka et al. 2017 ,
018 ; Kawaguchi et al. 2020 , 2021 ). In this code, the photon transfer
s simulated by a Monte Carlo method for given ejecta profiles
omposed of the density , velocity , and elemental abundance under
he assumption of the homologous expansion. The time-dependent 
hermalization efficiency is taken into account following an analytic 
ormula derived by Barnes et al. ( 2016 ). In our RT code, the local gas
emperature at each time-step is calculated as T gas = ( u rad /a rad ) 1 / 4 ,
.e. under the assumption of local thermodynamic equilibrium 

LTE) using the Stefan–Boltzmann law with the radiation energy 
ensity, u rad , obtained by the RT simulation. Then, the ionization
nd excitation states are determined from the gas density and 
emperature by using the Saha’s ionization and Boltzmann excitation 
quations. 

For the photon–matter interaction, bound–bound, bound–free, and 
ree–free transitions, and electron scattering are taken into account 
or the transfer of optical and infrared photons (Tanaka & Hotokezaka 
013 ; Tanaka et al. 2017 , 2018 ). The formalism of the expansion
pacity (Friend & Castor 1983 ; Eastman & Pinto 1993 ; Kasen,
homas & Nugent 2006 ) and the new line list derived in Domoto
t al. ( 2022 ) are employed for the bound–bound transitions. In this
ine list, the atomic data of VALD (Piskunov et al. 1995 ; Kupka et al.
999 ; Ryabchikova et al. 2015 ) or Kurucz’s data base (Kurucz & Bell
995 ) is used for Z = 20–29, while the results of atomic calculations
rom Tanaka et al. ( 2020 ) are used for Z = 30–88. For Sr II , Y I , Y II ,
r I , Zr II , Ba II , La III , and Ce III , which are the ions producing strong

ines, the line data are replaced with those calibrated with the atomic
ata of VALD and NIST data bases (Kramida et al. 2021 ). Note that,
ince our atomic data include only up to the triple ionization for all
he ions, the early phase of the light curves ( t ≤ 0 . 5 d) may not be
ery reliable due to high ejecta temperature (see Banerjee et al. 2020 ,
022 , 2024 for the work taking the opacity contribution from higher
onization states into account). 

The RT simulations are performed from t = 0 . 1 d to 30 d employ-
ng the density and internal energy profiles of the HD simulations at
 = 0 . 1 d and assuming the homologous expansion for t > 0 . 1 d. The
patial distributions of the heating rate and elemental abundances are 
etermined by the table obtained by the nucleosynthesis calculations 
eferring to the injected time and angle of the fluid elements. Note
hat, as an approximation, the elemental abundances at t = 1 d are
sed during the entire time evolution in the RT simulations to reduce
he computational cost, but this simplified prescription gives an only 

inor systematic error on the resultant light curves as illustrated in
awaguchi et al. ( 2021 ). 
A three-dimensional cylindrical grid is applied for storing the 

ocal elemental abundances and radioactive heating rate as well as 
or solving the temperature and opacity. The 50, 50, and 32 cells
re set to the cylindrical radius, vertical, and longitudinal directions, 
hich co v er the domain with the coordinate ranges of (0 , 0 . 6 ct ),

0 , 0 . 6 ct ), and (0 , 2 π ), respectively. We confirm that the resulting
ight curves are unchanged by changing each cell numbers from 50,
0, and 32 cells to 40, 40, and 28 cells or changing the maximum
ylindrical radius and vertical coordinate ranges from 0 . 6 to 0 . 75 ct .
MNRAS 535, 3711–3731 (2024) 
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Figure 1. Time evolution of the total rest mass in the computational domain 
of the HD simulation (the purple curves). The solid and dotted purple curves 
denote the results for the HD simulations in which radioactive heating are 
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purple curve but only for the matter which satisfies the geodesic criterion 
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 T H E  B H – N S  M O D E L  

n this work, we employ the NR outflow profiles and nucleosynthetic
ata obtained in Hayashi et al. ( 2022 , 2023 ) and Wanajo et al. ( 2022 )
s the input for the HD simulations. In particular, we employ the
utflow data of model Q4B5H in Hayashi et al. ( 2022 ). For this
odel, a BH–NS binary of which the NS mass, BH mass and

imensionless spin are initially 1 . 35 M �, 5 . 4 M � (thus 4 times larger
han the NS mass), and 0.75, respectively, is considered with the
D2 EOS (Banik, Hempel & Bandyopadhyay 2014 ). The poloidal
agnetic field with the maximum strength of 5 × 10 16 G is initially

et in the NS; with this setting, the magnetorotational instability
Balbus & Ha wle y 1998 ) in the remnant disc is resolved and the α- 

ynamo subsequently in action can be captured. We set 6 . 6 M � as
he BH mass of the metric employed in the HD simulations, which
pproximately agrees with the summation of the remnant BH mass
nd matter outside the BH measured at t = 0 . 1 s. 

We note that, although BHs may be born with low spins (e.g. Fuller
 Ma 2019 ; Gottlieb et al. 2023a ), we assume a relatively large spin

dimensionless BH spin of 0.75), which tends to give a larger ejecta
ass and brighter KN (e.g. Colombo et al. 2024 ). We also note that

he large initial magnetic field is artificially set for the numerical
rescription, while Hayashi et al. ( 2023 ) showed that the resulting
jecta profile may not be v ery sensitiv e to the initial magnetic field
trength and configuration. Ho we ver it is important to keep in mind
ystematic errors associated with these uncertainty. 

For model Q4B5H, the NS experiences tidal disruption before it
eaches the inner-most stable circular orbit of the binary ( t ≈ 10 ms ).
his leads to the formation of massive ejecta and disc around the

emnant BH. Ejecta formed at the time of the NS tidal disruption,
hich often referred to as the dynamical ejecta, are concentrated

n the vicinity of equatorial plane and exhibit significant non-
xisymmetric geometry. The dynamical ejecta typically have low
lectron fraction (0.03–0.07) because those are driven primarily
y gravitational torque and do not appreciably go through weak
rocesses in the merger. 
Subsequently, the magnetic field is amplified in the remnant disc,

nd the ef fecti ve viscosity is induced by the magnetohydrodynamical
urbulence, driven by the magnetorotational instability (Balbus &
a wle y 1998 ) and α- 
 dynamo. Initially, viscous heating in the disc

s balanced with neutrino cooling. As the disc rest-mass density and
emperature drop due to the expansion driven by angular momentum
ransport, neutrino cooling becomes inefficient, and viscosity-driven

ass ejection sets in at t ≈ 0 . 2–0 . 3 s (Fern ́andez & Metzger 2013 ;
ust et al. 2015 , 2022 ; Fujibayashi et al. 2020a ). In parallel, magneto-
entrifugal force in the central region might play a role for enhancing
ass ejection. Mass ejection in this stage, which is referred to as

he post-merger mass ejection, lasts for ∼1–10 s. In contrast to the
ynamical ejecta, since thermal and weak processes play important
oles during the post-merger stages, the electron fraction of ejecta
as a broad distribution in the range of 0.1–0.4 with its peak being
.24. 
For model Q4B5H, the masses of the dynamical and post-merger

jecta are found to be 0 . 045 and 0 . 028 M �, respectively, at the
nd time of the NR simulation. It is worth being remarked that
he combination of dynamical and post-merger ejecta approximately
eproduces a solar-like r-process pattern (Wanajo et al. 2022 ). 

In this paper, we study the ejecta and KN property for one case
f a BH–NS merger among available NR results as the first step for
he end-to-end KN simulation. Ho we ver, we should note that the
isc and ejecta masses formed in BH–NS mergers can have large
ariety depending on the binary parameters, such as the BH and
NRAS 535, 3711–3731 (2024) 
S masses, BH spin, and NS radius (Rosswog 2005 ; Shibata &
aniguchi 2008 ; Etienne et al. 2009 ; Lo v elace et al. 2013 ; Kyutoku
t al. 2015 ; Foucart, Hinderer & Nissanke 2018 ), as well as the
dopted EOS (Hayashi et al. 2023 ). F or e xample, the smaller amount
f disc and ejecta would be formed for the case that the NS radius is
maller due to softer EOS, such as the SFHo EOS (Steiner, Hempel
 Fischer 2013 ; Hayashi et al. 2023 ). Hence, the resulting property

f the KN light curves can also have a large diversity. Therefore,
e emphasize that the ejecta and KN property found for a particular
odel (Q4B5H) with the DD2 EOS may not be universal property

or every case of BH–NS mergers, and we leave the investigation of
he binary parameter and EOS dependences for future work. 

 RESULTS:  H Y D RO DY NA M I C S  SI MULATIO N  

.1 Ejecta mass and energy evolution 

ig. 1 shows the total rest mass in the computational domain as
 function of time. We can consider that the ejecta have reached
he homologously expanding phase at t = 0 . 1 d, because the total
nternal energy of ejecta is smaller by 4 order of magnitudes than
he total kinetic energy. In general, two distinct ejecta components
re seen in Fig. 1 . One saturated in t ∼ 0 . 2 s corresponds to the
ynamical ejecta, and the subsequent increase found for t � 0 . 5 s
orresponds to the post-merger ejecta. 

After the NR outflow data run out at t ≈ 1 s, we impose a floor
est-mass density value to the inner boundary. It is clearly seen in
ig. 1 that the total mass in the computational domain decreases
fter that time, indicating that the matter is artificially falling back
nd escaping through the inner boundary. This happens because
he pressure support from the inner boundary vanishes after the
utflow data run out. However, the total mass of the matter with
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Figure 2. Time evolution of the ejecta kinetic energy and total released 
nuclear binding energy. The top and bottom panels show the total value and 
mass-averaged value per baryon, respectively. The black solid and dotted 
curves denote the kinetic energy for the HD simulations in which radioactive 
heating are turned on and of f, respecti vely. The purple curve denotes the 
total nuclear binding energy released during the radioactive decay. The green 
and blue curves denote the same as the purple curve but only taking into 
account the ejecta components which pass the inner boundary at t < 0 . 3 s 
(the dynamical ejecta) and t ≥ 0 . 3 s (the post-merger ejecta), respectively. 
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ravitationally unbound orbits remains increasing even after the 
ime when the NR outflow data run out, as a consequence of the
cceleration of the matter in the presence of the thermal pressure
radient. In fact, the mass of the fall back matter is larger due to
ower pressure for the case in which radioactive heating is turned off
see the purple dotted curve in Fig. 1 ). 

After t ≈ 100 s, approximately all the ejecta matter remaining in 
he computational domain becomes gravitationally unbound, and the 
alue of the total mass in the computational domain converges to 
 . 063 M �. This value is smaller than the ejecta mass estimated in
ayashi et al. ( 2023 ) by ≈0 . 01 M �. We interpret this discrepancy as
 consequence of the mismatch in the employed EOS between the NR
nd HD simulations and the inconsistency of the matter flux at the
nner boundary. In fact, Fern ́andez et al. ( 2015 ) show similar results:
hey performed BH–disc simulations to follow the formation of the 
ost-merger wind ejecta and used the extracted ejecta property as 
he inner boundary condition of the subsequent simulation for long- 
erm ejecta evolution in the same manner as our present work. They
ound that the mass of the post-merger wind ejecta which becomes 
ravitationally unbound in the subsequent simulation decreases by a 
actor of ≈2 from the values estimated in the BH–disc simulations.
hey interpreted this difference as a consequence of the discrepancy 
etween the stresses at the inner boundary and those that would be
btained in a self-consistent simulation. 
Nevertheless, by performing the HD simulation with artificially 
odified inner boundary conditions, we confirmed that our main 

esults are essentially the same and the modification to the resulting
N light curves is only minor: we perform a HD simulation in which

he ejecta injection is sustained with the final value of the mass flux
t 1 s after the NR outflow data run out. By this prescription, the total
jecta mass in the HD simulation at the homologously expanding 
hase increases by 0 . 01 M �, but the bolometric luminosity increases
nly at most ≈10 per cent since the unbound matter increased by 
his prescription has the velocity only less than � 0 . 05 c and hence
as a long diffusion time-scale, which gives a minor contribution to 
he brightness of the emission. 

Fig. 2 shows the time evolution of the ejecta kinetic energy 
nd total released nuclear binding energy. The top panel of Fig. 2
hows that the ejecta kinetic energy increases around t ∼ 0 . 04 s and
 ∼ 0 . 5 s. The former increase is due to the entry of the dynamical
jecta into the computational domain. On the other hand, the increase 
t t ∼ 0 . 5 s is due to the acceleration induced by the radioactive
eating. In fact, the increase is not found for the case in which
he radioactive heating is turned off. The increase in the kinetic 
nergy by the radioactive heating agrees with ≈70 per cent of the 
eleased nuclear binding energy; the 30 per cent reduction is owing 
o the neutrino loss. The slight decrease in the kinetic energy after

0 . 1 s is due to the fall back of the matter to the outside of the
omputational domain. After t ∼ 1000 s the kinetic energy becomes 
ostly a constant, which indicates that the homologous expansion 

f the system is achieved. The radioactive heating is dominated by 
he component which passes the inner boundary at t < 0 . 3 s, that is,
he dynamical ejecta. 

The bottom panel of Fig. 2 shows the mass-averaged values 
f the ejecta kinetic energy and total released nuclear binding 
nergy per baryon. The released nuclear binding energy saturates 
ith ≈5 MeV / baryon . That for the dynamical ejecta saturates 
ith a larger value ( ≈6 MeV / baryon ) than the post-merger ejecta

 ≈2 MeV / baryon ). This indicates that the radioactive heating in the
ynamical ejecta is more efficient because of the stronger r-process 
ith fission recycling. Note that the difference in the mass-averaged 
inetic energy per baryon between the HD simulations in which 
adioactive heating are turned on and off is less pronounced compared
o that in the top panel of Fig. 2 . This is because the mass of the fall-
ack matter is larger for the case without radioactive heating (see
ig. 1 ), and hence, the mass-averaged value increases. 

.2 Ejecta profiles at homologously expanding phase 

igs 3 , 4 , and 5 show the rest-mass density and electron fraction
 Y e ) profiles of ejecta with two-dimensional various cross-sections at
 = 0 . 1 d obtained by the HD simulation. We note that the Y e profile
hown here is employed as the initial condition of the nucleosynthesis 
alculation (see Appendix B and Wanajo et al. 2022 for the detail).
he centre of mass for the matter with Y e < 0 . 1 is located in the
irection of φ ≈ 144 ◦ with φ being the longitudinal angle measured 
rom the + x axis. The longitudinal angles of the meridional planes
hown in Figs 4 and 5 are selected to show the profiles in which
MNRAS 535, 3711–3731 (2024) 
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Figure 3. Rest-mass density and electron fraction ( Y e ) profiles on the equatorial plane at t = 0 . 1 d. The yellow dotted lines denote the angles for which the 
meridional ejecta profiles are shown in Figs 4 and 5 . The white dotted curves denote the longitudinal angle ranges in which the KN light curves shown in Figs 9 
and 10 are obtained. 

Figure 4. Rest-mass density profiles on the meridional planes at t = 0 . 1 d. The top left, top right, bottom left, and bottom right panels denote the profiles on 
the φ ≈ 66 ◦, 156 ◦, 246 ◦, 336 ◦ planes, respectively (see also the left panel of Fig. 3 for the location of each plane). R denotes the cylindrical radius. 
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Figure 5. Same as Fig. 4 but for electron fraction Y e (see also the left panel of Fig. 3 for the location of each plane). 
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he dynamical ejecta are approximately mostly [‘( b )’: φ ≈ 156 ◦],
oderately [‘( a )’: φ ≈ 66 ◦ and ‘( c )’: φ ≈ 246 ◦], and least [‘( d )’: φ ≈

36 ◦] present. As we mentioned abo v e, the entire ejecta have reached
he homologously expanding phase at this epoch. Broadly speaking, 
he dynamical and post-merger ejecta are present around the regions 
here the cylindrical radius is larger and smaller than ≈0 . 05–0 . 1 ct ,

espectively. Those two components are clearly distinguishable with 
he value of Y e . The value of Y e for the dynamical ejecta is typically
elow 0.1, which primarily reflects the original Y e values of the 
isrupted NS. On the other hand, the post-merger ejecta have a wider
ange of Y e values from 0.1 to 0.4. 

The rest-mass density profile of the dynamical ejecta exhibits 
lear non-axisymmetric geometry, with its mass mostly distributed 
n the f an-lik e shape in 70 ◦ � φ � 250 ◦. The dynamical ejecta are
xtended up to ≈0 . 5 ct in the cylindrical radius direction, while their
 ertical e xtent is ≈0 . 2 ct . The aspect ratio of the cylindrical and
 ertical e xtents for the dynamical ejecta is close to unity. This is in
ontrast to the fact that the dynamical ejecta are launched initially 
onfined around the equatorial plane within the latitudinal opening 
ngle of ∼10 ◦ (Kyutoku, Ioka & Shibata 2013 ; Foucart et al. 2014 ).
s we show below, this ejecta expansion is due to thermal pressure

nhanced by radioactive heating. 
On the other hand, the post-merger ejecta exhibit a more ax-
symmetric shape. It has two distinct components with one having 
pproximately a spherical shape and the other having the cone-like 
hape. The former is concentrated in the region within ≈0 . 05 ct
hile the latter is more extended in the vertical direction with

he polar opening angle of ≈10 ◦ and the vertical extent reaches
0 . 25 ct . As we show below, this complex geometry of the post-
erger ejecta is realized by the interaction with the dynamical ejecta
hich significantly expand due to thermal pressure enhanced by 

adioactive heating. 
Fig. 6 shows the rest-mass density and electron fraction profiles 

f ejecta on the equatorial and meridional planes at t = 0 . 1 d
btained by the HD simulation but switching off radioactive heating. 
nder the presence of radioactive heating, the dynamical ejecta 

xpand significantly due to the increase in thermal pressure and 
he inhomogeneities in the rest-mass density are also smoothed out, 
s clearly seen in Figs 3 and 4 . These results are consistent with the
nding of Grossman et al. ( 2014 ) and Rosswog et al. ( 2014 ) in the
ontext of BNSs, and of Fern ́andez et al. ( 2015 ) and Darbha et al.
 2021 ) in the context of BH–NSs. In fact, the resulting aspect ratio
f the dynamical ejecta is found to be close to unity as the model H4
n Darbha et al. ( 2021 ). The radioactive heating rate as a function
MNRAS 535, 3711–3731 (2024) 
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Figure 6. Rest-mass density and electron fraction ( Y e ) profiles on the equatorial plane at t = 0 . 1 d for the HD simulation in which radioactive heating is turned 
off. 
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f time for the dynamical ejecta in our model is similar to that in
arbha et al. ( 2021 ; see Fig. 7 ), although the latter appears to be a

actor of a few larger than ours. 2 

The comparison between Figs 5 and 6 shows that the profile of the
ost-merger ejecta is modified by the dynamical ejecta. Fig. 6 shows
hat, in the absence of radioactive heating, the post-merger ejecta
xhibit a prolate shape with the extension of 0 . 1 ct and 0 . 25 ct in the
quatorial and vertical directions, respectively. On the other hand,
he radioactive heating significantly expands the dynamical ejecta,
hich compress the post-merger ejecta in 0 . 05 ct ≤ z ≤ 0 . 15 ct and

onfine the ejecta in the region of � 0 . 05 ct as found in Fig. 5 . This is
NRAS 535, 3711–3731 (2024) 

 We note that, although it is claimed to be realistic heating rates for Y e ≈ 0 . 1 
according to Metzger et al. 2010 ; Lippuner & Roberts 2015 ), the heating 
ate model H4 in Darbha et al. ( 2021 ) is unphysical such that the total amount 
f energy released in this model is ≈13 MeV/baryon (larger than the highest 
inding energy among radioactively stable nuclei, 8.8 MeV/baryon for 62 Ni). 
n the other hand, the total amount of energy released by radioactive heating 

n our model is ≈5 MeV/baryon (see Fig. 2 ), which is consistent with the 
ypical value ≈8 MeV/baryon for stable r-process nuclei by considering the 
eutrino-energy loss. 
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Figure 7. Mass weighted average of the total specific radioactive heating 
rate in our HD simulation. The specific heating rate of model H4 in Darbha 
et al. ( 2021 ) is also shown. 
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Figure 8. Total bolometric luminosity (solid curve) and total energy deposi- 
tion rate (dashed curve). The isotropically equi v alent bolometric luminosity 
observed in AT2017gfo with the distance of 40 Mpc is shown by the filled 
circles adopting the data in Waxman et al. ( 2018 ), which assume a blackbody 
fit to the photometric observations. Note that the bolometric light curve before 
1 d is hidden since it is not reliable due to the lack of opacity data in the high 
temperature regime ( � 20 000 K). 
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ue to the higher typical electron fraction of the post-merger ejecta. 
he higher electron fraction results in the relatively small radioactive 
eating rate and hence small enhancement of the pressure of the ejecta 
ompared to the dynamical component (see Fig. 2 ). 

We note that, while the dynamical ejecta apparently expand 
ignificantly, the total increase in the ejecta total kinetic energy is not
s significant as that one might expect from the change in the ejecta
dge ( ≈ 0 . 1 c →≈ 0 . 2 c in the z-direction and ≈ 0 . 3 c →≈ 0 . 4 c in
he R-direction). This is because only a small fraction of the ejecta

atter is accelerated to such high velocity. We stress that the increase
n the ejecta kinetic energy is consistent with the energy deposited 
y radioactive heating (see Fig. 2 ). 
Significant expansion of the dynamical ejecta and enforced con- 

nement of the post-merger ejecta in the presence of radioactive 
eating are not found in the BNS models in our previous studies
Kawaguchi et al. 2021 , 2022 , 2023 ). This is because the dynamical
jecta of the present BH–NS model, as well as of the BNS models
tudied in Grossman et al. ( 2014 ); Rosswog et al. ( 2014 ), are more
assive than the post-merger ejecta, and in addition, much more 

onfined around the equatorial plane than in the BNS models. As
 result, higher internal energy density and high thermal pressure 
re realized. This illustrates that the importance of the radioac- 
ive heating will depend on the density and isotopic-abundance 
rofiles of ejecta, which can have a variety even among BH–
S mergers depending on the binary parameters or the adopted 
OS. 

 RESULTS:  K N  L I G H T  C U RV E S  

.1 Bolometric light cur v es 

ig. 8 shows the bolometric luminosity calculated by the RT 

imulation employing the profiles of the ejecta rest-mass density, 
lemental abundance, and radioactive heating rate obtained by the 
ombination of the results of the HD simulation and nucleosynthesis 
alculation (Wanajo et al. 2022 ). The total energy deposition rate
aking the thermalization efficiency into account is also plotted in 
ig. 8 . As we mentioned in Section 2 , our atomic data include only
p to the triple ionization for all the ions, and the opacity of ejecta
n the early phase ( t ≤ 0 . 5 d) may be underestimated due to high
emperature ( � 20 000 K). Hence, hereafter, we only focus on the
ight curves after 1 d. 

For 1–10 d, the bolometric luminosity is approximately constant 
ith the value of 1–2 ×10 41 erg / s . It decreases only slowly and the

hange is only by a factor of 2 during this epoch. Ho we ver, after
0 d, the bolometric luminosity starts decreasing more rapidly, and it
ecreases by more than a factor of 3 during 10–30 d. This faint and
ong-lasting emission is caused by the fact that it is primarily powered 
y the lanthanide-rich dynamical ejecta, in which a long photon 
iffusion time-scale is realized by the large mass and high opacity.
his behaviour of the bolometric luminosity is qualitatively the same 
s that found in the models with massive dynamical ejecta studied
n a pioneering study (MS1Q3a75 and H4Q3a75 in Tanaka et al.
014 ). The bolometric luminosity converges to the total deposition 
ate after 20 d, which suggests that the entire thermal photons created
n the ejecta immediately diffuse out from the ejecta after this epoch.
s we show below, however, the viewing-angle dependence of the 

mission due to the aspherical profile of the ejecta opacity still plays
 role up to 30 d. 

Our present BH–NS KN model shows significantly distinct light 
urves from the observation of AT2017gfo. Specifically, our BH–NS 

odel is fainter by a factor of 3 around ∼1 d than AT2017gfo. How-
ver, due to the slow decrease in the bolometric luminosity, compared
o AT2017gfo, our BH–NS KN model becomes comparably bright 
t 5 d, and brighter by a factor of 5 at 10 d. This result clearly shows
hat a BH–NS binary which we study particularly in this work is not
ikely to be the progenitor of AT2017gfo. 

Fig. 9 shows the results of the isotropically equi v alent bolometric
ight curves observed from v arious vie wing angles for the present

odel. Focusing on the observer in the polar direction with θ ≤ 28 ◦,
he KN emission is brightest in ( b ): 135 ◦ ≤ φ < 180 ◦. This direction
pproximately matches to the longitudinal direction in which the 
ynamical ejecta have most of their mass (see Figs 3 and 4 ). On the
ther hand, the faintest emission is observed from the direction in
hich the dynamical ejecta least present [‘( d )’: 315 ◦ ≤ φ < 360 ◦].
e vertheless, the v ariation in the bolometric luminosity is not so large

nd it is al w ays within 40 per cent. This is reasonable because the
bservers with different longitudinal angles are in similar directions 
or the polar view θ ≤ 28 ◦. 

On the other hand, the longitudinal variation is larger for the
quatorial view (82 ◦ ≤ θ ≤ 90 ◦). For this case, the KN emission
s also brightest in ( b ): 135 ◦ ≤ φ < 180 ◦ in which direction the
ynamical ejecta are most abundant. By contrast, the bolomet- 
ic luminosity is faintest in ( a ): 45 ◦ ≤ φ < 90 ◦ for t ≤ 5 d. This
s because, in this direction, the relatively thin part of the dy-
amical ejecta present in R � 0 . 3 ct around the equatorial plane
see Fig. 4 ) suppresses radiation from the ejecta centre. 3 Mean-
hile, the emission from the post-merger ejecta enhances the 

uminosity in this view (82 ◦ ≤ θ ≤ 90 ◦) in which the dynamical
jecta are least present [‘( d )’: 315 ◦ ≤ φ < 360 ◦]. The variation in
he bolometric luminosity is larger for the equatorial view than 
hat for the polar view, and it is larger than a factor of 2 for
–7 d. 
MNRAS 535, 3711–3731 (2024) 
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Figure 9. Isotropically equi v alent bolometric luminosities observed from v arious vie wing angles. The top panels compare the results among different longitudinal 
directions, while the middle and bottom panels compare the results among different latitudinal directions. The isotropically equi v alent bolometric luminosity 
observed in AT2017gfo with the distance of 40 Mpc is also shown by the filled circles adopting the data in Waxman et al. ( 2018 ), which assume a blackbody fit 
to the photometric observations. Note that the light curves before 1 d are hidden since they are not reliable due to the lack of opacity data in the high temperature 
regime ( � 20 000 K). 
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The latitudinal viewing-angle dependence of the bolometric lumi- 
osity is not significant and the variation in the bolometric luminosity 
s al w ays less than a f actor of 2 in our present model except for the
quatorial view in ( a ): 45 ◦ ≤ φ < 90 ◦. The dependence of the KN
rightness on the latitudinal direction is weak in particular from the 
iewing angle of ( b) : 135 ◦ ≤ φ < 180 ◦, in which direction the KN
mission is brightest. As we show below, the latitudinal viewing- 
ngle dependence is much weaker than that for BNS KNe. This is
ue to the fact that, for the present BH–NS KN model, the emission is
ominated by the dynamical ejecta of which the aspect ratio is close
o unity. In fact, compared with a previous study (Tanaka et al. 2014 ),
ur present BH–NS KN model shows a less significant viewing-angle 
ependence on the latitudinal direction. This is because the ejecta in 
his study have larger aspect ratio than those in the models of their
revious study. This comparison indicates that the modification of 
he ejecta morphology due to radioactive heating has a great impact 
n the viewing-angle dependence of the KN emission. Hence, this 
ork demonstrates the importance of modelling KN light curves 

aking the ejecta long-term evolution into account. 
Interestingly, the latitudinal viewing-angle dependence is still 

resent in ( d ): 315 ◦ ≤ φ < 360 ◦ even after 20 d at which the total
olometric luminosity converges to the total deposition rate (see Fig. 
 ). This can be understood by the fact that the post-merger ejecta
re present in between the high-density part of the dynamical ejecta 
nd the observer in the direction of ( d ): 315 ◦ ≤ φ < 360 ◦ (see Figs 3
nd 4 ). While the post-merger ejecta have a minor contribution to
he luminosity in the late epoch due to their relatively low heating
ate, they still contribute as an opacity source (because of the 
elatively high density) to prevent photons emitted in the high-density 
art of the dynamical ejecta diffusing out to the direction of ( d ):
15 ◦ ≤ φ < 360 ◦. Although it is not quantitatively significant, this
ong-lasting viewing-angle dependence due to the non-axisymmetric 
eometry of the ejecta might have an impact on estimating the total
eposition rate in the ejecta from the late-time observation. 

.2 Broad-band magnitudes 

ig. 10 shows the optical (the g and z bands) and near-infrared (the
 band) light curves observed from various viewing angles. As is

he case for the bolometric luminosity, for the polar view ( θ ≤ 28 ◦),
he gzK bands are brightest and faintest in ( b ): 135 ◦ ≤ φ < 180 ◦ and
n ( d ): 315 ◦ ≤ φ ≤ 360 ◦, in which the dynamical ejecta are mostly
nd least present, respectively. The viewing-angle dependence of the 
mission is weak from the polar view, and the variation is al w ays
ithin 0.5 mag around the peak magnitudes. 
For the equatorial view (82 ◦ ≤ θ ≤ 90 ◦), the gzK -band emission

s brightest in ( b ): 135 ◦ ≤ φ < 180 ◦, while the emission in ( a ):
5 ◦ ≤ φ ≤ 90 ◦ becomes faintest. The longitudinal viewing-angle 
ependence of the emission is significant in the gz bands, and it
s al w ays larger than 1 mag among different longitudinal directions.
he variation in the K band magnitude among different longitudinal 
irections is relatively small compared to that in the gz bands, and
t is al w ays approximately within 1 mag among the all viewing 
ngles. 

The g -band emission is fainter and declines faster than AT2017gfo 
ven if it is observed from the brightest direction [‘( b )’: 135 ◦ ≤
< 180 ◦]. The peak brightness in the z band is comparable to the

bservation of AT2017gfo, but it declines much faster. In contrast, 
he K -band emission is comparable to that of AT2017gfo in a few
ays, and then, it becomes brighter after 4 d. The K -band magnitude
nally reaches its peak at ≈10 d after the onset of the merger with

ts emission brighter than AT2017gfo by more than 1 mag. 
Interestingly, the gz -band emission observed from ( b ): 135 ◦ ≤
< 180 ◦ becomes slightly brighter in the equatorial direction than 

n the polar direction after 1 d for the present BH–NS model.
his brightness dependence on the latitudinal direction is opposite 
ompared to the BNS KN models, for which the emission becomes
righter in the polar direction. The same latitudinal-angle depen- 
ence is also found for the emission observed in the direction of the
jecta bulk motion for the model in Darbha et al. ( 2021 ) in which
he radioactive heating rate broadly agrees with our model (model 
4). The brighter emission in the equatorial plane is explained by

he enhancement of the radiation energy flux due to the Doppler
ffect induced by the bulk motion of the ejecta. It is also important to
ave the aspect ratio of the dynamical ejecta close to unity to realize
he present latitudinal-angle dependence of the emission brightness: 
therwise the Doppler effect can be obscured by the suppression of
he emission due to the decrease in the projected area toward the
bserver for the case that the dynamical ejecta have a more oblate
hape (see Darbha et al. 2021 for the discussion). 

.3 Radiati v e-transfer effect of non-axisymmetric ejecta 
eometry 

o clarify the RT effect of the non-axisymmetric ejecta geometry, we
erform a RT simulation for an axisymmetrized ejecta profile. The 
xisymmetrized ejecta profile is generated by averaging over the rest- 
ass density, specific internal energy, elemental abundances, and 

adioactive heating rate profiles obtained by the HD simulation at t =
 . 1 d with respect to the longitudinal direction. Note that the volume
nd mass in each grid cell are used as the weights of the average for
he rest-mass density and the latter three quantities, respectively. Fig. 
1 compares the isotropically equi v alent bolometric luminosities and 
zK -band light curves observed from the polar (0 ◦ ≤ θ ≤ 28 ◦) and
quatorial (82 ◦ ≤ θ ≤ 90 ◦) directions between the axisymmetrized 
nd fiducial models (the same as in Figs 9 and 10 ). For the fiducial
odel, the light curves observed from ( b ): 135 ◦ ≤ φ < 180 ◦, ( d ):

15 ◦ ≤ φ < 360 ◦ (for the polar view), and ( a ): 45 ◦ ≤ φ < 90 ◦ (for
he equatorial view) are shown. 

The upper panels of Fig. 11 show that the KN emission ob-
erved from the polar direction becomes slightly brighter for the 
xisymmetrized model than for the fiducial model except for the g -
and emission. This reflects the fact that the area of the dynamical
jecta projected toward the observer increases for the axisymmetrized 
odel due to the longitudinal average. The bolometric light curves 

eclines slightly earlier than the original fiducial model because the 
ptical depth decreases due to the decrease in the rest-mass density
f the dynamical ejecta for the axisymmetrized model. Nevertheless, 
he effect of the longitudinal average is found to be minor for the
olar view , particularly , in the gzK -band magnitudes, for which the
ifferences between the axisymmetrized model and fiducial model 
re al w ays smaller than 0.5 mag for t ≥ 0 . 5 d. 

The difference in the brightness between the axisymmetrized 
odel and fiducial model is more pronounced for the emission 

bserved from the equatorial direction. For the equatorial view, the 
olometric luminosity observed from the longitudinal direction of the 
rightest region [‘( b )’: 135 ◦ ≤ φ < 180 ◦] is brighter approximately
y a factor of 1.5–2 for the fiducial model than that for the axisym-
etrized model. The gz -band magnitudes observed from the same 

irection are also brighter than those for the axisymmetrized model 
y ∼1 mag . On the other hand, the KN brightness observed from the
ongitudinal direction of the faintest region [‘( a )’: 45 ◦ ≤ φ < 90 ◦]
s comparable to or slightly fainter for the fiducial model than that
or the axisymmetrized model. This discrepancy in the equatorial 
MNRAS 535, 3711–3731 (2024) 
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Figure 10. gzK -band light curves for observed from v arious vie wing angles with the distance of 40 Mpc. The top panels compare the results among different 
longitudinal directions, while the middle and bottom panels compare the results among different latitudinal directions. The data points denote the AB magnitudes 
of AT2017gfo taken from Villar et al. ( 2017 ). 
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Figure 11. Comparison of the isotropically equi v alent bolometric luminosities (left) and gzK -band light curves (right) between the fiducial (the same as in 
Figs 9 and 10 ) and axisymmetrized (labelled as ‘2D model’) models. The top and bottom panels denote the light curves observed from 0 ◦ ≤ θ ≤ 28 ◦ and 
82 ◦ ≤ θ ≤ 90 ◦, respectively. The solid and dashed curves denote the light curves of the axisymmetrized model and those for the fiducial model observed 
from ( b ): 135 ◦ ≤ φ < 180 ◦, respectiv ely. The dotted curv es in the upper and bottom panels denote the light curves of the fiducial model observed from ( d ): 
315 ◦ ≤ φ < 360 ◦ and ( a ): 45 ◦ ≤ φ < 90 ◦, respectively. 
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rightness between the fiducial and axisymmetrized models is due 
o the difference in the ejecta aspect ratio: as a consequence of the
ongitudinal average, the polar projected area of the ejecta is larger 
han that in the equatorial direction for the axisymmetrized model, 
hich makes photons to preferentially diffuse in the polar direction 

nd thus the equatorial brightness to be fainter. 

.4 Comparison with various BNS KN models 

ig. 12 compares the gzK -band light curves among the present 
H–NS KN model and various BNS KN models obtained in our 
revious studies (Kawaguchi et al. 2021 , 2022 , 2023 ). For BNS KN
odels, three cases are shown as representative: a case in which the

emnant massi ve NS (MNS) survi ves for a short time (the dashed
urves; SFHo-125145, Kiuchi et al. 2022 ; Fujibayashi et al. 2023 ;
awaguchi et al. 2023 ), a case in which the remnant MNS survives
or a long time (the dash-dot curves; DD2-135135, Fujibayashi et al.
020b ; Kawaguchi et al. 2022 ), and a case in which large-scale
agnetic field significantly plays a role in the long-surviving remnant 
NS (the dotted curves; MNS75a, Shibata et al. 2021 ; Kawaguchi 

t al. 2022 ). 
For model SFHo-125145, the ejecta mass and average velocity are 

 . 012 M � and 0 . 17 c, respectively. The dynamical and post-merger
jecta have approximately the same mass and exhibit approximately 
pherical and mildly prolate shapes, respectively. While the Y e 

alue of the post-merger ejecta is � 0 . 3 and shows a weak spatial
ependence, the dynamical ejecta have a significant Y e dependence 
n the latitudinal angle with the value being higher and lower than
.3 for θ � 45 ◦ and � 45 ◦, respectiv ely. F or model DD2-135135,
he ejecta mass and average velocity are 0 . 065 M � and 0 . 094 c,
MNRAS 535, 3711–3731 (2024) 
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Figure 12. Comparison of the bolometric and gzK -band light curves among the present BH–NS KN model and various BNS KN models. For BNS KN models, 
three cases are shown: a case in which the remnant MNS survives for a short time (the dashed curves; SFHo-125145, Kiuchi et al. 2022 ; Fujibayashi et al. 2023 ; 
Kawaguchi et al. 2023 ), a case in which the remnant MNS survives for a long time (the dash-dotted curves; DD2-135135, Fujibayashi et al. 2020b ; Kawaguchi 
et al. 2022 ), and a case in which large-scale magnetic field significantly plays a role in the long-surviving remnant MNS (the dotted curves; MNS75a, Shibata 
et al. 2021 ; Kawaguchi et al. 2022 ). Note that the light curve for model SFHo-125145 in the top-right panel is below the plot range. Note also that due to different 
angle binning setups, the light curves observed from 0 ◦ ≤ θ ≤ 20 ◦ and 86 ◦ ≤ θ ≤ 90 ◦ are used for BNS KN models to compare with the BH–NS KN light 
curv es observ ed from 0 ◦ ≤ θ ≤ 28 ◦ and 82 ◦ ≤ θ ≤ 90 ◦, respectively. The data points denote the AB magnitudes of AT2017gfo taken from Villar et al. ( 2017 ). 
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espectively. The morphology and Y e profiles of the dynamical and 
ost-merger ejecta are similar to those in model SFHo-125145, but 
he dynamical ejecta mass is 1 . 5 × 10 −3 M �, and the post-merger
jecta dominate the total ejecta mass. For model MNS75a, the 
ame BNS configuration as in model DD2-135135 is considered, 
ut the post-merger ejecta are significantly accelerated by taking 
nto account the magnetocentrifugal effect. As the consequence, the 
jecta mass and average velocity are increased compared to those in 
odel DD2-135135 and are 0 . 084 M � and 0 . 42 c, respectively. 
We note that the BNS KN models are obtained by imposing 

xisymmetry in all the post-merger NR simulations, subsequent 
D simulations, and RT simulations. For the BH–NS model, we 

how the light curv es observ ed from ( b ): 135 ◦ ≤ φ < 180 ◦, ( d ):
15 ◦ ≤ φ < 360 ◦ (for the polar view), and ( a ): 45 ◦ ≤ φ < 90 ◦ (for
he equatorial view), which represent the longitudinal directions for 
he brightest and faintest emission, respectively. 

The gz -band emission observed from the polar direction (0 ◦ ≤
≤ 28 ◦) for the present BH–NS KN model is by 0.5–1 mag brighter

han that for the BNS models in which the remnant MNS survives
nly for a short time ( < 10 ms , SFHo-125145), but is by more than
1 mag fainter than that for the BNS models in which the remnant
NS survives for a long time ( > 1 s, DD2-135135 and MNS75a).
n the other hand, the gz -band emission observed from the equatorial
irection (82 ◦ ≤ θ ≤ 90 ◦) is comparably bright or brighter than those 
or the BNS models in which remnant MNSs survive for a long time
xcept for the z-band emission of model MNS75a. This is due to the
act that the BNS KN models show stronger latitudinal viewing-angle 
ependence than the BH–NS KN model and become significantly 
aint in the equatorial view. The difference in the latitudinal viewing- 
ngle dependence reflects the fact that the dynamical ejecta are the 
rimary source of the emission in the optical wavelength for the BH–
S model, while for the BNS models, the post-merger ejecta are main 

ource of the emission and the dynamical ejecta are mostly acting as
he opacity source rather than the emission source (lanthanide curtain 
ffect; Kasen et al. 2015 ; Kawaguchi et al. 2018 , 2020 ; Bulla 2019 ;
arbha & Kasen 2020 ; Zhu et al. 2020 ; Korobkin et al. 2021 ). We
ote that, in the BNS cases, enhancement of the brightness due to the
oppler effect is obscured by the latitudinal-angle dependence of the 

mission induced by the angle-dependent opacity of the dynamical 
jecta. 

The K -band emission for the present BH–NS KN model has 
omparable peak brightness to that for the BNS models without 
ignificant large-scale magnetic field effect in the remnant NS (SFHo- 
25145 and DD2-135135). Ho we ver, it is only the BH–NS model that
aintains the K -band brightness within 1 mag of its peak for a two-
eek period. The BNS models in which the remnant MNSs survive 

or short and long periods of time become fainter than the BH–NS
odel after 1–2 d and 5–7 d, respectively. The BNS model in which

arge-scale magnetic field significantly plays a role in the remnant NS 

hows bright K -band emission for a week, but the brightness declines
uch faster than that for the BH–NS model. Hence, the observation 

f a KN with long-lasting near-infrared emission which is bright for
ore than two weeks will indicate that the progenitor of a KN is a
H–NS merger with massive ejecta (in particular dynamical ejecta) 

ormation. 

 SU M M A RY  A N D  DISCUSSIONS  

n this paper, we studied the long-term evolution of the matter ejected
n a BH–NS merger by employing the results of the NR simulation
nd nucleosynthesis calculation, in which both dynamical and post- 
erger ejecta are followed consistently. In particular, we employed 
he results for the merger of a 1 . 35 M � NS and 5 . 4 M � BH with the
imensionless spin of 0.75. We confirmed the finding in the previous
tudies that, thermal pressure induced by radioactive heating in the 
jecta could significantly modify the morphology of the ejecta. In 
ur studied case for the BH–NS binary, the dynamical ejecta expand
ignificantly and the aspect ratio becomes close to unity with the fine
tructure being smeared out in the presence of radioactive heating. On 
he other hand, the post-merger ejecta were compressed and confined 
n the region with the radial velocity � 0 . 05 c due to the significant
xpansion of the dynamical component. 

We then computed the KN light curves employing the ejecta 
rofile obtained by the HD simulation of the ejecta matter. We
ound that our present BH–NS model results in KN light curves
hat are fainter but longer lasting than those observed in AT2017gfo,
eflecting the fact that the emission is primarily powered by the
anthanide-rich massive dynamical ejecta. The optical-band emission 
s comparable to or fainter than those for the various BNS models
btained in our previous studies. While the peak brightness of 
he near-infrared emission is also comparable to the BNS models, 
he time-scale maintaining the brightness is much longer, and the 
mission comparable to the peak brightness within 1 mag is sustained
or more than two weeks for the BH–NS model. The wide-field
nfrared observations with the ground-based telescopes, such as 
ISTA (Ackley et al. 2020 ), WINTER (Frostig et al. 2022 ), and
RIME (Kondo et al. 2023 ), can detect such bright infrared KN
mission up to ≈14 d if the distance to the event is within 150 Mpc
ince the K -band emission will be apparently brighter than 21 mag
or all the viewing angles. However, the field of view of infrared
elescopes is typically not as large as those for the optical telescopes
or a given sensitivity (Nissank e, Kasliw al & Georgieva 2013 ).
herefore, a tight constraint of the localization area by the GW
ata analysis or the follow-up observation within ≈1 d in the optical
ands is crucial to detect the KN emission unless the event occurs as
lose as in the case of AT2017gfo. 

We found that the non-axisymmetric geometry of the ejecta 
nduces various interesting radiative-transfer effects in the viewing- 
ngle dependence of the KN emission. In particular, we found the
oppler effect induced by the bulk velocity of the ejecta to the

mission, which is pointed out by Fern ́andez et al. ( 2017 ) and
arbha et al. ( 2021 ), is in fact appreciable. Due to this effect,

he optical light curves observed from the direction of the bulk
jecta motion show a slightly inverted latitudinal angle dependence 
o those found in the BNS models: The optical-band emission 
bserved from ( b ): 135 ◦ ≤ φ < 180 ◦ becomes slightly brighter in
he equatorial direction than in the polar direction for the present
H–NS model. Since the KNe emission becomes fainter in the 
quatorial direction than in the polar direction for BNS mergers, 
ur results suggest that, for the edge-on view, the KN emission for
H–NS mergers can be brighter in the optical-band than that of BNS
ergers. 
Our results indicate that the long-lasting near-infrared emission is 

he key to distinguish the types of progenitors by the KN observation.
f the K -band emission of which brightness comparable to its peak
s maintained for more than two weeks, it may indicate that the
rogenitor is a BH–NS merger with massive ejecta formation. This 
s consistent with our finding in the previous study (Kawaguchi et al.
020 ). On the other hand, the BH–NS KN light curves in the optical
and is similar to those associated with BNS mergers, and hence,
t may be difficult to infer the information of the progenitor only
rom the optical emission. We should note that the ejecta mass and
ence the brightness of the KN of BH–NS mergers can have large
ariety depending on the binary parameters, such as the BH and NS
MNRAS 535, 3711–3731 (2024) 
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Figure 13. Comparison between the present BH-NS KN model and GRB KN candidates. The solid and dashed curves denote the polar light curves in the 
observer frame (0 ◦ ≤ θ ≤ 28 ◦) for the present BH–NS KN model observed from ( b ): 135 ◦ ≤ φ < 180 ◦ and ( d ): 315 ◦ ≤ φ < 360 ◦, respectively. The square 
and triangle symbols denote, respectively, the observed magnitudes and upper-limits of the optical and near-infrared counterparts of GRBs taken from Berger 
et al. ( 2013 ), Tanvir et al. ( 2013 ), Jin et al. ( 2015 , 2016 ), Yang et al. ( 2015 ), Lamb et al. ( 2019 ), Troja et al. ( 2019 , 2022 ), Rastinejad et al. ( 2022 ), Gompertz 
et al. ( 2023 ), Le v an et al. ( 2024 ). The afterglow models which broadly reproduce the models in the literature are also plotted in the dotted curves. 
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asses, BH spin, and NS radius (Rosswog 2005 ; Shibata & Taniguchi
008 ; Etienne et al. 2009 ; Lo v elace et al. 2013 ; Kyutoku et al. 2015 ;
oucart et al. 2018 ), as well as on the adopted EOS (Hayashi et al.
023 ). We also note that the assumption of LTE employed in our
T simulation will not be valid in the region where the rest-mass
ensity has been significantly dropped. It is implied in Hotokezaka 
t al. ( 2021 ) and Pognan, Jerkstrand & Grumer ( 2022 ) that the matter
emperature can be higher than that estimated under the assumption 
f LTE if non-LTE effects take place. In such a case, the infrared
mission can be dimmer with the combination of the suppression 
f the neutral and poorly ionized atoms (Kawaguchi et al. 2021 ,
022 , 2023 ). We should keep in mind that the absence of the long-
asting bright near-infrared emission does not necessarily rule out 
he possibility that the progenitor of the observed KN is a BH–NS 

erger. 
So far, four candidates have been reported for BH–NS GW events: 

W190814 (Abbott et al. 2020 ), GW200105/GW200115 (Abbott 
t al. 2021 ), and GW230529 (The LIGO Scientific Collaboration, 
he Virgo Collaboration & the KAGRA Collaboration 2024 ). Among 
hem, according to the inferred masses and spins of the binary, the
atest GW event, GW230529, w as most lik ely to be accompanied
y EM counterparts. Unfortunately, the EM counterpart was not 
ound in GW230529 due to the poorly constrained sky localization, 
lthough the luminosity distance to the event was relatively close 
201 + 102 

−96 Mpc with the error bar being the 90 per cent credible 
nterv als). Ne v ertheless, the disco v ery of this system increases the
xpected rate of the GW detection of a BH–NS merger with EM
ounterparts in the future. For this event, (under the assumption that 
his event was a BH–NS merger) the ratio of the BH mass to the
S mass and the dimensionless BH spin were less than ≈4 and

arger than ≈0, respectiv ely. F or such a case of a BH–NS merger,
he ratio of the post-merger ejecta mass to the dynamical one can
e larger compared to the BH–NS model which we studied in this
aper (Hayashi et al. 2021 ). This indicates that the resulting KN
ay become bluer than the present result, while it is not al w ays

rivial since the long-term hydrodynamics evolution of ejecta may 
lso differ. Hence, the systematic study on the KNe for various 
onfigurations of BH–NS binaries would be crucial to quantitatively 
nterpret the EM observational data in the future. 

There are a number of KN candidates reported which are as-
ociated with the observation of GRBs: GRB050709 (Jin et al. 
016 ), GRB060614 (Jin et al. 2015 ; Yang et al. 2015 ), GRB130603B
Berger, Fong & Chornock 2013 ; Tanvir et al. 2013 ), GRB160821B
Lamb et al. 2019 ; Troja et al. 2019 ), GRB211211A (Rastinejad et al.
022 ; Troja et al. 2022 ; Gompertz et al. 2023 ), and GRB230307A
Le v an et al. 2024 ). In Fig. 13 , we compare our present BH–NS
N model with these observational data. The optical and near- 

nfrared brightness of KN candidates found in GRB211211A and 
RB230311 are comparable to that of AT2017gfo. We find that 
ur present BH–NS KN model is too faint to explain the optical
rightness of these KN candidates at a few days, while the K -band
mission of our present BH–NS KN model after 4 d is too bright to
e consistent with the later time observations and upper limits. Our 
resent BH–NS KN model is also too faint in the optical bands to
xplain the KN candidates found in GRB050709, GRB060614, and 
RB160821B after ≈2 d. The K -band brightness of GRB160821B 

t 4.3 d is comparable to that of our present BH–NS KN model,
hile the BNS model in which the remnant MNS survives for a

ong time ( > 1 s, DD2-135135 in Fig. 12 ) also has comparable K -
and brightness at that epoch. Interestingly, despite the bright and 
ong-lasting K -band emission, our present BH–NS model has fainter 
 -band emission at ∼10 d than that observed in GRB130603B. This
s due to the fact that the KN of our present BH–NS model is very red
nd the peak of the redshifted spectrum is located in the wavelength
onger than the H -band at that epoch. In summary, currently we do not
nd a KN candidate that can be only explained by our present BH–
S model with significant dynamical ejecta formation. Ho we ver, as
e mentioned abo v e, we cannot rule out the possibility that some
f those KN candidates are KNe associated with BH–NS mergers, 
ince BH–NS KNe can have a large diversity reflecting the variety
f binary parameters as well as the adopted EOS. 
We found more than a factor of 2 variation in the KN brightness

epending on the viewing angle in our present BH–NS model. Such
 variation in the brightness can induce the same degree of the
ystematic error in conducting the ejecta parameter estimation for 
he ejecta properties, such as the mass, velocity, and ef fecti ve ejecta
pacity, from the observational data. We should also note that we only
ocus on one single case of a BH–NS merger with the DD2 EOS,
nd it is not clear whether the property of KN is al w ays the same
or other setups of BH–NS mergers. For example, if the longitudinal
pening angle of the ejecta is close to 2 π , the BH–NS KN can have
he viewing-angle dependence in the brightness comparably strong 
o those of BNS mergers as we indeed see in the results of the
xisymmetrized model (see Fig. 11 ). We further should note that
ncomprehended systematic errors in the opacity and heating rate 
an induce large systematic errors in the ejecta parameter inference. 
n particular, the latter can be severe for KNe from BH–NS mergers
ince the uncertainty is more significant for the ejecta with low
alues of Y e ( < 0 . 24, see Barnes et al. 2021 ; Zhu et al. 2021 ). Hence,
t is essential to consider that these systematic errors can significantly
lter the results of the ejecta parameter inference, and those estimated
alues should be used with a great caution. 
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PPEN D IX  A :  F O R M U L AT I O N  

n this appendix, we describe the formulation of hydrodynamics 
quations in the spherical coordinates employed for the long-term 

volution of ejecta. Throughout this appendix, the units of c = 1 = G

re employed where G is the gravitational constant, unless otherwise 
entioned. 

1 Basic equations 

he basic equations for the numerical hydrodynamics employed in 
his work are formulated in the framework of the 3 + 1 decomposition
f the space–time (see, e.g. Shibata 2015 ). In the 3 + 1 form, the metric
ensor g μν is decomposed as 

 s 2 = g μνd x μd x ν = −α2 d t 2 + γij 

(
d x i + βi d t 

) (
d x j + βj d t 

)
, 

(A1) 

here μ and ν denote the space–time indices, i and j denote the 
patial indices, α, βi , and γij denote the lapse, shift, and spatial 
etric, respectively. We treat the matter as a perfect fluid and the

nergy–momentum tensor is given by 

 μν = ρhu μu μ + P g μν, (A2) 
here ρ, h , u 

μ, and P denote the rest-mass density , specific enthalpy ,
our velocity, and pressure, respectively. The Euler equation, energy 
quation, and continuity equation are given, respectively, by 

νi ∇ μT μν = −ρε̇esc u i (A3) 

 ν∇ μT μν = −ρε̇esc n νu 

ν (A4) 

 μ ( ρu 

μ) = 0 , (A5) 

ith the covariant derivative, ∇ μ. Here, n ν = −α∇ ν t , γμν = g μν +
 μn ν , and ε̇esc is the specific radioactive heating rate deposited in

he form of neutrinos which entirely escape from the system without
eing thermalized. Note that the contribution of other radioactive 
ecay channels that instantaneously thermalize (beta, alpha, and 
pontaneous fission) is taken into account by the same treatment 
s described in Appendix A of Kawaguchi et al. ( 2022 ). 

In the non-rotating black hole space–time with the isotropic coor- 
inates, where α̇ = 0, βi = 0, and K ij = 0, the basic equations are
implified as 

 t 

(
r 2 sin θ ˜ ρ∗

) + ∂ r 
(
r 2 sin θ ˜ ρ∗v ( r) 

)
+ ∂ θ

(
r sin θ ˜ ρ∗v ( θ ) 

)
+ ∂ φ

(
r ̃  ρ∗v ( φ) 

) = 0 , (A6) 

 t 

(
r 2 sin θ ˜ S ( r) 

) + ∂ r 

[ 
r 2 sin θ

(
˜ S ( r) v 

( r) + P α
√ 

˜ γ
)] 

+ ∂ θ
(
r sin θ ˜ S ( r) v 

( θ ) 
)

+ ∂ φ
(
r ̃  S ( r) v 

( φ) 
)

= r 2 sin θ

[
− ˜ S 0 ∂ r α − 1 

2 
α
√ 

˜ γ ˜ S ( i)( j ) ∂ r ̃  γ ( i)( j ) 

+ 

2 

r 
α
√ 

˜ γP + 

1 

r 

(
˜ S ( θ ) v 

( θ ) + 

˜ S ( φ) v 
( φ) 
)

− α

hw 

˜ S ( r) ̇εesc 

] 
, (A7) 

 t 

(
r 3 sin θ ˜ S ( θ ) 

) + ∂ r 
(
r 3 sin θ ˜ S ( θ ) v 

( r) 
)

+ ∂ θ

[ 
r 2 sin θ

(
˜ S ( θ ) v 

( θ ) + P α
√ 

˜ γ
)] 

+ ∂ φ
(
r 2 ˜ S ( θ ) v 

( φ) 
)

= r 3 sin θ

[
1 

r 
α
√ 

˜ γP cot θ + 

1 

r 
˜ S ( φ) v 

( φ) cot θ

− α

hw 

˜ S ( θ ) ̇εesc 

] 
, (A8) 

 t 

(
r 3 sin 2 θ ˜ S ( φ) 

) + ∂ r 
(
r 3 sin 2 θ ˜ S ( φ) v 

( r) 
)

+ ∂ θ
(
r 2 sin 2 θ ˜ S ( φ) v 

( θ ) 
)

+ ∂ φ

[ 
r 2 sin θ

(
˜ S ( φ) v 

( φ) + P α
√ 

˜ γ
)] 

= −r 3 sin 2 θ
α

hw 

˜ S ( φ) ̇εesc , (A9) 

 t 

(
αr 2 sin θ ˜ S 0 

) + ∂ r 

[ 
αr 2 sin θ

(
˜ S 0 v 

( r) + P 

√ 

˜ γ v ( r) 
)] 

+ ∂ θ

[ 
αr sin θ

(
˜ S 0 v 

( θ ) + P 

√ 

˜ γ v ( θ ) 
)] 

+ ∂ φ

[ 
αr 

(
˜ S 0 v 

( φ) + P 

√ 

˜ γ v ( φ) 
)] 

= −α2 r 2 sin θ ˜ ρ∗ε̇esc . (A10) 
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Here, K ij denotes the extrinsic curvature, and the other variables
hich newly appear in the abo v e equations are defined as follows: 
 

γ = det 
(
γij 

)
, 

∗ = ρw 

√ 

γ , 

 = αu 

t , 

 i = ρ∗ ˆ u i = ρ∗hu i , 

 0 = ρ∗ ˆ e = ρ∗

(
hw − P 

ρw 

)
, 

 ij = ρhu i u j + P γij , 

 

i = 

u 

i 

u 

t 
, 

 

r 
( r) = 1 , � 

θ
( θ ) = 

1 

r 
, � 

φ
( φ) = 

1 

r sin θ
, � 

j 

( i) = 0 ( i �= j ) , 

˜ ( i)( j ) = � 

k 
( i) � 

l 
( j ) γkl = ψ 

4 δ( i)( j ) , 

 

˜ γ = 

1 

r 2 sin θ
√ 

γ = ψ 

6 , 

˜ ∗ = 

1 

r 2 sin θ
ρ∗, 

 

( r) = v r , v ( θ ) = rv θ , v ( φ) = r sin θ v φ, 

˜ 
 ( r) = 

1 

r 2 sin θ
S r , ˜ S ( θ ) = 

1 

r 3 sin θ
S θ , ˜ S ( φ) = 

1 

r 3 sin 2 θ
S φ, 

˜ 
 ( i)( j ) = � 

k 
( i) � 

l 
( j ) S kl . (A11) 

 denotes the conformal factor. The indices without the parenthesis
enote the tensor components with respect to the coordinate basis,
nd the variables of indices with the parenthesis correspond to the
rthonormal basis components in the spherical coordinates of the flat
pace–time. 

In this work, we numerically solve the set of these equations by
mploying a K urgano v–Tadmor scheme (K urgano v & Tadmor 2000 )
ith a piecewise parabolic reconstruction for the quantities of cell

nterfaces and the minmod-like filter introduced in K urgano v &
admor ( 2000 ) for the flux-limiter. 

PPENDIX  B:  PA RTICLE  T R AC I N G  

o perform nucleosynthesis calculations, the Eulerian data obtained
ith a simulation have to be translated into Lagrangian evolution of

he thermodynamical variables. For this purpose, the tracer particle
ethod is employed. In this appendix, we summarize our method of
article tracing and how we use the nucleosynthesis results for the
D simulation. 

1 Time evolution of particles 

uppose we have a time-series of three-velocity field v i( n ) , where i( n )
s the index of the spatial coordinates, at a time slice t = t ( n ) . Here,
he velocity field is defined at the spatial points ( x 1 j , x 

2 
k , x 

3 
l ) discretely,

here j , k, l denote the grid points in the three-dimensional space.
or a given spatial position of a particle x i( n ) at the n th time slice, the
oordinates of the particle in the ( n + 1)th time slice is solved with
he so-called semi-implicit trapezoidal method (Nishimura, Takiwaki
 Thielemann 2015 ; Fujibayashi et al. 2020a ). In this method, we

olve 

x i( n + 1) − x i( n ) 

t ( n + 1) − t ( n ) 
= 

1 

2 

(
ẋ i( n ) + ẋ i( n + 1) 

)
(B1) 

or x i( n + 1) . Here, ẋ i( n ) is the velocity of the particle at n th time slice
efined with the tri-linear interpolation from the velocity field to the
NRAS 535, 3711–3731 (2024) 
article position. For the back-tracing of the ejecta particles, the time-
tep �t = t ( n + 1) − t ( n ) is limited by the frequency of the outputs.
umerical accuracy of the particle tracing may be diagnosed with a

ime-scale defined as 

t ′ = min 

(
x 1 j+ 1 − x 1 j 

ẋ 1( n ) 
, 
x 2 k+ 1 − x 2 k 

ẋ 2( n ) 
, 
x 3 l+ 1 − x 3 l 

ẋ 3( n ) 

)
, (B2) 

here the spatial coordinates of the particle are in the intervals x 1 j+ 1 –
 

1 
j , x 

2 
k+ 1 –x 2 k , and x 3 l+ 1 –x 3 l at t = t ( n ) . �t ′ < �t indicates that the

article position changes significantly within the time-step �t . In
uch a case, we perform several sub-steps between the ( n + 1)th and
 th time slices. The velocity fields at time t between t ( n + 1) and t ( n ) 

re linearly interpolated from the two time slices. 

2 Initial position of the particle 

he particles are distributed on a sphere with the radius r ext = 3 ×
0 8 cm. At a given time, the ejecta criterion is checked at r = r ext 

ith a set of the polar and azimuthal angles ( θi , φi ), where i is the
ndex of the direction on which particles are placed. If the ejecta
riterion is satisfied at a direction, a particle is placed at the angle.
he particles are then traced backward in time. 
The polar angles in the set { ( θi , φi ) } are on a uniform grid in 0–

/ 2 with a spacing �θ . The azimuthal angles in the set are also on
 uniform grid in 0–2 π but with a θ -dependent spacing �φ, which
ecreases with the polar angle. The function of �φ is determined to
istribute the particles in an approximately uniform manner in the
phere. 

The particles are placed repeatedly with a time interval �t p-set ,
hich is determined by the av erage v elocity of the ejecta at r = r ext 

s 

t p-set = 

r ext �θ

〈 v r 〉 , (B3) 

here �θ is the polar angle spacing of the particle-set locations and
 v r 〉 is the average radial velocity of the particles located at given
ime. In this way, the particles are located uniformly in space, i.e. in
imilar radial and lateral distances. 

The mass of each particle is assigned as 

 = r ext 
2 �
ρu 

r 
√ −g �t p-set . (B4) 

his definition of the particle mass is consistent with the conserved
ass flux at r = r ext . Therefore, the total mass of the particles

onverges to the ejecta mass of the NR simulation for increasing
he number of the particles set on the sphere (i.e. �θ → 0 and thus
t p-set → 0). 

3 Nucleosynthesis 

n total, about 9600 tracer particles are generated with this method.
long the thermodynamical histories of the tracer particles, nucle-
synthesis calculations are performed in the same manner as in
anajo et al. ( 2022 ). The initial value of Y e for the nucleosynthesis

alculation is taken from the final value of each tracer particle,
hich is that shown in Figs 3 , 5 , and 6 . We define the particles
ith Y e ≤ 0 . 08 as those of dynamical ejecta. They are found to have
ery similar nucleosynthesis results with only a small difference in
ctinide abundances. Therefore, for the particles of the dynamical
jecta, we assign the same elemental abundance and radioactive
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eating rate, which are the mass-weighted average of those in Wanajo 
t al. ( 2022 ). On the other hand, for the other component ( Y e > 0 . 08),
e assign each particle with the abundance and heating rate obtained 
y the nucleosynthesis calculation along its thermodynamical his- 
ory. 

4 Mapping particle data for HD simulation 

o take the radioactive heating into account in the HD simulation, and 
o obtain the final spatial distribution of elements, the nucleosynthesis 
esults along with the tracer particles are used. For this purpose, 
he time and angular positions at which fluid elements are injected 
hrough r = r ext are traced by advecting the three passive scalar
ariables. The injection time and angles are then converted to the 
racer particles which reach the extraction radius at the similar times
nd angles. 

In practice, we first construct a table of heating rates as functions
f the time ( t), and the injection time ( t inj ) and angles ( θinj , φinj ). The
racer particles are placed sparsely in terms of time and angles. 
herefore, the properties of the tracer particles (abundance and 

adioactive heating rates) have to somehow be mapped onto the 
njection time and angle space. 

F or a giv en injection time and angles ( t inj , θinj , φinj ), we select
 few tracer particles spatially closest to the (Cartesian) point 

�  inj = ( r ext sin θinj cos φinj , r ext sin θinj sin φinj , r ext cos θinj ) at the time 
 inj . The location of a tracer particle at the time t inj , � x i ( t inj ), is estimated
s 
2024 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 http://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and repr
 i ( t inj ) = r i ( t inj ) sin θi cos φi , (B5) 

 i ( t inj ) = r i ( t inj ) sin θi sin φi , (B6) 

 i ( t inj ) = r i ( t inj ) cos θi , (B7) 

here θi and φi are the angles at which the particle is located on
 = r ext , and r i ( t inj ) is the radius of the ith particle estimated at
 = t inj . The radius is estimated as 

 i ( t inj ) = r ext + v r i ( t inj − t i ) , (B8) 

here v r i is the radial three velocity of the particle when it is located
n r = r ext at the time t i . In short, we assume that tracer particles
o v e only radially with the same velocity as what the y hav e at

 = r ext . The radioactive heating rate of the fluid elements injected
t ( t inj , θinj , φinj ) is then estimated as 

˙ ( t) = 

∑ 

i∈ P 

w i ̇q i ( t) , (B9) 

here P is the set of the selected tracer particles, and w i is the
eight that satisfies 

∑ 

i w i = 1. We define the weight as w i ∝
 / | � x inj − � x i ( t inj ) | , i.e. the weight is inversely proportional to the
istance between the injection point and the particle at the same
ime t inj . 
MNRAS 535, 3711–3731 (2024) 
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